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INTRODUCTION 


by the explicit admission made subsequently, that in fact 
the supposed case, though possible, is rendered improbable by the 
probability of finding employment for labour in general, in the 
long run — what Professor Pigou, referring with approval to this 
explanation, describes as the Elasticity of the Demand for Labour, 
These considerations have called for several omissions. Yet the 
reader need not be afraid that the spice of controversy will be 
wanting to the Collection. A third class of passages are omitted 
on the ground of what may be called excessive elaboration. It 
is not intended thereby to attribute excess to the original publica- 
tion. What is worth saying once may not be worth repeating. 
For instance, I have not thought it useful to reproduce the long 
note occupying four pages of small print in the Economic Journal 
for 1910 (p. 300) : “ on the probability of a tax on one of two 
articles which are partially substitutes for each other producing a 
fall in the prices of both articles ; in a regime of monopoly.” And 
yet it may have been worth while once for all to array the received 
principles of Probabilities against the authority of a distinguished 
economist who had derided the possibility of the two articles 
becoming cheaper in consequence of the tax. In a fourth 
category I place reviews, which are merely declaratory of a 
book’s contents, and perhaps of the critic’s summary opinion 
as to the worth of the book. In the same limbo may be placed 
some biographies, and numerous abstracts of official reports 
and other publications; mostly unsigned, some initialed. The 
second and third grounds for rejection, but not as far as I can 
judge the first, have sometimes conduced to the exclusion of a 
review. Wherever a passage of any significance in the original 
has been omitted, the reader’s attention has been called to the 
omission. But I have not thought it necessary to notice every 
abridgment of a paragraph or alteration of a phrase that I have 
taken the opportunity of introducing. 

The Royal Economic Society have placed me under an 
additional obligation by including in this Collection papers 
dealing with economic subjects which I have contributed to the 
organs of other learned Societies. The inclusion of this set 
extends the period which the Collection covers by three or four 
years — back to the later ’eighties of last century. 

A collection of papers written at different times and for 
various destinations is naturally deficient in unity of design. I 
have endeavoured to palliate this defect by re-arranging some of 
the papers under five comprehensive headings, namely, Value- 
and-Distribution, Monopoly, Money, International Trade, and 
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Taxation. There remain over writings which fall into two classes 
constituted by cross-divisions, namely Mathematical-Economics 
and Reviews. 

This classification is not perfect : the place of each piece 
could not always be predicted from the definition of the section 
in which it occurs. It may be useful, therefore, to prefix to 
each of the collected papers a short description of its purport. 
In making these prefatory explanations, I have resisted the temp- 
tation to prolixity which the opportunity of being my own 
interpreter presented. I hope to escape the fate of that preten- 
tious host who, as described by the satirist, so bored his guests 
by descanting on the qualities of the viands, that they revenged 
themselves by not tasting any of the good things — 

** Suavea res, si non causas narraret earum et 
Naturas dominus.’* 

Additional clues or links are afforded by some new footnotes, 
indicated by asterisks. There are also appended to some of 
the papers new notes, enclosed in square brackets. Additions 
to existing notes are enclosed in square brackets ; all except 
references to pages in the present volumes. I have added also, 
for the further convenience of the reader, an Index referring to 
topics on which I have endeavoured to shed light. Sometimes 
a topic is best introduced by the name of a writer who has made 
it his own. But the only names mentioned in the Index are 
those of writers whom I have criticised, or at least characterised, 
whether favourably or otherwise. The Index would have to be 
much enlarged if it was to include the names of all those to 
whom in the text I have acknowledged indebtedness. Among 
them would be many of those who have now collectively placed 
me under a new obligation, the Members of the Royal Economic 
Society. 

F. Y. Edgeworth 

All Souls College, 

Oxford, 

1924. 
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SECTION I 

VALUE-AND-DISTRIBUTION 

(A) 

THE OBJECTS AND METHODS OF POLITICAL ECONOMY 

[This is an inaugural lecture delivered in'1891 on the occasion 
of entering on the duties of Professor of Political Economy at 
the University of Oxford. The address naturally contains much 
that is special to the place and the occasion ; but there may be 
some reflections of more general interest.] 


Many of those who have spoken on occasions similar to the 
present, have signalised their entrance on the work of a Professor 
by indicating the scope and method of the science professed. It 
was thus that my illustrious predecessor, Senior, in the introduc- 
tory lecture on Political Economy which he delivered before 
the University of Oxford almost two -thirds of a century ago, 
described the provinces of theory and practice, and the wide and 
slippery interval by which they are separated. So Dieterici — a 
great name in the annals of statistics — in his inaugural ad- 
dress to the University of Berlin, ^ almost as long ago, showed 
the opposite errors of “ mere philosophy and mere experience.’' 
In fine, not to multiply authoritative instances, the present 
occupant of the chair of Political Economy at Cambridge,* on his 
accession to that eminence, gave a memorable discourse on the 
present position of Economics. I follow these precedents in 
the choice of a subject ; I cannot follow them in the originality 
of its treatment. Difficile est proprie communia dicere ; I shall 
endeavour to appropriate to the present occasion reflections 
which others have made common property. 

In this spirit, approaching first that part of our subject which 
authorities on method distinguish as abstract or theoretical, I 


^ De vid et ratione economiam politicam docendif Berlin, 1835. 
• Alfred Marshall. 
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submit that there is a certain congruity between the theory of 
political economy and the studies which are particularly charac- 
teristic of this university, the great Oxford school of literce 
humaniores. For the ideal of demonstrative science which is 
obtained from the study in that school of the ancient philosophy 
and modern logic appears to be fulfilled in political economj^ 
alone, or chiefly among the studies of which man is the direct 
object. It is in economics only, when we have excepted the 
mathematical physics, that there is realised with some perfection 
that type of science to which Greek thought aspired, which 
Aristotle taught if he did not practise : the leading up to general 
principles and leading down to particular conclusions. The 
logical methods, which are studied in the Sehool of literce 
humaniores may be exemplified in political economy without 
going beyond the range of subjects conterminous to that school. 

The demonstrative part of political economy, to which I 
am referring, seems rudimentary, when compared with mathe- 
matical physics. But though our trains of reasoning are short, 
they are not simple. Consider any of the problems which Ricardo 
delighted to put. A tax is imposed on manufactured commodities 
and the proceeds expended in a bounty on agricultural produce 
(or vice versa) ; how will different classes be affected ? Or, 
take a question in which a characteristic difficulty of our science 
— the disturbing influence of interest and passion — becomes 
felt. What would be the effect of limiting the hours of labour 
upon any definite supposition as to the numbers and efficiency 
of the previously unemployed class ? Such questions are much 
more difficult than they seem. It is here, as has been observed 
of the calculus of probabilities : the first appearances are generally 
fallacious. But, whereas that calculus is handled only by experts, 
we all, learned and unlearned, theorise about political economy. 
Abstract reasoning, far from having become obsolete, seems never 
to have swayed larger masses. How many hundreds of thou- 
sands of Continental Socialists have been bred on the Hegelian 
subtleties of Marx I It cannot be supposed that such mystic 
formulae are altogether of the nature of incantations, sung by 
those who are preparing to use the knife. Reasons honestly 
urged can only be met by reason. The statesmen of the coming 
generation must be prepared to separate what is true from 
what may be misleading in answers, such as the following, which 
are given in influential quarters to one of the questions which I 
have proposed. To reduce the working hours, it is said, would 
materially increase wages, by providing work for many who are 
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now in enforced idleness; because new demands would be 
made for commodities, resulting in a large increase in produc- 
tion and cheapening of commodities. What is the portion of 
truth in the common belief that a reduction of the hours of 
work would raise wages generally merely by causing an increased 
demand for labour, and independently of more indirect effects ? 

It may be observed that correct theory on such subjects has a 
use beyond its immediate application to practice, a dialectic or 
controversial use. Those who appeal to theory shall go to that 
tribunal, even though it is not final. There is here a legitimate 
sort of arguinentum ad homhiem ; for whieh it is not very easy to 
find a parallel among the older sciences. The state of speculation 
which still prevails with respect to industry might be illustrated 
by the science of war upon the following fanciful supposition. 
Suppose that the authorities of the War Office — or those aspiring 
to office — were to recommend rules of gunnery, formulae for the 
flight of projectiles, based upon a theory of gravitation other than 
the Newtonian. The simplest method of meeting these proposals 
— and estimating the authority of those who made them — would 
be to present the true theory of motion in vacuo ; though, of course, 
that theory requires to be modified by complicated corrections 
for the resistance of the air, before it will enable us to hit the 
mark in practice. 

The grotesqueness of my illustration brings into view a 
peculiarity of our study : that in the race of the sciences we are 
as it were handicapped by having to start at a considerable dis- 
tance behind the position of mere nescience. An effort is required 
to remove prejudices worse than ignorance ; a great part of the 
career of our science has consisted in surmounting preliminary 
fallacies. 

Now in overcoming these initial obstructions academic train- 
ing is likely to be of great use. Philosophic culture is calculated to 
eradicate the weeds of fallacy which grow nowhere so rank as 
in our field. Indeed many of the difficulties which beset political 
economy are common to morals and metaphysics. There is a 
similar inability on the part of those who have been bred in 
different speculative systems to enter into each other’s positions ; 
there is the same vulgar contempt for all speculative systems in 
uncultivated minds. There is a similar plurality of plausible 
hypotheses — a sort of kaleidoscopic change of views, with the 
turn of the fashion in speculation. For example, just as in 
morals the theory which resolves virtue into self-interest really 
accounts for a great part of the phenomena and, leading to by 
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no means the worst sort of conduct, as Bishop Butler shows, 
has sometimes caused oblivion of an older and a higher theory; 
so in political economy the theory which explains value by 
utility — utility in the sense defined by Jevons — has so fascinated 
by no means the worst sort of economists, that they have almost 
forgotten, or at least degraded, the older, and in some respects 
more important theory which connects value with sacrifice and 
labour. There is ever a danger that, as we press on to seize new 
conceptions, we should lose the positions which have been already 
won. Hence the history of theory is particularly instructive in 
political economy as in philosophy. History and literature, 
dialectics, and all that the Greeks comprehensively called words, 
seem the best corrective of the narrow prejudices and deceptive 
associations which are sure to be contracted by those who have 
been confined to a single school or system. Words indeed in 
a literal sense require the attention of the economist as well 
as the philosopher. For there is in both spheres a danger of 
double-meaning terms ; a demand for discriminating definition. 
In fact it has been seriously proposed by one of our greatest 
thinkers both in philosophy and political economy to revive 
the Platonic search for definition as a method of economic 
investigation. So cognate are the studies of political economy 
and liter OB humaniores. 

It must not however be understood that economics are alto- 
gether of the complexion of literature and the humanities. 
There is a certain affinity between the mathematical physics and 
the one social science which is largely occupied with measurable 
quantities. The nature of things which has involved the know- 
ledge of physics in the mysteries of mathematics has not wished 
the way of cultivating economics to be altogether free from that 
difficulty.^ In the memorable words of Malthus, “ Many of the 
questions both in morals and politics seem to be of the nature 
of the problems de mavhnis et minimis in fluxions.” ^ The 
differential calculus, the master-key of the physical sciences, 
unlocks the treasure-chamber of the pure theory of economics. I 
do not deny that the refinements of pure theory may be reached 
by the use of ordinary language, sufficient circumlocution being 
employed ; the treasure-chamber has a key of its own, but it is 
a cumbrous one. Nor do I attribute to the mathematical picklock 
the intricacy of the wards which guard the more recondite 
treasures of the higher physics. On the contrary, there is 

‘ “ Deus ipse colendi Haud factlem esse viara coluit.” — Vikciil, Georgic i. 

* Bouar’a Malthus, p. 225. 
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required but little strengthening and filing of the instruments 
which are in common use. The well-known economists who say 
that the cost of labour is a function of three variables and that 
demand and supply always tend to equilibrium ^ use terms 
which are but paraphrases of the mathematical language which 
is the mother-tongue of the calculus of ^naxirna and minima. 
The advantage of employing that language might perhaps be com- 
pared to the advantage of studying the ancient philosophers in their 
native tongue. I do not mean that the mathematical method 
should form part of the curriculum, as we make Greek obligatory 
for the students of philosophy. But may we not hope that the 
higher path will sometimes be pursued by those candidates who 
offer special subjects for examination? 

Still referring to the theoretical part of political economy, I 
come to the question : What is the use of abstract theory : 
the positive, as distinguished from the controversial use which 
I have indicated as extensive and important ? I hope that 
in academic circles it may be allowable not to construe use 
narrowly. There still is room for the studies which the Greeks 
attributed to theoretical science, as distinguished from practical 
sagacity, which Aristotle ^ characterised as wonderful, and hard to 
be attained to, and sublime, but not immediately useful, not 
directly applied to the service of humanity. Of this character are 
the higher generalisations of economics, whether expressed in 
words or symbols, in the language of Ricardo or of Jevons. 
Such is the theory of the dependence of value upon cost, of the 
adjustment of remuneration to efforts and sacrifices; like the 
surface of the sea — a sluggish sea with viscous wave — slowly 
settling to equilibrium. Such is the theory of the extension of 
demand in the different directions of consumption to one and 
the same limit of satisfaction ; like an imprisoned gas pressing 
equally at all points against its boundary. Such is the theory, 
less familiar and less easily imaged, which is formed by com- 
bining the conceptions of Jevons and of Ricardo,® and deducing 
the whole system of values and remunerations from the single 
simple principle that each individual seeks (subject to given 
conditions) simultaneously to maximise the pleasures of con- 
sumption and minimise the unpleasantness of production. 

From these heights of speculation, as from a lofty mountain, 
may be obtained general views as to the directions in which 

* Cf. Mill, Principles^ Book II. ch. xv. p. 7 ; Book III. ch. iii. p. 2. 

* Ethicst Book VI. chap. viii. 

* Cf. Sidgwick, Principles of Political Economy ^ Book II. ch. ii. ; Marshall, 
Principles of Economics , 2iid ed. pp. 544, el passim. 
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practice trends. Such a general direction has been afforded 
by the Ricardian theory of the rent of land. Such a general 
direction will probably be afforded by the theory of consumers’ 
rent which is connected with the names of Marshall and Dupuit : 
from the view that members of a community have an interest in 
each others’ expenditure ; that regulations encouraging the con- 
sumption of much-manufactured commodities rather than rawer 
material are ^imd facie expedient; and that the success of a 
government work as a business undertaking is not the pecuniary 
measure of its advantage to the community. 

But while we indulge these general views, we must ever 
remember that they are but distant. It is only at the heights 
that contemplation “ reigns and revels.” The descent to par- 
ticulars is broken and treacherous; requiring caution, patience, 
attention to each step. Those who without regarding what is 
immediately before them have looked away to general views, have 
slipped. 

It is worth while to consider why the path of applied 
economics is so slippery ; and how it is possible to combine an 
enthusiastic admiration of theory with the coldest hesitation in 
practice. The explanation may be partly given in the words of 
a distinguished logician who has well and quaintly said that, 
if a malign spirit sought to annihilate the whole fabric of useful 
knowledge with the least effort and change, it would by no 
means be necessary that he should abrogate the laws of nature. 
The links of the chain of causation need not be corroded. Like 
effects shall still follow like causes ; only like causes shall no longer 
occur in collocation. Every case is to be singular ; every species, 
like the fabled Phoenix, to be unique. Now most of our practical 
problems have this character of singularity ; every burning ques- 
tion is a Phoenix in the sense of being sui generis. We have 
laws almost as simple and majestic as that of gravitation, in 
particular those relating to value and distribution ; but these 
laws do not afford middle axioms, such as the proposition that 
planets move in ellipses deduced from the law of gravitation. 
So dense is the resisting medium which obstructs the free move- 
ment of the market; and not only in general dense, but also 
variable from case to case. The impediments to free competi- 
tion are different in the cases of the money market and the 
labour market; and not very easy in any case to be accurately 
estimated so as to allow of scientific prediction. Repeated 
experiments in exactly similar conditions, such as those by 
which a physicist obtains empirical laws for the resistance of the 
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atmosphere to projectiles, are not available in the practice of 
political economy. 

Often indeed the resisting medium is invisible as air, and 
its presence escapes attention. There occurs the difficulty of 
perceiving all the data which should be taken into account in our 
reasoning. For, as it has been said in a well-known essay by 
John Stuart Mill — one of those who have rendered it super- 
fluous at the present day to discourse at length upon the method 
of political economy — “ Against the danger of overlooking some- 
thing, neither strength of understanding nor intellectual culti- 
vation can be more than a very imperfect protection.” 

As an instance in which eminent theorists may have omitted 
a relevant circumstance may be taken the question whether it is 
possible for trade unionists by standing out for a higher than the 
market rate of wages to benefit themselves permanently without 
injuring other workmen. The negative answer which has some- 
times been given omits the consideration that an increase of wages 
tends to increased efficiency, and increased efficiency to increase 
of the produce to be distributed among all the parties. There are 
those who attach much weight to this consideration. How much 
weight should be assigned to it is a question of a sort which often 
baffles the theorist : to determine the quantity, after you have 
assigned the quality or direction of an agency. The possibility 
that diminished hours of work will not cause a proportional 
diminution of work done may be instanced both as a material 
consideration which has often been left out of account by serious 
rea.soners in old times; and one of which it is not easy to 
determine the force, as well as the direction. 

Against “ the danger of overlooking something,” no remedy 
can be prescribed except to cultivate open-mindedness and can- 
dour, and above all sympathy, the absence of which has aggravated 
the most serious mistakes which have been committed in political 
economy. 1 refer particularly to errors relating to the remunera- 
tion of the wage-earning classes. Slips accidentally committed 
by the great theorists through carelessness or the passion for 
simplicity would probably have been far less serious, if those 
who interpreted political economy in the press and in parliament 
and applied it in the conduct of their business had entered more 
fully into the life and conditions, views and wants of the wage- 
earners. A generous caution would have softened the harsh tenets 
that the introduction of machinery could not ever be detrimental 
to workmen, that the Factory Acts were a mischievous inter- 
ference with the liberty of the labour-market, that workmen could 
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not possibly benefit themselves by union. I would dwell longer 
on this all-important topic — the conduciveness of good-feeling to 
wisdom — if I were able to convey a feeling by a discourse. I can 
best express myself by pointing to an example which will be 
present to the memory of all here, the example of ardent 
sympathy perfecting reason which is afforded by the noble life 
of Toynbee. 

To return to what I was saying about the difficulty — even 
when you have perceived a relevant consideration — of rightly 
appreciating its weight, there is a specific for this failing, namely 
statistics. Statistics are an indispensable part of the equipment 
of the modern publicist ; and it is truer now than in Plato’s time 
that he who has no regard for the art of counting will not be 
himself of much account. It will be my duty to take occasional 
opportunities of discoursing on the methods of statistics — the logic 
of numbers, in which fallacies unfortunately form a large chapter. 

When we have done our best to correct our practical judg- 
ments, there will still be, as Mill says, “ almost always room 
for a modest doubt as to our practical conclusions.” This 
modesty and this doubt are particularly appropriate in the 
case of the academic teacher, who, expected to know some- 
thing about all the branches of his subject, cannot be expected 
to have examined many of them closely and at first hand. In 
the balance of judgment he may measure those weights which, 
so to speak, are most regularly shaped and admit of theoretical 
determination ; but he must be ever prepared for the balance 
being turned by practical considerations of which he has not 
taken due account. Therefore he should “ teach, not preach,” 
in the words of Professor Walker. Or, as it has been said by 
another eminent American economist, Professor Dunbar, a 
high authority on method (in a recent essay on the “ Academic 
Study of Political Economy ”) ^ the instructor is not concerned 
with “ the propagation of his own views. He is interested in 
making his reasoning process clearly understood; but this is 
because of the value of the logical process itself.” Professor 
Dunbar specifies several good reasons why “the teacher’s opinion 
upon some burning question of the day ” should not be com- 
municated to his pupils. There occurs to me as pertinent another 
case in which' the teacher will not give an opinion — he may not 
have got one. 

Having dilated at such length on theory and its application to 
^ Quarterly Journal oj Economical July, 1891. 
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practice, I am unable to devote proportionate attention to the 
advantages of historical studies. But you will not expect me 
to expatiate upon advantages which are known to most of you 
from personal experience. I will only advert to a secondary 
and less obvious benefit attending historical researches. To trace 
the affiliation of ideas in the progress of science is calculated to 
correct our estimates of authority : to reduce in general the 
extravagant regard which the youthful student is apt to entertain 
for contemporary leaders, and to assign due weight to real 
originality. 

It is impossible to overrate the importance of the historical 
method; understanding it in the sense defined by one of those 
who have most ably recommended and practised it, Professor 
Ashley,^ as “ direct observation and generalisation from facts 
past or present.” I do nob pretend to determine with precision 
the parts played by theory and history in this sense; I would 
as soon attempt to solve the old dispute, whether nature or man 
does more in the production of wealth. As the producer of 
wealth will push his investment in the different agents of produc- 
tion up to a certain limit which has been called the “ margin 
of profitableness ” ; so, in the manufacture of economic wisdom, 
each of us should expend his little fund of energy, partly on the 
fixed capital of the deductive organon and partly on the materials 
of historical experience. The margin of profitableness ' in the 
intellectual as in the external world will differ with the personality 
of individuals. No general rule is available, except that, like 
the cultivated Athenians,^ we should eschew the invidious dis- 
paragement of each others’ pursuits. I rejoice that such illiberal 
jealousy among the votaries of economic science is becoming as 
obsolete as the Battle of the Books. As it has been well said by 
one among us, Mr. Price, “ The quarrel between the ‘ old ’ and 
‘ new ’ economists seems to be giving way on all sides to a hearty 
desire to recognise good work wherever it is to be found, and to 
an honest endeavour to seek for grounds of agreement rather than 
reasons for difference.” ® 

In this broad and liberal spirit our school of modern history 
has included political economy among its studies. In this spirit 
the teachers of both subjects will, I hope, cordially co-operate. 

While referring to the historical side of political economy, I 
cannot but think of my immediate predecessor,* whose brilliant 

^ Inaugural Address, University of Toronto. 

* Pericles apud Thucydiden. 

3 Economic Journal, No. 3, p. 509. 

* Thorold Rogers. 
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achievements have reflected lustre on this University; who not 
only extracted the crude ore of historical material from the dim 
and dusty mine of mediaeval records, but also himself elaborated, 
purified, polished the precious mass for permanent use and solid 
ornament. Nor can I be unmindful of the first occupant of this 
chair, of Senior, who, while advancing the boundaries of the 
science at almost all its frontiers, was at the same time versed 
and active in affairs, and contributed to history by recording 
the opinions of the men who made histor 5 ^ 

When 1 remember the distinguished publicists who have 
occupied this chair, I am conscious of the deficiencies of their 
successor. I can but promise that zeal in academic teaching 
will not be deficient. I venture also to indicate a more external 
advantage which is likely to conduce to the usefulness of my 
office. I allude to the opportunity of collecting contemporary 
opinions and events — as it were into a focus — which is afforded 
by the position of the editor of the journal which is the organ 
of the British Economic Association.* In furthering the objects 
of that Association I hope for much assistance from my fellow- 
students in this University. 


Now tho Royal Economic Society. 



(B) 

THE THEORY OF DISTRIBUTION 

[Tub Theory of Distribution is the substance of lectures 
delivered at Harvard University in the autumn of 1902; and 
published, in the form now reproduced, in the Quarterly Journal 
of Economics, February, 1904. The Theory of Distribution is 
treated as involving the general theory of Value determined by 
Supply and Demand in so far as in a regime of competition the 
shares of the parties are settled by that process. The general 
principle is contemplated in its application to the three markets 
in which the entrepreneur deals with the respective owners of 
the classical factors of production. Here, as more fully in papers 
included in the mathematical section, there is disputed the 
dogma that the remuneration of the entrepreneur is null ; together 
with the less paradoxical tenet that his gain is exactly equateable 
to the loss which the community would suffer by his withdrawal 
(see Index sub voce entrepreneur). The argument that the 
remuneration of the entrepreneur cannot be expressed by such 
simple formulae is buttressed by an added note referring to the 
treatment of Risk in Mr. Keynes’ Treatise oyi Probability , 

As the regime of Competition is not universal, the theory of 
Distribution requires also the consideration of monopoly, in 
particular of two-sided monopoly ; as when a compact association 
of entrepreneurs confronts a solid trade union. Is the ideal of 
distribution in such cases the arrangement which would result 
from an imaginary perfect competition, or rather a reasonable 
compromise rendered possible by a better mutual understanding, 
an enlarged sympathy ?] 


Distribution is the species of Exchange by which produce is 
divided between the parties who have contributed to its pro- 
duction.^ Exchange being divided according as both, or one 
only, or neither of the parties have competitors, Distribution is 

* This definition, if not made more specific, includes some kinds of Inter* 
national Trade, jtjuit as the generic definition of International Trade includes 
some kinds of Distribution. See II. 6, 19. 
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similarly divided. The case in which both parties have com- 
petitors will here be first and principally considered. 

The simplest type of this distributive exchange would be of a 
kind which is effected once for all, without reference to a series of 
future productions and exchanges. For example, to adapt an 
illustration used by Mr. Henry George, ^ let it be supposed that 
on a particular occasion each out of a number of white men hires 
one or more black men to assist in catching seals, on the agreement 
that each white man shall give his black assistants a certain 
proportion of the take, the terms having been settled in an open 
market in which any one white is free to bid against any other 
white and any one black against any other black. A conception 
more appropriate to existing industry is that each white agrees 
to pay in exchange for a certain amount of service a definite 
quantity of produce, not in general limited to the result of a 
particular operation. On a particular day less seal may be 
taken than the employer has agreed to give the employee for the 
day. In this case, even if payment is not made till the end of 
the day, the employer must pay for help on a particular day in 
part with seal caught on a previous day. He must pay altogether 
out of past accumulations when payment is made before the 
work is done. When the employer agrees to pay a definite 
amoimt, he cannot expect to gain on each day’s transaction, but 
on an average of days. 

This example is suited to illustrate some general properties of 
Exchange which attach to Distribution as a species of Exchange, 
Such are the laws which connect a change in the supply or demand 
upon one side of the market with a change in the advantage 
resulting from the transaction to the parties on either side. 
Thus, competition on both sides being presupposed, a decrease of 
supply in a technical sense of the term on the one side is, ceteris 
paribus, universally attended with detriment to the other side, 
but is not universally attended with detriment to the side on 
which the supply is decreased.^ Accordingly, a limitation of 
supply on one side may be advantageous to that side, though 
not to both sides. The case of Distribution compared with 
Exchange in general in respect to such limitation of supply has 
only this peculiarity, — that the danger of this policy defeating 
itself is in thexase of Distribution specially visible and threatening. 
There is an evident limit to what the black man dealing with the 
white man can get in exchange for a certain amount of his service ; 

^ Progress and Poverty, Book I. chap. iii. 

* See II. 8, 35. 
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namely, the total product which that service utilised by the 
white man will on an average produce. To be sure, there is 
here but a case of the general principle that no one will give 
more for a thing, whether article of consumption or factor of 
production, than the equivalent of its total utility to him, which 
total diminishes as the quantity of the commodity is reduced. 
But this limit is less liable to escape attention when it is fixed by 
the material conditions of production rather than by the desires 
of consumers. Conspicuous warning is given to parties in the 
position of our black men not to attempt to benefit themselves 
by a considerable reduction in their supply of service; for, 
though they might possibly obtain a larger proportion, they 
would probably obtain a smaller portion, of the average product. 
The laws which have been stated and other general laws of 
Exchange are equally true in more complicated cases of 
Distribution. 

So far, we have supposed only a single factor — the service of 
the black man, or, more generally, the factor ^ — offered by the 
competitors, say, Bg, etc., in exchange for some of the produce 
a offered by the competitors, say, Ai, A2, etc. Let us now 
introduce other kinds of factors, y, d, etc. And let us no longer 
suppose payment to be made by parties of the type A, in the 
kind of commodity which is produced, namely, a. A -more 
concrete conception is that, besides the group A, B, C, D, there 
is another and another group, — A\ B', O', D'; A", B'", C", D"; — 
where each capital letter typifies a set of competing individuals. 
It may be supposed that each A purchases out of the finished 
product that he turns out — namely, a — portions of the products 
a', a", etc., which he distributes according to the law of supply 
and demand among parties of the type B, C, D. In fine, each A 
may pay for the factors of production altogether in some one 
product, a !", — “ numeraire,'' as happily conceived by M. Walras, 
or, less generally, money, — which the purveyors of the factors 
can exchange for the articles which they want. These articles 
need not be all commodities ready for consumption : some of 
the parties may care to purchase factors of production wherewith 
to play the role which has been assigned to A. 

Having now obtained a general idea of the machinery by 
which distribution in a regime of competition is effected, let us 
go on to consider in more detail the parts of the mechanism. 
And, first, of the party that takes factors of production in exchange 
for products or the means of purchasing the same, the party 
above represented by the white man and labelled A. The 
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functions of this party may be investigated by an ancient method 
which Sidgwick has proposed to rehabilitate ^ for the purposes of 
modern economics, — the search for a definition. What is an 
entrepreneur ? Amid the diversified combinations of attributes 
which the industrial world presents — innumerable as the varieties 
in which vegetable nature riots — we ought to fix certain characters 
agreeably to the rule laid down by Mill under the head of Definition 
by Type. “ Our conception of the class ” should be “ the image 
in our minds which is that of a specimen complete in all the 
characteristics.” ^ Four such type-specimens may be distin- 
guished, ranged in a descending order according to the extent of 
functions ascribed to the entrepreneur. There is, first, the party 
whom the classical writers designate as the Capitalist, “ who 
from funds in his possession pays the wages of the labourers, or 
supports them during the work; who supplies the requisite 
buildings, materials, and tools, or machinery ; and to whom, by 
the usual terms of the contract, the produce belongs to be disposed 
of at his pleasure.” ^ This party will here be considered as 
devoting his care and savings to a single business. There is, 
second, the entrepreneur as portrayed by the late President 
Walker, “ not an employer because he is a capitalist, or in pro- 
portion as he is a capitalist.” ^ There is, third, the party to 
whom Mr. Hawley would wish to restrict the term “ entre- 
preneur,” ^ the man who undertakes risks, of which class the 
most prominent, though not the only, species is the investor in 
joint stock companies.® Fourth, at the extreme degree of tenuity, 
is the entrepreneur who makes no profit. It might seem, indeed, 
as if this class did not call for special treatment, as differing only 
in the amount, not in the kind of remuneration. A fig tree 
which bears no fruit is not therefore a tree of a distinct species. 


' Political Economy^ Book I. chap. ii. § 1, 

“ Logic, Book III. chap. vii. 

3 Mill, Political Economy, Book II. chap. xv. § 1. 

* The Wages Question, p. 228. 

* Quarterly Journal of Economics, Vol. VI. (1892) p. 283; VII. p. 459 et seq. ; 
XV. p. 77 seq. 

® Compare Mangoldt, U nternehmergewinn, pp. 41-43. A person who docs 
not work, “ wie der stille Gesellschafter, hOrt darum nicht auf, wahrer Unter- 
nehmer zu sein.” This type is the limiting case, short of which the trouble of 
management in various degrees is combined with what Mr. Hawley calls “ the 
irksomeness of risk.” As Professor Taussig says, ” The corporation of modem 
times presents all possible varieties of the relation between active manager and 
idle investor. Nominally, the stockholders are a group of associated aetive 
capitalists. Practicedly, they range from shrewd managers to the most helpless 
of inactive investors.” Quarterly Journal of Economics, Vol. X. (1896) p. 83. 
Cp, Marshall, Principles of Economics, Book IV. chap. xii. §§ 8 and 9. 
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The horse which the Scotchman its owner had just trained to 
live upon a minimum, when the animal unfortunately died, was 
not therefore a new variety of the equine genus, requiring mention 
in a treatise on Natural History. However, as imposing theories 
have been connected with this last category, it comes within the 
scope of the present inquiry. 

As our aim in comparing definitions should be, as Sidgwick 
says, “ far less to decide which we ought to adopt than to appre- 
hend the grounds on which each has commended itself to reflective 
minds,” — the hunt for a definition being followed not so much 
for the sake of the quarry as of the views which are incidentally 
presented, — let us go on to consider the principal propositions 
which the several conceptions are adapted to bring under our 
notice. In this inquiry much assistance will bo obtained from a 
series of articles on cognate subjects in the Quarterly Joiirrml of 
Economics,^ which forms a sort of economic symposium. 

The first definition is particularly suited to inquiries in which 
the parties who arc in the habit of saving are contrasted as to 
their actions and interests with the parties who do not save, — 
approximately, the working classes. ^Specimens of such inquiry 
may be found in the fifth chapter of Mill’s first book, and in 
Professor Taussig’s important article on ” The Employer’s Place 
in Distribution,” ^ It sounds paradoxical to add that the classical 
conception is not particularly adapted to illustrate the Ricardian 
theory of rent. But the definition of the capitalist above given 
is not easily reconciled with the received representation, that the 
capitalist’s remuneration is equal to the number of doses which 
he lays out, multiplied by the remuneration of the last dose, the 
ordinary rate of profit. For, as Sidgwick argues, there is no 
adequate reason for expecting that ” remuneration for manage- 
ment ” as well as interest should tend to be at the same rate for 
capitals of different sizes.^ Doubtless, the proposition is accurate 
enough to support the practical consequences which have been 
deduced from it. But, while fully admitting this, one may still 
agree with Sidgwick that even Mill’s exposition ” is ” highly 
puzzling.” For the idea of an economic person laying out doses 
up to the margin and obtaining the remuneration equal to the 
number of doses multiplied by the marginal productivity of each 
dose is only proper to the case in which the doses are for sale. 

* References to the series up to November, 1900, are given in the Qtiarierly 
Journal of Economice, Vol. XV. p. 75. 

* Quarterly Journal of Economics, Vol. X. p. 72. 

* Political Economy, 3d edition, Book II. chap. ix. § 3. Cp. chap. ii. § 8; and 
below, p. 21. 

VOL. I. 
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But it is only in the conditions proper to our third definition 
that doses of capital are put on a market in exchange for pnofit. 
Perhaps the classical writers, having an eye to practice and not 
restricted by a sharp definition, often tacitly introduce the sup- 
position that it is open to the “ capitalist ” to take part in some 
other business besides his own.^ 

The classical formula for surplus may be employed along 
with our second definition if we use the phrase “ amount of outlay 
multiplied by average rate of return ’’ to designate the amount 
which the entrepreneur of the Walker typo pays in the way of 
interest from year to year to those who have lent him the means 
of carrying on his business. The surplus, according to this con- 
ception, will include not only the landlord’s rent, but also the 
entrepreneur’s net income. The portion of this surplus which 
accrues to the entrepreneur is not given by any simple formula. 
The conditions by which it is determined may be considered 
under two heads, corresponding to Cairnes’s categories, — com- 
mercial and industrial competition. This distinction becomes 
clearest when, in conformity with the division of employments, 
we conceive different occupations to be separated by great gulfs, 
so that they who would pass from one to the other must make a 
complete, or at least a considerable, change in their business 
arrangements.^ In virtue of the first kind of competition the 
entrepreneur endeavours to make the best possible arrangements 
within the occupation which he has chosen. In virtue of the 
second kind of competition he endeavours to choose the occupation 
which will afford to him the greatest net advantage. 

His motive under the first head may be understood by likening 

^ Cp. Mill on various employments of capital, Political Economy, Book II. 
chap. XV. § 1, par. 4. 

“ Soo note to tho present writer's Address to the British Association, Section F, 
1880 (a, vol. ii.), which, written before the publication of Marshall’s Principles of 
Economics, does not sutliciently emphasise the “ principle of continuity.” It may 
be observed that the two kinds of competition involve respectively two mathema- 
tical operations, tho determination of a maximum, and of tho greatest among 
maxima. There is the distinction between finding tho top of a hill and finding tho 
highest hill-top. Tho demarcations between the two species of competition and 
between the two mathematical operatioirs are not coincident, so far as an entre- 
preneur, without leaving his business, may introduce considerable and, so to speak, 
integral changes in its organisation, in accordance with the ” principle of sub- 
stitution ” (Marshall). This principle seems to cover both tho species of com- 
petition and both the mathematical operations. Doubtless, it is convenient to 
have a term applicable to every method by which maximum advantage is sought. 
Among such methods ought, perhaps, to be placed tho calculus of variations, 
where tho ” margin of profitableness ” is considered os a sort of boundary line, 
cutting one after another every possible line of business organisation.” Principles 
oj Economics, Book VI. chap. vii. § 7, 4th edition. 
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him to a monopolist who does not control the prices of the factors 
of production, nor yet the price of the product, the latt-er being 
fixed by a maximum law, or, rather, the case being that in which 
the monopoly is just becoming extinct, as Cournot would say, by 
the introduction of competitors, so that this entrepreneur can no 
longer sensibly alter at will the price of the product. Under 
such circumstances each entrepreneur will vary all the variables 
under his control up to the margin at which his own advantage 
becomes greatest. If he or we be content with a rough estimate 
of this advantage, it may be measured by tlio difTcrence between 
his incomings and outgoings. His incomings may be regarded as 
the product multiplied by the price thereof, the amount of the 
product depending in some definite manner on the amounts of 
the factors of production which are employed.^ The outgoings 
may be regarded as a sum of terms, each of which is the amount 
of a factor of production multiplied by its price.''® It follows ® 

^ Some function of the amounts. 

* Or, rather, the accumulated prioe. In tho sense explained by Profossor 
ISfarshall {Principles of Economics, Book V. chap, iv, § 2, p. 432, 4th edition) : 
“ Looking backwards, we should sum up tho not outlays, and add m accumulated 
compound interest on each element of outlay.” Compare note xiv. of his matho- 
inatical Appendix. Abstraction was made of this sort of corrc'ction in tho 
British Association Address to which refenmeo has been made. For instance, it 
was tacitly assumed that tho entrepreneur might have as much labour as ho 
could pay for (at a prevailing rate of wages) at tho time when tho valuo of tho 
finished product was realised. Professor Barone has pointed out tho nood of 
greater accuracy an<.l a moans of obtaining it by employing his remarkable 
conception of ” capital of anticipation.” (Homale dcyli Economisti, February, 
1896. 

* Marshall, Principles of Economics, Book V'"!. chap. i. § 8, 4th edition. 
Mr. J. A. Hobson’s criticism of this doctrine exernjjlifies tho difTioulty of treating 
tlio more abstract parts of Political Kconomy without tho appropriate mathe- 
matical conceptions. An elementary diseiplino in the differential calculus would 
have corrected the following passage and its conti'xt : ” In order to measure tho 
productivity of the last dose of labour, let us remove it. Tho diminution of tho 
total product may bo 8 per cent. This 8 per cent., according to Marshall’s 
method, wo ascribe to the last doso of labour. If now, restoring this dose of 
labour, wo withdrew tho last doso of capital, tho reduction of tho product might 
be 10 per cent. This 10 per cent, is regarded ns tho product of tho last doso of 
capital. Similarly, tho withdrawal of tho lost doso of land might seem to reduce 
the product by 10 per cent. What would bo the effect of a simultaneous with- 
drawal of tho last dose of each factor ? According to Marshall’s method, clearly 
28 per cent. But is this correct?” The Economics of Distribution, p. 146. 
Quite correct, if in tho spirit of tho differential calculus wo understand by doso 
an increment as small as possible, not as largo as the objector pleases. He goes 
on : ” Put tho same experiment upon its broadest footing, and the overlapping 
fallacy becomes obvious. Take tho labour, capital, and land as consisting of a 
single dose each; now withdraw tho dose of labour, and the whole service of 
capital and land disappears. Is tho destruction of the whole product a right 
measure of the productivity of the labour-dose alone ? ” {loc, cit., p. 147). Imagine 
an analogous application of tho differential calculus in physics, ” put upon its 
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that in a state of equilibrium the increment of value produced 
by the last increment of a factor is just equal to its price. “ The 
marginal shepherd . . . adds to the total produce a net value 
just equal to his own wages.’ ^ ^ 

So far supposing the entrepreneur’s work to be a constant 
quantity. In a more exact estimate the quantity which the 
entrepreneur seeks to maximise is the utility to be derived from 
his net income minus the disutility incident to its production. 
From this consideration it follows that the increment of utility 
due to the increment of product which is produced by the last 
increment of entrepreneur’s work is just balanced by the increment 
of disutility due to that work. 

To this condition is superadded the tendency towards equal 
net advantages in different occupations, resulting, as Professor 
Marshall has shown, not so much in the equal advantageousness 
as in the equal attractiveness of different occupations. The 
remuneration of the entrepreneur thus corresponding to his 
services may be classed along with the remuneration of the 
workman as “ earnings,” from a certain point of view, which is 
doubtless proper to the publicist and philosopher. As Mangoldt 
points out, “ the circumstance that certain services do or do not 
attain a market price ” does not “ essentially alter the measure 
of their compensation.” But there is another point of view 
which is proper to those who study the mechanism of distribution. 
As Professor Taussig well observes, “ The cobbler who works 
alone in his petty shop gets in the main a return for labour as 
much as the workman in the shoe factory ” ; but “ with regard 


broadest footing,” an objector substituting x wherever a mathematician had 
used dx or Ax ! 

^ It being assumed that the function expressing the product in terms of the 
factors of production is such that for the values of the variables with which we 
are concerned the net income of the entrepreneur may be a maximum, let P be 
the amount of the product, -n- its price, a, 6, c, amounts of factors of production, 
Pi» Pi» Pa» their respective prices — their actual prices — for a fii-st approxima- 
tion, their accumulated prices for a more accurate statement. The not income 
of the entrepreneur may then bo written (abstraction being made of the entre- 
preneur’s own effort) P ~ (a, b, c) — p^a — — p^c. In order that this 

expression may be a maximum, the law of decreasing returns must hold m the 
first of the two senses elsewhere distinguished (below, p. 67 and p. 162). The 
condition must still be postulated when account is taken of the entrepreneur’s 
subjective feelings, — effort and sacrifice in the way of production balanced by 
satisfaction immediate or prospective in the way of consumption. Nor is the 
cose essentially altered when account is taken of the possibility (noticed by 
Professor Pareto, Cours, Art. 718) that the factors are not independent. Suppose 
that the amount of labour must always be in proportion to, or on any definite 
function of, the amount of land. Then, eliminating one of these quantities, 
we may treat the other as independent. 
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to the machinery by which distribution is accomplished he [the 
cobbler] belongs in a different class from the hired labourer.** ^ 
The tendency to equality of net advantages of course only 
exists with respect to positions between which there is industrial 
competition. Accordingly, if the union in one person of natural 
abilities and money constitutes him a member of a “ non- 
competing group,” there is no presumption that the remuneration 
of such an entrepreneur will be exactly equal to the interest 
which he might have obtained by lending his money plus the 
salary which a person of his ability could command as a hired 
manager. There exists an excess above that sum, corresponding 
to what Mangoldt calls Unternehmergewinn. There may bo 
excesses somewhat similarly caused by different degrees of ability 
and resources; the various “rents” enumerated by Mangoldt, 
which, as he observes, tend to diminish with the progress of 
societ}^ so far as education becomes more diffused and it becomes 
easier for persons properly qualified to obtain the use of capital. 

^Some additional light on the functions of the entrepreneur 
may be obtained by comparing the profits in businesses of a 
different size. Suppose (for the sake of the argument) that the 
work and worry of the “ boss ’* do not increase 2 with the scale 
of operations, how is the equality of net advantages which theory 
leads us to expect brought about? Ceteris paribus, might we 
not expect the entrepreneur’s residue to be larger in the largo 
industries ? ^ The answer seems to be that, as equilibrium is 
approached under the joint influence of Commercial and Industrial 
Competition, tlie amounts of the factors * are so varied as to 
fullil tlie condition that equal efforts and sacrifices on the part of 
the entrepreneur are attended with equal remuneration.® This 
equality is irrespective of identity in the relation between factors 
and product.® It may exist whether that identity is supposed to 

^ Quarterly Journal of Economics, Vol. X. (1896) p. 88. Professor Taussig 
goes on, “ For an understanding of the machinery by which distribution is 
accomplished in modern times, the classification of sources of income should 
thus be different from that to bo adopted for an explanation of the fundamental 
causes,” 

* That the trouble does not increase proportionately would bo a more concrete 
supposition. As Sidgwick says, ‘‘ Though it is more troublesome to manage a 
large factory than one half the size, it can hardly bo twice as troublesome.” 
Political Economy, Book II. chap. ix. § 3. 

• Cp. Marshall, Economics of Industry, Book II. chap. xii. § 4, let edition. 

*• The factors generally, and sometimes abo the form of the function expressing 
the quantity of the product in terms of the quantities of the factors used, the 
function designated / in note to p. 20. 

* The equality b that of an ordinary equation, not an identity. 

• The function which expresses the amount of the product in terms of the 
factors (including entrepreneur’s work). 
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be present between industries of different sizes or, as in general 
to be supposed, there is no identity in the relation between 
factors and product for different individuals and industries. 

The sort of adjustment thus postulated may be illustrated by 
a more familiar kind of surplus, that which accrues to the landlord 
according to the received theory of rent. Let there be a homo- 
geneous tract of land equally adapted to the cultivation of wheat 
and barley, owned by a set of competing landlords, who accord- 
ingly obtain an equal rent per acre whether wheat or barley is to 
be grown thereon.^ Now let a tax be imposed on the rent of land 
used for growing barley. There must result a new equilibrium, 
in which it remains true that owners of homogeneous land obtain 
equal rent per acre for whichever purpose used, and that culti- 
vators of wheat and barley obtain, ceteris paribus, equal profits. 
These conditions can be fulfilled if the extent of the land applied 
to the cultivation of wheat is increased while the intensity of 
cultivation is diminished, and contrariwise for barley the extent 
is diminished and the intensity increased. This proposition holds 
good whether or not the relation between outlay and product 2 — 
corresponding to the shape of the curve in the illustration which 
Professor Marshall has made familiar ® — is supposed identical for 
wheat and barley, and even if the cultivator seeking the greatest 
possible profits is able to vary that relation in accordance with 
the “ law of substitution.” It is here assumed that the case of 
manufacture is not so different from agriculture, but that an 
analogous adjustment of “ margins ” must be considered to take 
place between large and small businesses under the conditions 
specified, and generally between different industries where indus- 
trial competition acts. 

A similar adjustment must be postulated when we entertain 
the third definition of entrepreneur, and consider competing 
investors in the stock of companies which may at first be supposed 
equal in respect of risk, though not in size. The competitors 
being free to invest units consisting, say of £100 or less in any 
kind of business (of the given riskiness), large or small, it follows 
that a return to a dose anywhere invested tends, ceteris paribus, 
to be the same.^ This result, which is by no means a deduction 

^ Compare II. 78. 

• The function expressing the product in terms of the outlay. 

* Economics of Industry, 1st edition, p. 83. Principles of Economics, 4th 
edition, p. 232. 

‘ Accordingly, in order that equilibrium should bo stable in this regime, 
investment in each industry ought to be pushed up to a point at which the law 
of decreasing returns is fulfilled in its second sense, — that the rate of total cost 
to total product increases with the increase of product. 
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from the general formula considered under our second head, may 
be supposed to be brought about by an adjustment of margins of 
the sort which has been explained. 

Now at length the Ricardian theory of rent as ordinarily 
stated becomes exact, — the payment for land rented by a joint 
stock company ought to be just the difference between the 
returns (after capital has been replaced and labour paid) and the 
amount of capital laid out, multiplied by an average rate of profit. 

Though the class of shareholder is the principal, it is not the 
only species, of the third kind of entrepreneur, if defined so as to 
include all risk-takers. As Mr. Hawley observes,^ workmen take 
some risk, entrepreneurs who have no capital of their own run 
the risk of not being paid for their trouble. Enterprise may be 
taken as the essential attribute of a wide class entitled to a share 
in the national dividend along with the purveyors of land, labour, 
and capital. It does not seem to be a fatal objection that enter- 
prise is hardly to be found in the concrete, separate from other 
factors of production. As Mr. Hawley replies, ^ labour and wait- 
ing, the attributes of familiar classes, are not to be found in 
abstract purity. 

To some there may seem a more serious scruple : whether 
the undertaking of risk does even in thought constitute a fourth 
factor, whether the distinction between interest and the reward 
for risk is radical. It is all very well for Jevons to distinguish 
by different coefficients, p and </, the depreciation of future goods 
due to uncertainty and to remoteness. But, since the distant 
pleasure is always uncertain, can wo really disentangle the two 
causes of depreciation ? 

Fortunately, these questions of logical definition and psycho- 
logical analysis do not affect the important lessons respecting the 
participation of risk which have been taught by Professor J. B. 
Clark, — “ that a corporation can run risks which the individual 
could not with prudence,” that by forming corporations “ we 
reduce the initial terrors of business enterprises.” ^ It is an 
exemplification of the old maxim not to put all one’s eggs in one 
basket. If a hundred persons are carrying each a hundred eggs, 
each independently running the risk of tripping and by the loss 
of all or many of his eggs being exposed to great privation, this 
great danger will be averted, this chance of great disaster will be 
commuted for a somewhat higher probability of a much more 

' Quarterly Journal of Economics, Vol. VII. (1803), p. 470. 

* Ibid., Vol. XV. (1900) p. 78. 

• “ Insurance and Business Power,” Ibid., Vol. VII. (1892) p. 40, et aeq. 
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easily borne loss, if each person carries only one of his own eggs 
and one belonging to each of the rest, the total to be redistributed 
at the end of the journey to market or after sale. 

It is noticeable that in Professor Clark’s nomenclature this 
risk is borne by the capitalist. “ The hazard of business falls on 
the capitalist.” “ Business repays men not only for their labours, 
but their fears.” But this repayment is “ not a part of mercantile 
profit ” : it is realised by the capitalist “ as such.” Admitting a 
real remuneration for risk, while giving a different name to the 
recipient from that which others have preferred, Professor Clark 
is perhaps not committed to the paradox which Mr. Hawley 
would affix upon the conception of the entrepreneur with vanishing 
profits, — our fourth species.* 

‘‘ To eliminate profit, wholly static conditions must be more 
absolute. . . . There must be a cessation of all variations due to 
the changeablencss of the environment due to fire, lightning, 
hail. We must imagine industrial society in the static condition 
as an automatic machine, . . . working without friction in an 
absolutely unchangeable environment.” ^ 

This idea of perfect tranquillity is certainly inappropriate to the 
troubled world in which we live. “ Things are always finding 
their level,” like a fluctuating and, in nautical phrase, “ confused ” 
sea. The oscillating character of the waves is quite consistent 
with a gradual change of level, as when the tide is flowing. It is 
a legitimate conception, familiar in statistics, to regard a pheno- 
menon as hovering about an average, even though that average 
is known to be changing. Let the great tidologist calculate the 
dynamics of the flow, but let him not convey the impression that 
but for the action of this flow there would be the level of the 
proverbial mill-pond. Very probably, however. Professor Clark 
would recognise the continuance of risk not involving secular 
progress, — due to unpredictable weather or credit cycles, for 
example, — but would regard the remuneration for undergoing 
such risk as accruing to the “ capitalist as such ” rather than, 
with Mangoldt and others, as a part of the entrepreneur’s gain. 
With regard to other elements of remuneration it is more doubtful 
whether Professor Clark would accept Mangoldt’s statements as 
to the permanence of the entrepreneur’s gain, — statements which 
read with their context, and attention being paid to Mangoldt’s 
terminology, deserve much consideration. 

• See the appended note (p. 69), referring to the observations on Risk in 
Mr. Keynes’ Prohahiiity. 

^ Quarterly Journal of Economics, Vol. XV. (1900) p. 91. 
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We must suppose the existence of undertaker’s gain [Unter- 
nehmergewinn ], — otherwise what object has the entrepreneur to 
increase his business ? (substance of p. 50). 

The undertaker’s gain (U nteryiehmergewinn) is “not simply 
something transitory,” but a “ permanent species of income ” 
(p. 51). 

“ The undertaker’s remuneration {U nternehnerlohn] preserves 
its position, though in a limited form ” (p. 105. Cf. p. 169). 

Perhaps Professor Clark would be satisfied with the “ limited 
form ” of the remuneration and the disappearance of certain 
other elements. 

It is always pleasant to believe that one’s differences with 
high authorities are only verbal. This satisfaction may now be 
enjoyed with respect to M. Walras’s doctrine that the entrepreneur 
makes neither gain nor loss. Professor Pareto ^ has made it 
clear that, as the object of the entrepreneur is to procure the 
greatest amount of satisfaction, so his ineoino is not to be con- 
sidered as nil, in the ordinary sense of the term. Jlightly inter- 
preted, the doctrine that “ the entrepreneur makes neitlier gain 
nor loss,” taken in connection with the “ coefficients of produc- 
tion,” appears to cover all the conditions of equilibrium, both 
those which are involved in what (■airnes called “ industrial 
competition ” and those wdiieh would be satisfied even if we 
made abstraction of the tendency to equal advantages in different 
occupations. 2 But, while we accept the ideas, wo are not bound 
to adhere to the words of a master; and the expression in 
question may be objected to on several grounds which will repay 
examination. It is violently contrary to usage ; it lends itself to 
a dangerous equivoque ; and it has led distinguished economists 
to paradoxical conclusions. 

No amount of authority and explanation can make it other 
than a strange use of language to describe a man who is making 
a large income, and striving to make it larger, as “ making 
neither gain nor loss.” There is an oddity about the phrase 
which recalls the use of “ gratis ” by 8ir Murtagh’s lady in Castle 
Rackrent : “ My lady was very charitable in lier own way. >She 
had a charity school for poor children where they were taught to 
read and write gratis, and where they were kept well to spinning 
gratis for my lady in return.” 

A more serious objection is that the term “ making neither 

‘ Coura d'Economie Politique, passages referring to “ entrepreneur.” [But see 
IT. 378 and 469.] 

* Cp. above, p. 18. 
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gain nor loss ’’ has to be used in two different senses almost in 
the same breath. It is a sufficiently difficult lesson for the plain 
man to learn that the maximum of income which the entre- 
preneur aims at realising is zero. But the difficulty is doubled 
when he comes to learn — as he must in dealing with a maximum 
problem — that the increment to that income due to the last 
increment of any factor of production is also zero. There is apt 
to arise a confusion between conditions belonging to the total 
and to the marginal quantity, — an ambiguity of a kind which 
has before now proved detrimental in economics. ^ A hasty 
reader of Professor Walras might suppose that it was intended 
to affirm that the entrepreneur made neither gain nor loss at 
the margin : whereas the meaning is, rather, that nothing remains 
to be distributed — on an average and apart from oscillations — 
after that the entrepreneur has paid a normal salary to himself.^ 

The implication that the remuneration of entrepreneur 
labour may bo treated like that of any other labour presents 
some difficulty. It is the one obscure topic in Professor Barone’s 
brilliant studies on Distribution.^ His observations deserve to 
be quoted at some length. He first (in a note on p. 132) announces 
as true in a particular case, what is here regarded as true in 
general, that “ there must bo left to the entrepreneur’s profit 
(profitlo dell' irnpresa) the differentiating character of ‘ residual 
claimant ’ ; and nothing else can be said but that profit is formed 
by the difference between the entire product and the remuner- 
ations of the various factors corresi^onding to (ragguagliatc) their 
respective marginal productivities.” But Professor Barone 
regards this enunciation as only provisional. He promises to 
show in a later section that ” with tlie increase in the number of 
the competing entrepreneurs the profit of the undertaking tends 
to lose more and more the character of residual claimant, and 
tends to conform to that of the law of marginal productivity.” 

In the later section he says : — 

“If on the market there is only one entrepreneur, Titius, 
and if he does not monopolise the product, that is, if he in the 

^ Mill’s hesitation between equal sacrifice and least sacrifice as the criteria 
of taxation may seem due to a confusion of this kind, as pointed out by the 
present writer in the Economic Journal, 1897. (Cp. Mathematical Psychics, 
p. 118.) Mill’s ambiguity had already been noticed by Professor Carver m his 
article on “ The Ethical Basis of Distribution ” in the Annals of the American 
Academy for 1895, p. 95. 

* Cp, Pareto, Cours, Art. 87, “ his salary as director of the enterprise being 
comprised in the expenses of production ” ; and the similar expressions of 
Professor Barone, quoted below. 

* Qiomale degli Economisti, February, 1896. 
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management of his business arranges [fa in modo to obtain 
not indeed the greatest monopoly profit, but the greatest profit 
obtainable in a regime of free competition, . . . his profit will 
be [a surplus indicated by a figure which is not here reproduced]. 
But, if there is an entrepreneur Cains capable of entering into 
competition with the preceding, . . . the profit of Titius will 
be reduced below what he had when he was alone on the market. 
And, if there is a third employer also capable of entering into 
competition with the first two, the profit of Titius will be reduced 
still more. The more the number of employers increases, the 
more there is a necessary tendency to a limiting state in which 
all the employers who continue to j^roduce have a remuneration 
which, like tliat of any other labour, satisfies the condition that 
the marginal disutility [penosit()\ of the same labour [7ne(lesi7no\ 
shall be equal to the marginal utility of the returns whicli that 
labour procures, and not more than this. And, since it is this 
equality which characterises the return to labour, it follows 
{ne viene) as a legitimate consequence that in this limiting state 
the remuneration of the entrepreneur may be treated like the 
remuneration of any other species of labour.” 

The fact that wages are usually paid in advance is not to the 
point, as Professor Barone very properly observes. Ho 
proceeds : — 

” These considerations seem to me to prove to demonstration 
how profound and correct is Walras’s conception of an entre- 
preneur who under the conditions postulated makes neither gain 
nor loss after having paid him.sclf (or others, it is indifferent 
which) the remuneration of the labour of direction and conduct 
of production. And, if it is no wonder that this conception 
should not be comprehended by economists who have really 
very vague ideas of quantity, it is absolutely astounding that 
the conception should have been also made the subject of criticism 
by other economists to whom the notions of quantity are quite 
familiar. ... I frankly must confess myself absolutely incapable 
of understanding how any difficulty whatever can arise as to 
the validity [literally, the affirmation] of this conception, which 
is indeed most simple.” 

Having called once more attention to the abstract character 
of the conditions. Professor Barone reiterates : — 

” In such conditions the law of marginal productivity extends 
to the remuneration of the entrepreneur; and, after having 
remunerated all the factors (the work of the entrepreneur 
included) in proportion to their marginal productivity [with a 
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discount corresponding to the time elapsing between the service 
and the product], there remains no undistributed residue/’ 

If there could be any doubt about the meaning of this thesis, 
it would be removed by the unequivocal language of symbols 
employed in the Appendix,^ where, by way of illustration, the 
labour of the entrepreneur is expressed by the total number of 
hours of work that he devotes to the business. 

Upon this it may be remarked that the last state of Titius, 
after Caius and the rest have entered as competitors, seems 
identical with the case of “ extinct ” monopoly which was above ^ 
adduced, in order to exhibit the motives of the entrepreneur. 
As there appears, both before and after the competitors have 
entered the remuneration of the entrepreneurs, in Professor 
Barone’s phrase, “ satisfies the eondition that the marginal 
disutility of the labour shall be equal to the marginal utility of 
the return which that labour procures.” But neither before nor 
after the competitors have entered is there any reason for regard- 
ing the remuneration of the entrepreneur as the product of the 
number of doses {e. g. hours worked) and the marginal productivity 
of a dose (multiplied by a coefficient depending on the length of 
the productive process ^). It is only with respect to factors of 
production which are articles of exchange that the proposed law 
of remuneration, the “ law of marginal productivity,” is fulfilled 
in a regime of competition. Thus, in our typical example of 
black men assisting white men to catch seals, ^ what the black 
man gets in a perfect market is an amount of seal equal to the 
number of units of service which he supplies, multiplied by the 
quantity of seal for the sake of which he is just induced to offer 
an additional unit of service, the unit employed being a small 
quantity. Likewise, what the white man gets in exchange is an 
amount of service equal to the amount of seal which he distributes 
to the black man, multiplied by the quantity of service for the 
sake of which he is just induced to offer an additional unit of 
produce. If the amount of service rendered may be taken as 
the measure of the black man’s labour (or of some other factor 
of production supplied by him), the proposed law holds good for 
his share of the distributed produce. But, as the amount of 
produce given by the white man in exchange for services cannot 

^ Loc. cit. ■ Above, p. 19. 

* Cp. note 2 to p. 19 above; but remark that the correction proposed by 
Professor Barone for the effect of time is not identical with Professor Marshall’s 
accumulation of price. 

* Above, p. 14. 
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be taken as the measure of his work, the proposed law does not 
hold for his share of the distributed produce. 

This discussion will appear otiose to the economists who are 
not conversant with the science of (][uantity. The proposition 
that the remuneration of the entrepreneur is equal to the amount 
of his work multiplied by its marginal productivity will be inter- 
preted by them as signifying simply that he will got more, ceteris 
paribus, the more work he docs and the greater the addition to 
the produce which he would effect by doing a little more work. 
For them a product will do duty for a function of two variables 
which increases with the increase of either variable. But this 
easy interpretation is not open to mathematical economists. 
They must be aware that the formuloe in question affirm some- 
thing more than the simple truth just stated. If nothing more 
than that simple truth can be deduced from the theory of 
Exchange, it ought not to be a matter of surprise that the “ law 
of marginal productivity” applied to tlie entrepreneur should 
be challenged by those who affect mathematical precision. 

The law of marginal productivity, then, is not fulfilled in 
the sense that the portion of the national dividend accruing to 
entrepreneurs is a sum of terms each of which is the product of 
an entrepreneur’s work reckoned in hours, or similar doses, and 
the marginal productivity of a dose (multiplied by a certain 
coefficient i). Let us see whether the law is fulfilled when wo 
take a larger dose, the total work of an entrepreneur. The law 
will then be fulfilled if the net gains of any entrepreneur tend to 
be equal to what society would lose if he were removed. Can 
this be generally affirmed ? Let us look at the typical case of 
distribution between whites and blacks above '• instanced. It 
may be granted that the white entrepreneur does not normally 
obtain more than he adds to the common stock. For otherwise 
the society would gain through his removal, his black assistants 
either hunting by themselves or being taken on by other entre- 
preneurs. And neither of these suppositions is possible in a 
state of equilibrium ; for, if either were possible, it would have 
been already brought about by the free play of self-interest, in 
a regime of competition. The gain of a- white man, then, cannot 
be greater, but where is the proof that it cannot be less, than the 
loss which would be occasioned to the society by his removal ? 

8uch a proof might be forthcoming if the white men were 
not, as hitherto supposed, genuine entrepreneurs, but managers 
acting under entrepreneurs of our third species, the stockholder. 

* Above, p. 19, note. * Above, p. 14. 



30 


VALITB-AND-DISTRIBTJTION 


The income of the managers will fulfil the marginal law of pro- 
ductivity if the new entrepreneurs are conceived as competing 
against each other in such wise as to bring about the result that 
no manager earns more or less than what he adds to the profits 
of his employers. The income of the new entrepreneurs also 
fulfils the law; for the remuneration of this species of entre- 
preneur — unlike that of entrepreneurs in general — is proportional 
to the amount of the factor which they contribute, — namely, 
capital invested.^ 

The affinity between entrepreneurs and salaried managers in 
modern industry supplies the missing link for the general proof 
of the new law. For, normally, it may be presumed that an 
independent entrepreneur (of our second species) does not make 
less (in addition to the profits that he makes or might have made 
by investing in some other business money of his own) than a 
manager of like abilities. And perhaps he does not make much 
more. The difference is possibly small, ^ probably diminishing, 
certainly difficult to verify statistically, perhaps hardly worth 
fighting about. Interpreted cautiously, the law holds good 
approximately. If the remuneration of the manager, like that 
of the “ marginal shepherd,” is just equal to the amount that ho 
produces, then the remuneration of the entrepreneur is not very 
different from the amount that he produces. But, if the law of 
marginal productivity is fulfilled for the manager only while we 
consider doses less than his total work, say hours of work, then 
the law is fulfilled for the entrepreneur only so far as it is pre- 
sumed from the similarity in nature and habits between the 
manager and entrepreneur that, when the total remuneration of 
each is nearly the same, the amount of work and its marginal 
productivity are not very different. 

According to the interpretation which has been suggested, 
the new law of distribution would be fulfilled by an adjustment 
of the quantities involved,^ the amount of each factor, not simply 
in virtue of the relation which subsists between the product and 
the factors of production.* The sense in which the law is fulfilled 
is otherwise conceived by a distinguished mathematical economist, 
Mr. Wicksteed, who regards the law as following from “ the 

^ Above, p. 23. 

* Mainly and apart from “ rents ” of the order of quantity called by Mangoldt 
Untemehmerlohn. 

* Cp. p. 20, above. 

* The form of a function such as that represented by / in a preceding note 
(p. 20), or ratlior what that function becomes when the work of the entrepreneur 
enters as a variable. 
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modern investigations into the theory of value/’ ^ and seems to 
treat it as a clue whereby to investigate the nature of the relation 
between the product and the factors of production, including the 
work of the entrepreneur. * In fact, he finds that the product 
depends upon the factors by a relation which matliematicians 
designate a “ homogeneous function of the first degree.” ^ This 
is certainl}'^ a remarkable discovery; for the relation between 
product and factors is to be considered to hold good irrespectively 
of the play of the market : “an analytical and synthetical law 
of composition and resolution of industrial factors and products 
which would hold equally in Robinson Crusoe’s island, in an 
American religious commune, in an Indian village ruled by 
custom, and in the competitive centres of the typical modern 
industries.” ^ There is a magnificence in this generalisation which 
recalls the youth of philosophy. Justice is a perfect cube, said the 
ancient sago ; and rational conduct is a homogeneous function, 
adds the modern savant, A theory which points to conclusions 
so paradoxical ought surely to bo enunciated with caution. 

To sum up this criticism, as Distribution is a species of Ex- 
change, it seems undesirable to employ a phrase so foreign to 
the general theory of Exchange as the dictum that one of the 
parties to an exchange normally gains nothing. Innocently used 
at first, such paradoxes arc calculated to lead to confusion and 
misrepresentation. 

A similar remark applies to another form of the gainless 
entrepreneur, involved in Walker’s analogy between profits and 
agricultural rent.^ Even on the sim])lcr and provisional view 


' Essay on ihe Co-ordination of lha Laws of Distribution (1894), § 2, and 
prefatory note. 

^ The product being a function of tho factorn of production, wo have V ~-f 
(o, b, c, . . .); and tho form of tho function iH invariably Huch that, if wo havo 
IT ^/(o, 3, 7» • • •)* wo hIihU also havo rir = f {va, r3, vy, . . .) {loc. cit., p. 4). 

“ Let tho special product to be distributed {P) bo rogardi'd as u function {E) 
of tho varioas factors of production (/I, C, . . .) ” {(oc. cit., p. 8). 


“ under ordinary conditions of competitive industry ” {loc. cit., pp. 3.'l-38). 

* As pointed out by Professor Flux in his review of Mr. Wicksteed’s essay, 
Economic Journal, Vol IV. p. 311, In Mr. Wickstcod’s notation tho function 


f must be of tho 


general form 


B . a 


where is an arbitrary function. 


See Forsyth, Differential Equations, Art. 189, or Boole, Differential Equations, 
chap, xiv.. Art. 6. 

* Loc. cit., p. 42. 

* As argued by the present writer in his Address to tho British Association 
for tho Advancement of Science, 1889, written before the publication of Professor 
Marshairs weightier judgment in the Principles of Economics, 
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which is confined to short periods and commercial competition, 
this form of expression has no advantage over the terminology 
proper to the general theory of Exchange. When we consider 
long periods and industrial competition, Walker’s theory has 
the graver disadvantage of not distinguishing between rent and 
quasi-rent. It seems to be generally admitted that Walker’s 
masterly portrait of the industrial captain was not improved by 
his representation of profits as rent.^ 

Having now considered the party that takes factors of pro- 
duction in return for products, or the proceeds thereof, let us 
look at the other side of the counter, — the triangular counter 
across which we may imagine the three factors of land and 
labour and capital to be exchanged, if we place in the interior 
of the triangle an entrepreneur of Walker’s type, our second 
species, dealing with three parties in quick succession, and in 
some sense simultaneously.^ 

At the height of abstraction from which it is here attempted 
to survey the economic world, what appears the most salient 
feature in the transactions respecting land is the circumstance 
that the quantity of ground, or at least space,® is limited, not 
capable of being increased by human effort. From this property 
flow most of the general theories relating to the landlord’s share 
in distribution, — that a tax on rent (proper) falls wholly on the 
land, that the remission of agricultural rent by landlords would 
not benefit the consumer,^ and other propositions often con- 
nected with the formula that “ rent does not enter into the cost 

' Compare Mr. J. H. Curran's temperate criticism in his study on Walkei 
(in Conrad’s Ahhandlungcn). 

* In the sense in whicli equations are called simultaneous. 

* Cp. Marshall on “ extension ” as the “ fundamental attribute of land.’ 
Principles of Economics, Book IV. chap. ii. p. 221 et seq., 4th edition. Nol 
even the enterprise of Boston, which converted marshes into the site of noble 
streets, can form an exception to the law so stated. But the more familial 
statement is accurate enough. For, as Professor Bullock has said (at the banquet 
of the Massachusetts Single Tax League, 1902), “ it may be safely contendec 
that the additions which man can make to the land surface of the globe are sc 
small as to bo a negligible quantity when wo compare land with the things that 
human labour places upon it.” 

* The received proposition is of the nature of a first approximation, as pointec 
out in II. 76. When the writer there observed that “ there might be now required 
a higher rate of remuneration to evoke the same exertion from the cultivator,’ 
et scq., he was not aware that he had been anticipated by the very first writci 
who stated the true theory of rent, James Anderson, who says that the onlj 
consequence of remitting rents “ would be the enriching one class of farmers ai 
the expense of their proprietors, without producing the smallest benefit to th( 
consumers of grain, — perhaps the reverse, as the industry of the farmer migh^ 
be slackened.” Enquiry into the Nature of the Com-lawa (1777), p. 48, note. 
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of production.** Some remarks on that time-honoured formula 
seem called for here. It would not be consistent to have com- 
plained of the expression that “ the entrepreneur makes no gain ** 
as perplexing and apt to mislead, however innocently used by 
high authorities, and to pass over in silence this dictum about 
rent, against which and in favour of which much the same is 
to be said. Certainly, it is supported by very high authority, — 
the authority not only of Ricardo and Professor Marshall, but 
also of Hume, who in the letter which he wrote to Adam Smith 
on the publication of The Wealth of Nations (the letter which, 
written a few months before Hiime*8 death, may be considered 
his economic testament) says, “ I cannot think that the rent 
of farms makes any part of the price of the produce, but that 
the price is determined altogether by the quantity and the 
demand.** ^ On the other hand, it can hardly be denied that 
the dictum in question is calculated to obscure the truth that 
“ land is but a particular form of capital from the point of view 
of the individual manufacturer or cultivator ** ; ^ that, as he 
doses land with capital and labour, so he doses capital and labour 
with land,® up to a margin of profitableness. And, in fact, the 
similarity of the factors of production from the entrepreneur's 
point of view does not seem to have been apprehended in all its 
generality by the classical writers. Thus Fawcett, who may be 
taken as a type, when explaining rent seems to posit the size 
of the farm as something fixed and constant."* J. 8. Mill argues 
that there is always some agricultural capital which pays no 
rent,*’ ® not noticing the counter-argument that there is a portion 
of land which pays no interest.® These imperfections belong 
now, it may bo hoped, to past history. And yet that the descrip- 
tion of rent as not entering into price is apt to prove misleading 
may be inferred from the many protests which eminent critics 
have raised against Professor Marshall’s use of the time-honoured 
phrase.’ Their criticisms attest the correctness of their own 

* Burton’s Life of Hume, Vol. II. p. 486. 

* Marshall, Principles of Economics, Book V. chap. ii. § 6. 

■ The propriety of reversing the classical formula so as to make dose and 
patient change places is well expressed by Mr. Wicksteed, Laws of Distribution 
p. 20. 

* Manual of Political Economy, Book III. chap. iii. 

* Political Economy, Book II. chap. xvi. § 4. 

* As noticed by Professor J. B. Clark and other writers mentioned by Professor 
Fetter in the Quarterly Journal of Economics, Vol. XV., note to p. 436. 

’ See in particular Hobson’s Economics of Distribution, chap. iv. ; Fetter, 
“ The Passing of the Old Bent Concept,” v. and vii. (3), Quarterly Jcwmal of 
Economics, VoL XV. (1901); J. B. Clark, Political Science Queurts/riu, March, 
VOL. I. D 
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views rather than their capacity of appreciating the views of 
others. What should we say of critics who should think fit to 
read Mill a lecture on the errors of the Mercantile system, because 
Mill had employed the terms favourable and unfavourable ” 
exchanges ! To have attributed to Professor Marshall the very 
error which he by his doctrine of the “ Margin-of -building ” has 
done more than any other economist to obviate would be un- 
pardonable if it were not excused by the misleading associations 
of an unfortunate phrase. 

To return to the real, from the seeming, import of the phrase, 
we see that, as the offer of land is in general attended with no 
real cost, a tax upon the payment for land does not disturb 
production.^ On grounds of distribution, too, a sort of income 
which increases without any effort on the part of the recipient 
is prima facie a suitable object for a specially heavy impost. On 
these grounds Mill’s proposal to tax away the future imearned 
increment of rent is defensible, if accompanied with Mil’s proviso, 
that existing interests should not be disturbed. For, as argued 
else where, 2 a special tax on existing incomes from land would 
violate the two principal conditions of a good tax : it would 
both tend to diminish the amount of production, and also to 
impair the equality in the distribution of burdens between the 
owners of incomes derived from land and from other kinds of 
property. 

The practical importance of Mill’s proposal is greatly reduced 
by the proviso with which it is accompanied. For, in order that 
the State may make a good bargain by giving the market price 
for a certain class of future goods, the State must be able to 
look further ahead — must exercise the telescopic faculty of 
prospectiveness in a higher degree — tJian the ordinary capitalist. 
And it may well be doubted whether this condition is fulfilled 
by the politicians who act on behalf of the State. We hear 
much of instances, like that of Chicago, where the value of sites 


1891 ; Wickstecd, Laws of Distributioji, p. 47 (tho last critic not referring nojn- 
inatim to Professor Marslmll). For a more sympathetic criticism of Professor 
Marshall’s doctrine see Economic Journal, VoI. V. p. 589. 

^ As Professor Carver said lately (at the banquet of tho Massachusetts Single 
Tax League, 1902), a person who thinks that the repressive effect of a tax on 
land is at all comparable with the repressive effect of a tax on the products of 
industry must have an eye for exceptions like “ a certain senator of whom it 
was said that he could see a fly on a barn-door without being able to see the bam 
or the door either.” The incident in question may be elucidated by representing 
the ‘‘ supply-curve ” of land as a perpendicular line. Cp. II. 69, 

* II. 198 etaeq. 
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is said to have multiplied some eighty -fold in half a century; 
but we hear little of proposals to buy up at their present market 
value the site of some future Chicago, unless, indeed, as part of a 
scheme for Land Nationalisation, which docs not include com- 
pensation to vested interests. Unlike the husbandman, who 
plants trees the fruit of which he will not himself sec, the advo- 
cates of a single tax and other socialist agitators grasp at the 
standing crop which has been sown by others, heedless whether 
cultivation in the future is thereby discouraged. 

But, even if their outlook were as distant as it is bounded, 
there would remain the possibility that, though looking far 
ahead, they might not discern distant objects clearly. Mill 
cannot be accused of the shortsightedness which sacrifices the 
future to the present. Ho looked very far ahead. But ho did 
not see what was coming, the fall of English rents. Actuated 
by the highest motives, he proposed an arrangement which was 
perfectly just to the landlords, and would have proved perfectly 
disastrous to the State. 

Passing in the traditional order from Land to Labour^ we 
may begin by considering a very abstract labour market, in 
which the difficulty caused by the “ advance of w^ages is kept 
out of sight. ^ The following example of such a labour market 
may be worth reproducing, although it is not a genuine case of 
Distribution : — 

Let us suppose several rich men al>out to ascend some an 
easy mountain, some a difficult one, each ascent occupying a 
day. And let these rich travellers enter into negotiations with 
a set of porters who may be supposed many times more numerous 
than the employers. An arrangement according to which the 
remuneration for ascending the easy and the difficult mountains 
was the same could not stand : it would not bo renewed from 
time to time. For some of the porters employed on the difficult 
mountains, seeking to minimise the disutility of their task, 
would offer their services to travellers on the easy mountains 
at a rate somewhat less than the temporarily prevailing one. 
Nor would equilibrium be reached until each porter employed 
on a difficult mountain received an excess above the fee for the 
ascent of an easy one sufficient to compensate him for the extra 
toil. At the same time — simultaneously, in a mathematical 

^ There is an abstract point of view from which, as Professor Barone well 
observes {QiomeUe degli JEcanomisti, loc. cit.), the circumstance that wages are 
paid in advance is of secondary importance. 
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sense — the increment of satisfaction due to the last porter taken 
on by each traveller would just compensate the purchaser of 
that labour for his outlay on it.^ 

In this example the great number of the employees as com- 
pared with the employers is not an accidental circumstance. 
Suppose that the arrangement which is common in the Tyrol — 
that each amateur ascensionist should be accompanied by only 
one guide — were for technical reasons universal. Then the 
bargain between travellers, on the one hand, and guides, on the 
other, would not in general be perfectly determinate. It would 
still indeed be true that “ an arrangement according to which 
the remuneration for ascending the easy and the difficult moun- 
tains was the same could not stand.’’ But it would no longer 
be true that the remuneration for the easy mountain — or, rather, 
for the average mountain, from which the fares both of the easier 
and the more difficult ascents might be measured — would be in 
general determinate. ^ There would in general exist no force of 
competition by which any particular arrangement (as to the 
average mountain) initiated by custom and accident could be 
disturbed. That is, still supposing the service of a guide or 
porter to be sold as a whole. For, if the labour of the assistants 
can be sold by the hour, or other sort of differential dose, the 
phenomenon of determinate equilibrium will reappear. There 
seems no reason to think that the case of indeterminate equi- 
librium which has been illustrated is other than exceptional in 
the actual labour market, even where the bargain appears to 
be made for totals as distinguished from doses of labour, — 
situations rather than tasks. For there is, in fact, such a variety 
of situations attended with different amounts of work * as 
probably in practice to realise that divisibility of the thing 
supplied — here labour — which, together with the divisibility of 
the thing demanded, — here money, — constitutes a condition of 
a perfect market with determinate equiUbrium.^ * Still, the 

^ Economic Journal, Vol. IV. p. 225. 

* As argued in Mathematical Psychics^ p. 42. 

* Cp, Marshall, Principles of Economics^ Book VI, chap. ii. § 2, note, p. 599, 
4th edition. Consider the case of managers, above, p. 180. 

* Mathematical Psychics ^ p. 18. 

* Though one condition of a perfect market is thus secured, it does not follow 
that the labour-market will be perfect. Let us start with any system of 
bargains between entrepreneurs emd work-people (presumed not to be capable 
of serving two masters at the same time). Then, there being supposed a 
variety of situations and tasks, let the round men in square berths change 
places with the square men in round berths with advantage to all (entre- 
preneurs included). There will thus be reached a settlement such that it cannot 
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point of theory is worth notice. Perhaps the friction in the 
labour market would be less if labour were sold freely by the 
hour (or other small ** dose ”). 

It ought to be mentioned that a different view of Exchange 
has been taken by a high authority on Distribution. Professor 
Bohm-Bawerk presents as the general type of a market that 
very case which is here regarded as exceptional. On one side 
of the markets are put dealers each with a horse — or it may be 
a batch of several horses ^ — which he will not sell under a certain 
price, on the other side buyers each of which will not go beyond 
a certain price. The following scheme is given as an example 
of such data : ^ — 


Buyers. Sellers. 


A, 

values a horse at 


£30 

B, 

valuos a home at . . 

£10 


(and will buy 

at any 



(and will soil at any 



priro under). 




price over). 


A, 

>> t9 

9 « 

28 

B, 


11 

A, 

99 99 99 

99 

2(1 

Ba 


15 

A 4 

99 99 99 

99 

24 

B4 

»» ♦» >» ff 

17 

As 

99 99 99 


22 

Bs 

99 9 9 99 99 

20 

A. 

99 99 99 

99 

21 

Be 

99 99 99 9 9 

21 10 «. 

A, 

99 99 ft 

99 

20 

Br 

99 99 99 99 

26 

As 

99 99 99 

99 

18 

Ba 

99 99 >9 99 

20 

A, 


99 

17 




Ajs ,, „ ,, 

99 

15 





From these data it is deduced that the price of a horse must be 
between £21 and 21 10^. But, if the data had been different, 


Vh 5 disturbed with advantage to each and all ; except by the employers competing 
with each other for workmen. Suppose the settlement to bo such and so favour- 
able to the work-people that it cannot bo disturbed by the competition of the 
employers; then, the market will bo indeterminate, just as if the work-people 
were all equally efficient. Accordingly, “ There is no detorminato and very 
generally unique arrangement towards which the system tends under the operation 
of, may we say, a law of Nature, and which would be predictable if wo knew 
beforehand the real requirements of each, or of the average, dealer; but there 
are an indefinite number a priori possible settlements (see B. II, 313 and references 
there given). 

^ In the criticism of the Positive Theory of Capital, at p. 333 of the Economic 
J OUBNAX, Vol. II., repeated from the Address to the British Association, Section F, 
1889 (reprinted in the Journal of the Statistical Society, December, 1889), it was 
too leniently suggested that the author, in a subsequent note (p. 214, Smart’s 
translation of Positive Theory), brought in the essential circumstance which his 
main illustration omits ; namely, doses with varying marginal utility. It would 
rather seem, however, that the stud of horses permitted in the said note does not 
differ essentially from the single horse of the main illustration. It seems to be 
treated os a mass of commodity which the seller offers, the buyer takes or leaves, 
as a whole. At any rate, the writer has failed to see the significance of divisibility 
in the commodity. For, otherwise, he would not have attributed so much 
“ latitude ” {loc. cit. quoted in the text) to the case in which the sellers (and 
likewise the buyers) do not differ from each other in their subjective valuation 
of a horse. 

■ Positive Theory of Ca/pikU (translated), Book IV. chap. iv. 
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the price might not have been thus determinate. “ If there are, 
for instance, ten buyers who each value the commodity at £10, 
and ten sellers who each value it subjectively at £1, obviously 
all the ten pair can come to terms, and the zone which lies between 
the valuation of the last buyer and the last seller represents the 
wide latitude between £1 and £10.’' Of this character, according 
to the writer, are the circumstances of the labour market.^ In 
such a case some further datum is required to determine price. 
“ That this latitude should be narrowed down, the further cir- 
cumstance must be present that the desire of the buyers is directed 
to an unlimited number of goods, while at the same time the 
total amount of means of purchase must be strictly limited, and 
the buyers must be determined to spend the whole of this sum 
in purchase of the commodities in question.” ^ This condition 
is fulfilled, according to Professor Bohm-Bawerk, by the “ general 
subsistence market.” 

This example will hardly be accepted as typical of a market 
by the mathematical economists who walk in the way of Gossen. 
Agreeing with the Austrian leader that value rests at bottom 
on subjective estimates, they will accept his scheme, just as they 
would accept the description of a common auction, as illustrative 
of that attribute. But tliey may complain that the illustration 
does not illustrate another attribute which they regard as essential 
to the determination of value in a market, — the circumstance 
that each party on the one side is free, in concert with some 
party or parties on the other side, to vary the amounts of those 
quantities on which depends his advantage — the quid and the 
pro quo — up to a limiting point, or margin at which he estimates 
his advantage to be a maximum. The “ marginal pair ” of the 
Austrian scheme hardly exemplifies the la^v of marginal utility. 
We require to know, not so much the least price which eacli 
horse dealer will take for his liorse or stud,^ but how much horse- 
flesh each individual, or at least all collectively, will offer at each 
of several prices, with similarly graduated data for the would-be 
buyers. Granted data of this sort, the mathematical economist 
need not trouble himself much about a matter which is vital 
according to the Austrian scheme, — whether the “ subjective 
valuation ” of a horse is the same (or very similar) for all the 
sellers, while the dispositions of the buyers are likewise identical. 
The case of like dispositions does not constitute a special variety 

' Op. cit.f Book rV. chap. v. p. 217; Book VI. chap. v. (“ On the General 
Subsistence Mewket ”). 

* Loc. cit. 


’ See note 1, p. 37. 
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of the problem, one which is insoluble without additional data. 
Far from being anomalous, that case may be normally assumed 
as a harmless and convenient simplification, very proper to an 
introductory statement of the general theory. ^ 

“ Nec Deus intersit, nisi digniLs vindioo nodus 
Incident ” — 

The case of like dispositions docs not present any peculiar difficulty 
calling for so very mechanical a Deus ev machiud as the hypothesis 
that “ the total amount of means of purchase must be strictly 
limited and the buyers must be determined to spend the whole 
of this sum in purchase of the commodities in question.’’ It is 
riding a one-horse illustration to death to put the accidents of 
an exceptional sort of auction as representative of the actual 
transactions by which tlie great mass of national income is 
distributed. 

This criticism, it must be freely admitted, involves an issue 
about which legitimate differences of opinion may exist, — what 
is the most appropriate conception of the process by which 
value is determined through the higgling of the market ? Any 
simple conception must involve a considerable element of 
hypothesis, not admitting of decisive proof. The hypothetical 
character of the inquiry will appear if we look back to that 
model labour market in which guides or porters were supposed 
to be hired by amateur mountaineers. It was tacitly assumed 
that each party has certain dispositions as to the amount of 
money that he is willing to give or take in exchange for a certain 
amount of work, — a scale of subjective estimates ^ which is 
supposed to be formed before the parties come into communication, 
and not to be modified by the chaffering of the market. The 
constancy of these dispositions being assumed, it is presumed 
that somehow a state of equilibrium will be brought about, 
such that the party on one side cannot improve his position by 
entering into new contracts with some party or parties on the 
other side. The better opinion is that only the position of 
equilibrium is knowable, not the path by which equilibrium is 
reached. As Jevons says, “It is a far more easy task to lay 
down the conditions under which trade is completed and inter- 
change ceases than to attempt to ascertain at what rate trade 

^ It is 80 assumed in Mathematical Psychics. 

* Whether expressed by a demand -curve (or schedule, cj. Marshall, Principles, 
Book III.) or by way of indifference curves, as Professor Pareto has suggested 
{Oiomale degli Economisti, 1900). 
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will go on when equilibrium is not attained/* ^ Particular paths 
may be indicated by way of illustration, “to fix the ideas,’* as 
mathematicians say.^ 

In this spirit two kinds of higgling may be distinguished as 
appropriate respectively to short and long periods. First, we 
may suppose the intending buyers and sellers to remain in com- 
munication without actually making exchanges, each trying to 
get at the dispositions of the others, and estimating his chances 
of making a better bargain than one that has been provisionally 
contemplated. By this preliminary tentative process a system 
of bargains complying with the condition of equilibrium is, as it 
were, rehearsed before it is actually performed. Or, second, one 
may suppose a performance to take place before such rehearsal 
is completed. On the first day in our example a set of hirings 
are made which prove not to be in accordance with the dispositions 
of the parties. These contracts terminating with the day, the 
parties encounter each other the following day,® with dispositions 
the same as on the first day, — like combatants armis animisque 
refecti,^ — in all respects as they were at the beginning of the first 
encounter, except that they have obtained by experience the 
knowledge that the system of bargains entered into on the first 
occasion does not fit the real dispositions of the parties. The 
second plan of higgling was supposed in the example,^ — the plan 
which is more appropriate to “ normal ” value. 

Contemplating the theory of exchange in the abstract, we 
may exclaim with Burke, “ Nobody, I believe, has observed 
with any reflection what market is without being astonished at 
the truth, the correctness, the celerity, the general equity, with 
which the balance of wants is settled.** ® But, when we come 
to the labour market, or any particular market, we must carefully 
inquire with what degree of approximateness the above-stated 
fundamental' postulate’ holds good. When the bargaining 

^ Theory^ 2nd edition, pp. 101-2. The context seems to impose an unneces- 
sary limitation : “ Holders of commodities will be regarded not as continuously 
passing on these commodities in streams of trade, but as possessing certain 
fixed amounts which they exchange until they come to equilibrium.” The 
” fixed amount ” may be considered as renewed from time to time for each of 
the individuals placed along a “ stream of trade ” (see below, p. 197). 

* This view of the subject is presented at greater length in an article in the 
Revue d^^iconomie Politique, January, 1891. [See note appended to a (Section 
VI)]. 

* They recontract, in the phraseology of Mathematical Psychics. 

* ^neid. xii. 788. * Above, p. 35. 

* Thought and Details on Scarcity, He is speaking with special reference to 
the labour market. 

^ Above, p. 39. 
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extends over a considerable time, changes are apt to occur in 
the dispositions of the parties, whether independently of each 
other and sporadically, or in a manner even more fatal to the 
theory, by way of imitation.^ Also, where there occurs a series 
of encounters between buyers and sellers, the results of the earlier 
encounter may affect the dispositions with which the later ones 
are entered on. The terms which the labourer is ready to offer 
and accept are altered by the alteration in his habits and efficiency 
which is the consequence of previous bad bargains. ^ 

The peculiarities of the labour market pointed out by Professor 
Marshall go far to modify the general presumption in favour of 
laisser faire. But less careful writers are less successful in 
supporting the burden of proof which lies on those who profess 
to add to or take away from that outlined theory of Exchange 
which seems to express all that is known in general about the 
working of a market. A warning example of such modification 
not warranted by specific experience is the doctrine of the wage- 
fund, which is now universally discredited, and ought always to 
have excited suspicion and challenged proof because, as already 
intimated in another connection, it is a supposition repugnant 
to the general theory of Exchange that “ the total amount of 
means of purchase must be strictly limited, and the buyers must 
be determined to spend the whole of this sum in purchase of 
the commodities in question.’^ ® Perhaps, as Sir Leslie Stephen 
says with reference to the classical writers, “ the assumption 
slipped into their reasoning unawares.” ^ Sometimes it may 
have been intended only to convey that early lesson which is 
contained in our opening paragraphs, — that no party to produc- 
tion can expect to earn more than the total produce. Sometimes 
there was contemplated a more definite statement true of short 
periods, — a truth which has been well stated by Professor Taussig 
in his article on “ The Employer’s Place in Distribution,” and at 
greater length in his book on Wages and Capital — 

The whole of the real income available for the community 
is not in any substantial sense at the disposal of the capitalists. . , . 

* See Pigou on “ Utility ” in the Economic Journal for March, 1901. Com* 
pare, as to the absence of predeterminatencss in the dispositions of parties to 
the labour market, Walker, Political Economy ^ Art. 320. 

* Cp. Marshall, Principles of Economics, Book VI. chap, iv., and Walker, 
Political Economy, Art. 308 et seq. 

* Quoted from BOhm-Bawerk, who himself compares his theory with that 
of the wage-fund {Positive Theory, p. 419). Both theories seem true of short 
periods. The context accords with the view here taken of the theory, as true 
of short periods, inadequate to long periods. 

* The English Utilitarians, VoL III. p. 216. 
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A large part of the commodities now on hand would not serve 
their turn. The supply of bread and flour and grain at any 
moment is adjusted to the expected needs of the whole mass of 
consumers. . . . The effective choice which the capitalists would 
have . . . would be thus confined, for the time being at least, 
within limits not very elastic.'’ ^ 

Let us suppose that the working classes live on bread only, 
while the capitalist classes consume buns also. On a day, after 
a conference between employers and employed, the partition of 
the national dividend is altered in favour of the capitalists. 
Yet they will be unable to benefit immediately by the change. 
On that day more buns will not be forthcoming, all the bakers’ 
ovens being preoccupied with bread. 

For the purpose of illustration there has been chosen a specially 
simple case in which the articles consumed by the two classes 
are formed out of the same material, and by a process which is 
identical up to the penultimate stage. The stream of production 
does not bifurcate till it debouches into the mouths of the two 
parties to Distribution. 

When we consider longer tracts of that stream, there comes 
into view a circumstance to be discussed under the head of 
Capital, the influence of time on value. To illustrate the dis- 
tribution of produce between those who have contributed at 
different times to its production, let us at first make abstraction 
of other differences, and imagine economic men uniting the 
functions of workman and capitalist-entrepreneur, differing only 
in the amount of capitalisation, the length of time during which 
their labour is invested. One labours at proximate means, 
another at remote means, tending to the ultimate product out 
of which all the producers are remimeratcd. An idea of a train 
of production formed by successive operations directed to an 
ultimate product may be obtained by watching any factory. 
Here you have the raw cotton -wool put in, there you see a 
“ sliver ” of carded cotton flowing from one machine en route to 
another, until at the last stage there comes out the finished 
article. To illustrate the process of distribution, we must now 
conceive a backward flow of the ultimate product to the several 
producers. We might imagine each one’s share to be conveyed 
to him by some contrivance like those wondrous little vehicles 
in the Boston Public Library, which, as if gifted with human 
intelligence, find their way about the building to the particular 

' Quarterly Journal of Economics, Vol. X. p. 74. 
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place where each book belongs. To illustrate the effect of 
distance in time on distribution, we must further modify the 
model presented by an ordinary factory. We must suppose 
the interval of time between the processes to be greatly magnified, 
months being substituted for minutes. Then there will come 
into view tlie circumstance to whicli attention is particularly 
directed, — that a larger share will be conve3^ed to each producer 
(other things being equal), the greater his distance from the final 
stage. There will thus be a continual flow of materials in process 
of manufacture onwards and of products ready for consumption 
backwards, if the w'ork at each stage is steadily maintained, — 
provided that there is a continual stream of raw material, and 
that the machines are continually renewed.^ Considering the 
continuous round of production and consumption, we realise the 
important truth which Mill has thus expressed : — 

“ The miller, the reaper, the ploughman, the plough-maker, 
the wagoner and wagon-maker, and the sailor and ship-builder, 
wlien employed, derive their remuneration from the ultimate 
product, — the bread made from the coni on which they have 
severally operated or supplied the instruments for operating.” ^ 

To represent the continual expansion of value as the present 
ripens into the future, a series of concentric circles has been 
happily employed by Professor Bdhm-Bawerk.^ Varying his 
illustration, let us suppose the circles to bo drawn on ground 
which rises uniformly from the outmost circle towards the centre 
0 in the accompanying diagram at which the apex tapers to a 
needle-point.^ The circles are drawn at equal distances as 
measured on the surface, and therefore, in a bird’s-eye view which 
tha diagram is intended to represent, become huddled together 
in the neighbourhood of the central height. Across the circles, 
down the hill, flow streams with uniform velocity, so as to pass 
from circle to circle in a unit of time. The breadth of a stream 
increases with its length, — not in direct proportion to the length, 
but according to the law of accumulated price.® The volume of 
the stream is proportioned to its breadth and to its depth (not 
shown on the figure). The stream takes its rise at some position 
on the channel (e. g. at the flow per unit of time at that 

point being proportioned to the energy put forth in pumping 

^ Cp. p. 46, below. 

* Political Economy t Book I. chap. ii. §§ 1, 2. 

* Positive Theory, Book II. chap. v. 

* The series of highoring circles is not shown in the diagram after the fifth 
circle. 

® Marshall, as cited above, p. 19, note 2. 
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from a certain source. As the volume thus originated rolls 
down the channel, it continually increases by infiltration from 
the neighbouring soil without any additional pumping, so that, 
the depth being preserved constant, the volume is proportioned 
to the increasing breadth.^ Besides this increase due to its 
defluxion, the volume may also in the course of its downward 
flow be increased by additional pumping from a second source 
(e. g. a^a'a). This second increase corresponds to an increase in 
depth (not shown in the figure) ; and this second contribution is 
augmented, like the first, by the infiltration which attends 



defluxion. There may be as many sources as there are circles 
cut by the descending stream. But there need not be a source 
at each interval. The equidistant circles correspond to successive 
lines, not always coincident with successive stages of production 
at each of which additional labour is applied. ^ The train of 

‘ Tho broadening of the stream corresponds to the two consilient facts, 
that future pleasures are discounted and that production is increased by “ round- 
about ” methods. As to the first of these facts, see in Marshall’s Principles of 
Economics the passages which relate to discounting future pleasurest and the 
remarks on those passages in the review of the second edition of the Principles 
in tho Economic Journal, Vol. I. (1891) p. 613. See also the admirably clear 
explanation and illustration given by Professor Carver in his €irticle on “ Ab- 
stinence and tho Theory of Interest,” Quarterly Journal of Economics ^ Vol. VIII. 
(1893) p. 48. As to both the first and second facts, see BOhm-Bawerk’s well- 
known expositions. But os to the consilience of tho two facts see, rather. Pro- 
fessor Marshall on the “ fimdamcntal symmetry ” between tho action of Supply 
and Demand (noticed in the review referred to). See also Professor Carver’s 
explanation of the double statement that interest is payment for the sacrifice of 
alMtinenoe, and that interest is paid because capital is productive (he. cit. p. 43). 

* Corresponding to the machines in the illustration given in the preceding 
paragraphs. 
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production thus represented terminates in a product ready for 
consumption — it may be loaves or ribbons, wine or shoes — on the 
shore of a circumfluent sea of commodities. As in the natural 
world rivers are replenished by the melting of the snow, which 
is formed on mountains by the congelation of vapour, which is 
wafted up from the ocean, into which the rivers flow down, so in 
the mundus economicus, by a compensation carried into more 
just detail, labour is restored and re-created by a refreshing rain 
of commodities derived from that sea into which all flnished 
commodities are discharged. Volatile shoes and wine, and other 
commodities in due admixture up to a certain value, find their 
way to each point upon the heights from which a source has been 
tapped, the volume of this return corresponding to the volume 
of the original contribution, — not indeed the same, but the same 
increased by a factor of accumulation, the ratio which the breadth 
of the stream at the littoral bears to its breadth at the poiilt of 
origin (e. g. aia\ : The flight of the commodities from the 

littoral to the heights need not be supposed to occupy an 
appreciable time. 

The idea of a Flow which has been illustrated is primarily 
applicable to the case in which materials and consumable com- 
modities are used up once for all within a unit of time. But the 
case of labour invested for longer periods is easily assimilated. 
Suppose that a plough lasts five years, and that in each year of 
its existence it makes an equal addition to the consumable crop, 
the year being taken as the unit of time. Then, although the 
plough may have been made in a week or month, the labour of 
its production is to be considered as invested in five unequal 
portions at unequal distanees in time from the epoch at which 
the invested labour meets with its return. The total labour of 
making the plough may be considered as applied at several posi- 
tions (a'jai, a2«'2» • • • several contributions, respectively 

proportioned to the breadth of the stream at these points. If labour 
is invested in the production of a machine, imagined by economists, 
which lasts for ever,^ or, what comes to the same, an improve- 
ment, such as the draining of land or opening a mine, or cutting 
an isthmus, which is calculated to yield a constant income for an 
indefinitely long series of years, then the series of positions along 
the stream at which the labour is supposed to be invested must 
be carried back indefinitely (see the channel of which the mouth 
is bjb\) up to that needle-point whose tapering dimensions 
conespond to the perspective of an indefinitely distant future. 

^ Mill, Political Economy , Book I. chap. vi. § 2. 
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Eternal machines are not very common ; but the conception 
may serve to illustrate a species of tool or implement of which 
the race remains immortal, though the individual is worn out and 
perishes. Of this kind are implements which are directed not 
only to produce goods immediately ready for consumption or 
implements of a kind different from their own, but also to 
reproduce their own kind. Hammers and axes are presumably 
of this kind in a primitive society; in an advanced state of 
industry, some more complicated engines. ^ Such machines may 
be compared to horses, if used not only as beasts of burden, but 
also as stallions. The demand for such creatures is presumably 
influenced by the expected series of future generations, so far 
as commercial prospectivencss may extend. In the stationary 
state of steady motion, here provisionally contemplated, repro- 
ductive machines would be illustrated by beasts of burden of which 
the breed does not sensibly improve in successive generations. 

Two channels only have been represented in the diagram, one 
of finite, the other of infinite length, with breadth exaggerated 
for the sake of clearness. Properly, there should be as many 
channels as there are categories of articles ready for immediate 
consumption, — “ goods of the first order,’’ as the Austrians say; 
and the breadth should be such as to allow of the corresponding 
number of sectors being fitted into the circle. Another circum- 
stance which must be left to the imagination is the introduction 
of one and the same article into several streams of production at 
different distances from the final stage. Coal, for instance, so 
far as it is used for warming dwelling-houses, is a good of the 
first order; so far as it is used to drive machines, — themselves 
perhaps used only to produce other machines, — coal is to be 
placed among the higher orders. 

The distinction which has been drawn between work which is 
applied in the neighbourhood of and at a distance from the final 
stage of production is not coincident with the distinction between 
the saving and the non-saving classes. The shower of commodi- 
ties apportioned to each spot according to its lieight above the 
littoral as w^ell as to the volume of value wdiich there took its rise, 
is not ‘‘ like the gentle rain from heaven.” It does not drop 
impartially on all who have been concerned with the work of 
eliciting the stream. Those who have done the common labour 
of pumping — the drawers of water — fare no better than if that 
work had been done at the littoral. In fact, it is proper to 

* Or rather a certain system of machinery, Cp, Marx on machines produced 
by machinery. Capital, ch. xv. 
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conceive that it was done at the littoral. As the energy generated at 
the Falls of Niagara is transmitted for use to a point higher up 
on the river, so on the stream of production the work of pumping 
is mostly done at the littoral, though it is applied at the heights. 
For instance, on the first stream an amount of work proportioned 
to might be done at the littoral, and be paid for in com- 
modities at the rate current on the littoral; that is, without 
the augmentation of value which is due to defliixion. The 
remainder of the volume of value which is discharged per unit 
of time flics off to those who occupy the height represented by 

5. 

If nowit is asked wJiere rent comes into this representation of 
distribution, the answer is to be found in the theory (above, p. 33) 
that from the point of view of the entrepreneur tiie use of land 
appears in the same light as the use of labourers, — as a factor of 
production. The idea of a steady c3^clic flow wliich wo are 
striving to win becomes not much more complicated when we 
imagine that those who, placed on the heights, preside over the 
origination of productive streams, obtain the material that is to 
form the current, the precious fluid which it is their office to start 
upon its downward flow, not solely from a pumping proletariat, 
but also from the fortunate owners of springs which gush spon- 
taneously. There is, indeed, this difference between the labourer 
and the land-owner : tliat, whereas the former (even in the present 
age and still more when the classical economists flourished) has 
to spend a great proportion of his daily wage upon his daily 
necessaries, and therefore in respect of the bulk of his income 
must be placed at the littoral line, the latter may save a great 
part of his income, when it is greatly in excess of his daily neces- 
saries, and ill particular, with respect to tliat great portion, may 
defer fruition until the stream shall have flowed down from the 
point at which his contribution is applied to the point at which 
production becomes merged in consummation. Another differ- 
ence betw'een land and labour in their relation to capital and 
enterprise arises from the circumstance that, unlike the labourer 
(in a free country), land itself, as well as its use, is sold. Whence 
arises a well-known correspondence between rent and interest in 
their relation to the capital value of land. Ihis similarity will 
not be mistaken for identity ^ by those who find the essential 

^ “ The attempt of certain writers to refine away this traditional distinction 
between land and capital, rent and interest, impresses me os a subtle obscuration 
of plain facts,” well remarked one of the speakers at the recent banquet of the 
Massachusetts Single Tax League (1902). 
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attribute of rent in the limitation of the objects for which rent 
is paid.^ 

To complete the analysis of the parties to Distribution, it 
may next be required to distinguish the capitalist from the 
entrepreneur. They are both easily distinguished from the 
salaried manager in that he is at the littoral, in that respect 
like the common workman, while they are both above that line. 
But to draw a line in the series of shades which intervene between 
the employer of Walker’s type and the mere shareholder, to 
determine at what point the capitalist ends and the entrepreneur 
begins, appears to defy analysis. As Thought and Emotion are 
inseparably blended, though one may so far preponderate as to 
give its name to the state of consciousness at any time, such is 
the inseparable connection, such the intelligible but not exactly 
definable distinction, between Enterprise and Saving. The 
indefiniteness of the relation is illustrated by the shifting use in 
economic Uterature of the term Profit.^ 

That profit other than remuneration for managerial work 
should be transmitted to those who occupy a position on the 
heights — often the easy position of a dormant shareholder — ^is 
certainly invidious and difficult to justify to those who toil 
below. Yet it may be reflected that the condition of those below 
would have been worse if those above, or those from whom they 
purchased or inherited their position, had not been content to 
wait for future goods instead of grasping at immediate pleasure. 
The Flow so beneficial to all classes would never have been set up 
without abstinence.^ It could not continue in its present magni- 
tude but for the continued abstinence of each one who has a 
right to dispose of wealth which is in course of production, — 
make a bonfire of it, if he can get a momentary pleasure from that 
extravagance, or by some less simple, though more familiar 
increase of unproductive consumption “ eat up his capital.” 

The consequences of an increase in unproductive consumption 
may be contemplated by reversing the consequences of an 

^ Cp. above, p. 32, Marshall, Princi'plea, auh voce “ Rent.” 

® As instructively pointed out by Mr. L. L. Price in his article on ” Profit- 
sharing ” published in the Economic Journal, Vol. II. (1892), and in his Economic 
Science and Practice, p. 75 and ante. 

* Compare Adam Smith. ” By what a frugal man annually saves he not 
only affords maintenance for an additional number of productive hands for 
that or the ensuing year, but, like the foxmder of a workhouse, he establishes, 
as it were, a perpetual fimd for the maintenance of an equal number in all 
times to come.” Wealth of Nations, Book II. chap. iii. In our metaphor, 
taking up a new position on the heights corresponds to this establishment of 
a perpetual f\md. 
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increase in parsimony. The latter increase forms part of a larger 
subject, economic progress. The progressive change in the volume 
of value and channels of production cannot be understood until 
there has been attained what was the object of the preceding 
paragraphs, — the clear idea of a steady flow in channels for a time 
unchanged.^ The study of this stationary state is perhaps the 
part of economic science which principally deserves to be described 
as theory of Distribution. In these pages it is not attempted to 
go far beyond the comparatively narrow round of steady motion 
in fixed cycles of production and consumption. It must suffice to 
indicate three species of progressive alteration in the economic 
mechanism. There is, first, a imiform increase in the number of 
both capitalists and labourers, or, more generally, capital and 
labour, other things being the same. This change presents no 
difficulty : it may be represented by an increase in the depth of 
all the channels. Second, the rate at which the breadth of the 
channels diminishes as one ascends from the littoral — in other 
words, the rate of interest — might be diminished. A limiting 
case of this species is put by Mill when he supposes unproductive 
expenditure of capitalists to be “ reduced to its lowest limit.’* 
Conceivably, this change might have no other effect than to 
reduce the portions accruing to the capitalists — such as a^a \ — 
a^a '^ — to a minimum. The capitalists with new eagerness bid 
against each other for the service of the labourers ; but, if the 
latter do not give more work for higher pay, the consequences 
might be a new equilibrium in which the same volume of value 
is steadily rolled down the same channels of trade, though the 
portion which flies back to the heights is a minimum. But, even 
if the quantity of value continued constant, it is hardly to be 
supposed that the quality ^ of the commodities which make up 
the amount would remain unchanged. And, in fact, an increase 
of wages would probably be followed by an increase in the number 
and efficiency of the wage-earning classes.® And these results 
would favour the occurrence of a third kind of progress which 
may, however, be considered as arising independently of the 
others; namely, the lengthening of the trains of production.^ 

^ On the nature of the steady flow with which wo are concerned see Marshall, 
Economic Journal, Vol. VIII. p. 40, and Principles of Economics, sub voce 
“ Stationary State.” 

* Cp. Mill, loc. cit., — ” there would no longer be any demand for luxuries on 
the part of capitalists.” 

® Gp. Marshall, Principles, Book IV. ch. xiii. 

* It is possible, as Mill shows. Political Economy, Book I. chap. vi. § 2 {cp. 
Ricardo on machinery and Mr. Pierson, Principles of Economics, p. 311), that 
lengthening the period of investment, and also invention, while it increases 

VOL. I. E 
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It may be doubted whether any great lengthening of the trains 
is possible without a concomitant improvement in the arts of 
production ; yet, as Sidgwick observes, ^ invention is not necessarily 
followed by increase of capitalisation.^ 

The third head of progress even more surely than the second 
will be attended with changes in the channels of production. As 
already observed ^ with reference to the portion of truth con- 
tained in the wage-fund theory, time will in general be required 
for the carrying out of such changes. The means of production 
which are rolling down the channels at the instant when the 
change begins must all or in great part bo suffered to run out : 
otherwise there will probably be a considerable waste of labour, 
and interruption to consumption. One delicate adjustment 
which would be deranged can only be alluded to here — the 
monetary circulation, especially that form of it which consists of 
debts that are continually “ cleared,” or cancelled. We might 
imagine the flow of factors in the channels of production and the 
flight of finished products backward on the way to consumption 
to be attended each with a displacement of air in a direction 
opposite to the main movement, — light counter-currents which 
have their use in facilitating the movements of solid wealth, and 
in the fulfilment of their useful function continually meet and 
neutralise each other. But, evidently, we have reached the 
degree of complexity at which the illustration becomes more 
difficult to understand than the thing which is to be illustrated. 
For a more concrete embodiment of a more complete theory the 
student is referred to the Principles of Economics ^ — a reference of 
which the value is, if possible, enhanced by the solid work which 
Mr. N. G. Pierson has published under the same title. ^ 

The preceding hints and metaphors and warnings may assist 
the student to obtain a general idea of the process by which 
distribution of the national income is effected. An outline of 
theory so abstract is not to be despised as useless. It satisfies 
a legitimate curiosity. It is part of a liberal education. It is 
comparable in these respects with an elementary knowledge of 

the amount of goods accruing to the capitalist, may diminish the amount 
accruing to the workers. What Mill says in this connection of the “ fresh 
creation ” of capital and “ additional saving consequent on improvements ” is 
made more intelligible by the use of the illustration here offered. 

^ Political Economy t Book I. chap. iv. § 8. 

* Loc. cit. Mill treats capital and arts of production as independent variables. 
Political Economy f Book IV. chap, iii, 

* Above, p. 41. 

* Translated into English from the Dutch by Wotzel. 
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astronomy. Such knowledge will not be of much use in naviga- 
tion. And yet it has a certain bearing on real life. The diffusion 
of just notions about astronomy has rendered it impossible for 
astrologers any longer to practise on the credulity of mankind. 
A knowledge of first principles affords a test by which the 
authority of those who offer themselves as guides may be esti- 
mated. A little science has a further use : it is of assistance in 
obtaining more. 

As the astronomer will proceed from a first approximation to 
a second, so economists should soften the hard outline of abstract 
theory by a regard to particular circumstances. As he in dealing 
with a new object will make certain of his first approximation, — 
will consider, for example, whether an ellipse or a parabola fits 
better to the orbit of a new comet, — ^so it behoves us to consider 
whether the classical hypothesis presupposed in the preceding 
pages ^ — two-sided competition ^ — is appropriate to the conditions 
of modern industry. The hypothesis of two-sided monopoly * is 
strongly suggested by what wo sec before us, — consolidated capital 
confronted by consolidated trade unions. But it is alleged that 
beneath that appearance the forces of competition are effectively 
at work; that the settlement which is apt to be, and ought to 
be, agreed to between a combination of Capital and a combina- 
tion of Labour is no other than that which would have been 
determined by competition if the individuals now combined had 
been free to act competitively. No one has expressed this view 
with more authority and decision than Walker : — 

‘‘ Competition, perfect competition, affords the ideal condition 
for the distribution of wealth.*’ ^ 

“ Competition affords the only absolute security possible for 
the equitable and beneficial distribution of the products of 
industry.” ^ 

To the same effect, Professor Clark, wlicn he teaches that — 

“ The question whether the labourer is exploited and robbed 
depends on the question whether he gets his product.” ® 

. What is meant by getting his product appears from the following 
passages 

“ What we are able to produce by means of labour is deter- 
mined by what a final unit of mere labour can add to the product 
that can be created without its aid.” ® 

‘ See the opening paragraphs above, p. 14. 

* The useful phrase of Dr. B6hm*Bawerk. 

* Political Economy f par. 466. * Ihid.^ par. 467. Cp. par. 343 el acq, 

^ The Distribution of WeaUh, chap. i. “ Ibid.t p. 180. 
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** If each productive function is paid for according to the 
amount of its product [thus reckoned], then each man gets what 
he himself produces.’* 

The ideal of just arbitration is that — 

Men should get something approximating the part of that joint 
product which they may fairly regard as solely the fruit of their 
own labour.^ The basis of the claim that a workman makes is 
that his presence in a mill causes a certain increase in the output 
of it.” 2 

If these views are generally accepted, the analysis of bargains 
in a regime of competition will retain its importance. But it 
may well be doubted whether these views will be generally 
accepted, even by the thoughtful few, much less by the more 
numerous of the concerned parties. First, it may be objected 
that the same principle will give very different results according 
to the relative numbers of the parties. Put a case which has 
actually existed, or at least may be well supposed to have existed, 
in order to test the general application of the principle, — the case 
in which the number of the employees is not much greater than, 
say not more than twice as great as, the number of the employers. 
In such a case, if labour is sold by the hour, — openly, or virtually 
in a fashion that probably prevails at present,® — there would be 
a determinate equilibrium of the labour market such that each 
labourer would earn an amount equal to the number of hours 
worked, multiplied by the final productivity of each hour. That 
arrangement might appear just, on a certain interpretation of the 
dictum that one’s product “ is determined by what a final unit 
of mere labour can add to the product.” But the arrangement 
would not be just if “the basis of the claim that a workman 
makes is that his presence in the mill will cause a certain increase 
in the output of it.” All turns on the unit employed. If it is 
allowable to take the hour as the unit, and find the wage of the 
individual man by multiplying the number of hours worked by the 
final productivity of the unit, why should it not be allowable 
to take a gang of men as the unit, and find the wage of the indivi- 
dual man by dividing the number of men in a gang into the final 
productivity of a gang ? Not to rest the argument on supposed 
cases, take the case of the “ capitalist ” as he existed in Ricardo’s 
time, or even the modern entrepreneur who is not a salaried 

^ “ Authoritative Arbitration,” Political Science Quarterly t December, 1892, 
p. 569. 

» Ibid,, p. 669. 

• See Marshall, Principles oj Economical Book VI, chap. ii. § 2, note to p. 499, 
4th edition, referred to above. 
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manager. II such a one is to be paid on the basis that his 
presence in a mill causes a certain increase in the output of it,** 
it is quite possible that he would be justified in claiming a much 
larger share of the joint product than he now obtains.^ The 
assertion that the entrepreneur receives just as much as he adds 
to product is at best an empirical law,^ not possessing the sort of 
universality proper to a general canon of distributive justice. 
Thus the coincidence of perfect competition with ideal justice is 
by no means evident to the impartial spectator : much less is it 
likely to bo accepted by the majority of those concerned, whoso 
views must be taken into account by those who would form a 
theory that has some relation to the facts. One who has closely 
observed popular movements in America testifies to “ the grow- 
ing belief that mechanical science and invention applied to industry 
are too closely held by private interests.** ® “An enormous 
private ownership of industrial mechanism, especially if coupled 
with lands and mines,** forms the gravamen of the complaints. 
To advert for a moment to the accessory grievance with the view 
of understanding the main one, can we suppose that in a case 
such as Ireland was supposed to constitute before the Gladstonian 
land legislation, the land leaguers would have been content if they 
had obtained a perfect market in land, an equation of supply and 
demand undisturbed by hustling or delay, intimidation or corner- 
ing ? ^ This perfection of the market might have served only to 
bring out the disadvantage at which the many wore placed by 
the vesting of the complete ownership of land in the hands of a 
few. The prevailing sentiment about the “ enormous private 
ownership of industrial mechanism ** may well be similar. It is 
true that the expediencies governing “ judicial rents *’ are very 
different from those which are opposed to the legal regulation of 
wages. But we are now considering how the matter appears to 
the many, what regime they can be got to accept. It seems not 
to be competition pure and simple.® 

^ The attribution of a portion of the product to a unit of productive factor 
is only significant when the unit can bo treated as a final increment. Cp, Mar- 
shall, Principles of Economics, note to p. 466, 4th edition. When this condition 
is not fulfilled, — e. g. Professor Clark’s Distribution of Wealth, p. 326, where 
“ the amount that is attributable to one-half of the capital ” (“ the capital 
that is used in the industry ”) is specified, — this doctrine of attribution becomes 
perilously like the Austrian doctrine of “ imputation,” as to which see III, 49. 

* As argued above, p. 29. See Index s. v. ErUreprerteur. 

* Graham Brooks, The Social Unrest, p. 122. 

* Such a market as is analysed in Mathematical Psychics, p. 141. 

^ It is possible that competition purified in the manner suggested below 
might be accepted by moderate trade unionists of the type of Applegarth and 
Dunning, as to whom see History of Trade Unionism, S. and B. Webb. 
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Are we, then, to abandon the guidance of competition, and 
follow a higher, an ethical, standard ? Does the theory of distribu- 
tion require a definition of distributive justice ? What is justice ? 
The result of Plato’s prolonged inquiry would not be satisfactory 
to the modern asserter of the rights of labour. If a new Socrates 
were to go about inquiring, what is the ideally just distribution 
between the employing and employed classes, he would probably 
find the wisest to be those who confessed their ignorance. As 
Jevons says, nothing at first sight can seem more reasonable and 
just than the “ favourite saying that a man should have a fair 
day’s wages for a fair day’s work. . . . But, when you examine 
its meaning, you soon find that there is no real meaning at all. 
There is no way of deciding what is a fair day’s wages.” ^ It has 
been well observed that an intuition as to the just rate of wages, 
the labourer’s share of the total product, involves an intuition 
as to the capitalist’s share, — a share which depends on the rate of 
interest. 2 Can any one seriously pretend that the dictates of a 
moral sense are clear and decisive in such a matter ? 

Let it be remembered also that the path of justice is not only 
dark, but dangerous. Striving to secure the rights of labour, 
you are very likely to hurt the interests of labour. The action of 
trade unions by lowering interest and harassing employers may 
result, as pointed out by Professor Marshall,'*^ in checking the 
accumulation of capital and the supply of business power. The 
increase in personal capital may indeed compensate for this check, 
but also it may not. Greater efficiency does not follow higher 
wages as the night the day.^ 

In view of these considerations it is doubtful whether in the 
near future an influential majority will aim at setting aside com- 
petition. Moreover, even if this consummation were aimed at, 
it is not likely to be attained. vSo invincible in human nature is 
the “ propensity to truck,” ^ so true is it that, “ when one person 
is willing to sell a thing at a price which another is willing to pay 
for it, the two manage to come together in spite of prohibitions 
of King or Parliament, or of the officials of a Trust or Trade 
Union.”® Competition is like the air we breallie, which it is not 
only dangerous, but difficult to exclude. 

^ Scientific Primer, chapter on “ Wages.” 

* Margaret Benson, Capital, Labour, and Trade, chap. xvi. 

* Elements oj Economics of Industry (1892), Book VI. chap. xiii. 

* See the careful statement of tlio relations by Mr. Pierson in his Principles 
of Economics, 

* Adam Smith, IF mlth of Nations, Book I. chap. ii. 

* Marshall. (Quarterly Journal of Economics^ Vol. XI. (1897) p. 129. 
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Between two guides, of which neither can be followed implicitly, 
let us walk warily. On the one hand, let us not aim at impossible 
ideals. But, on the other hand, let us not deserve the criticism 
which the advocates of trade unionism have with too much 
truth directed against “ the verdict of the economists respecting 
trade unions.^ Let us not be as trenchant in act as we have been 
in thought. Let us be cautious in applying our abstract theory 
to flesh and blood. 

To one seeking a representation at once clear and appropriate, 
the actual conditions of industry present the appearance of a 
viscous and deliquescent body,^ not so easy to be treated by simple 
formulae as a perfect liquid or a perfect solid. An adequate theory 
of Distribution must in these days take some account of the action 
proper to combinations, efTecting collective treaties between 
employers and employed : competition pure and simple no longer 
constitutes an adequate hypothesis. Eactly how these two 
principles are to be conceived as coexistent it is premature to 
state dogmatically : the economist whose aim is to “ teach, not 
preach,” to show what is or will be rather than what ought to be, 
may well hesitate to pronounce on this question. He can at best 
invent hypotheses which may facilitate the conception of a com- 
promise between the opposed principles of competition and 
combination. For example, the required compromise might be 
attained if it were arranged that the agreement between employers 
and employed under some heads might be settled by collective 
treaty between combinations, but under other heads by com- 
petitive bargaining between individuals,— as the German students 
in their duels expose only certain parts, not all parts, of the body 
to the brunt of the combat.^ To determine what matters should 
be the subject of treaty would indeed itself require some sort of 
treaty.^ But it would be a kind of treaty for which there is good 
precedent in laws and institutions. For instance, there might 
grow up, or be enacted by law, the practice that the hours of 
labour in a trade should be a matter for collective treaty between 
a trade union and a combination of employers, the particular 
number of hours to be settled by such treaty, while other terras, 


^ Sidney and Beatrice Webb, Industrial Democracy, Part III. chap. i. 

* Cp. J. B. Clark, Philosophy of Wealth : “ The prcHont state of industrial 
society is transitional and chaotic. . . . The consolidation of labour is incom- 
plete,” that of capital also (p. 148 and context). 

* Cp. J. B. Clark, op. cit., p. 208 : “A spirit of Justice is ever standing over 
the contestants, and bidding them compete only thus and thus.” 

* ” No individual competitor can lay down the rules of combat.” Sidney 
Webb, Contemporary Review (1889), p. 869. 
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such as the rate of wages, should be settled by the play of 
competition. 

So far as competition has free play, the received theory of 
supply and demand, even in its severest mathematical form, would 
be applicable. Indeed, the severer forms would be peculiarly 
appropriate in that they do not lend themselves to the con- 
templation of cornering and other dodges of the market, but 
assume the “ true price ^ to be worked out honestly. Presum- 
ably, the competition which all parties agreed to retain would 
have to be conducted in a similar spirit. The conditions of the 
duel, already prescribed, would be further limited by forbidding 
certain strokes. 

A similar regulation may be suggested for the working of an 
imaginary sort of competition which seems to be contemplated 
by some who are conversant with the practical problems of 
industry. Their view appears to be ^ that two combinations 
might, without resorting to actual competition, agree to accept 
those terms which would probably result from the play of free 
competition. In playing this sort of Kriegspiel, it might be laid 
down as a rule of civilised industrial warfare that the workman 
should not be treated as living from hand to mouth. Suppose 
him freed from the imminence of starvation for a time at least, 
and then consider what sort of arrangement of the terms to be 
settled would constitute a steady flow of the type above described, 
in which each individuaPs final sacrifice is normally equivalent 
to the final utility which ho procures thereby.® Other rules might 
be suggested for the working of such imaginary competition.^ 


' Condillac’s phrase, appropriate to the ideal market above described. 

* It is diflficult to attach any other interpretation to Walker’s dicta referred 
to above. He is presumably supposing that all the terms of contract are settled 
by idecd competition, a limiting case of tho regime here suggested that some 
of the terms should bo settled by competition, actual or imaginary. 

» The “ method of mutual insurance ” practised by trade unions, according 
to Mr. and Mrs. Webb [{Industrial Democracy), seems to confer this sort of 
advantage on its members. 

* E. g. in order to estimate that result, it might be thought consonant to 

the amount of industrial solidarity actually existing not to treat each individual 
workman os an economic atom, but rather to suppose comparatively few 
independent bodies, each formed by the solidification of many individual atoms. 
Compare T. J. Dunning, Trade Unions and Strikes (a work mentioned by J. S. 
Mill with approval), p. 21, whore reply is made to the question, “ Why cannot 
a man sell his labour for what he likes, as a shopkeeper tickets his goods imder 
the price of those of his neighbour T ” “ The shopkeepers,” replies Dunning, 

” are not obliged to be always together.” ‘‘ But the matter assumes a very 
different cispect ” in the case of wage-earners who work together. Though, as 
will presently appecu*, a preliminary use of the sort of potential competition 
which has just been described may be required. 
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But it may be questioned whether the method admits of pre* 
cision, for a reason urged by Mr. L. L. Price with reference to a 
proposed principle of arbitration, that the arbitrator should 
endeavour to award such wages as would be attained if combina- 
tion on either side were absent/* ‘‘ Where is the arbitrator to 
discover this ideal standard ? ’* pertinently asks Mr. Price. ^ 

The terms forming the subject of a collective treaty would bo 
settled by a method essentially different from competition. For 
instance, in the case above proposed, the length of a working day, 
let there be a law removing this article from the category of terms 
which are to be settled by the play of competition between 
individuals. Those who hold that such a law is based on tlie 
utilitarian first principle, the greatest happiness of those concerned, 
— here the citizens who Iiave enacted the law, — will bo prepared 
for the further suggestion that the particular number of hours to 
bo settled will also be regulated by the utilitarian first principle, 
only that those concerned, whose maximum advantage constitutes 
the criterion, are not now the citizens, — if the citizens generally 
have no interest in the particular number of hours in the trade, — 
but only the parties to the distribution, the members of the con- 
tracting combination. That this undergrowth of utilitarianism 
may, like the parent tree, prove fruitful, has been argued else- 
where.^ Here it need only bo repeated that, when the utilitarian 
arrangement is defined as the basis of conciliation between self- 
interested parties to a contract, it is presupposed that both 
parties gain by the contract : ® that it does not seem to either 
party to be their interest, rather than accept such an arrangement, 
to give up dealing at all with the other party — seek, it may 
be, some third party, some other employment of their capital 
and labour,^ or at least to defer agreement with the other 

^ Economic Science and Practice^ p. 198 and context. 

• II. 101, and Mathematical Paychics^ p. 63, 

• Consider the weighty passage referring to the principles on which courts 
of arbitration and boards of conciliation should act, in Marshall’s Economics 
of Industry (1879), Book III. chap. viii. § 2 : They must not set up by 
artificial means arrangements widely different from those which would have been 
naturally brought about,” et aeq, Comporo Marshall’s Preface to (L, L. Price’s) 
Industrial Peace, p. xxiii ; ” The arbitrator is compelled to take some account 
of the fighting forces of the two sides ; the necessity to bo practical may compel 
him to go further than he would otherwise have done away from an absolute 
standard of fairness.” 

• In the technical terms of Mathematical Psychics the utilitarian point in 
the contract-curve must not be outside the points at which that curve is cut by 
the indifference curves. It is significant that this abstract representation is 
adapted to the first rather than the second of the two cases, in which the utili- 
tarian arrangement would not be accepted, — the case, for example, in which 
the capitalist combination refuses the arrangement, because, considering it os 
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party, in view of the probability that they will reduce their 
terms. ^ 

The rationale of conciliation thus presented will doubtless 
not commend itself to many who accept substantially identical 
principles invested in a different form. Uniformity is not to be 
expected in the enunciation of first principles. The vital tenet 
is that each party must take account of and enter into the wants 
and motives of the other party. When competition is no longer 
umpire, the economist must abandon — if he ever maintained — the 
position of extreme solipsism which Jevons in a solitary but 
remarkable passage has propounded : — 

Every mind is thus inscrutable to every other mind, and so no 
common denomination of feeling seems to be possible. . . . The 
motive in one mind is weighed only against other motives in the 
same mind, never against the motives in other minds. Each 
person is to other persons a portion of the outward world. . . . 
Hence the weighing of motives must always be confined to the 
bosom of the individual. ^ 

Jevons himself has not remained consistently on this pinnacle 
of solitude. It is abandoned by economists in general in the 
received theory of taxation, founded, as Mill says, on “ human 
wants and feelings.” ^ Self-regarding self-interest, the gospel 
of Adam Smith, is not alone sufficient for industrial salvation : 
a leaf must be taken from his older and less familiar testament, 
of which the cardinal doctrine was symjKitliij. Sympathy does 
not necessarily imply sentimental attachment : sympathy, 
according to Adam Smith, is the basis of a not very sociable 
emotion, — ambition. A distinguished psychologist has not hesi- 
tated to pronounce “ sympathy compatible with dislike.” ^ It is, 
then, no counsel of perfection to cultivate sympathy, in the sense 
of mutual understanding, between the parties to distribution. 
No Utopian eradication of self-love is contemplated. It may be 


permanently at work, they would bo worse of! than if they were to transfer 
their capital to some other field of enterprise; not the case in which they defer 
making an agreement for strategic reasons, because, being better supplied for a 
siege, so to speak, than the other party, they hope to reduce them in case of a 
strike to submission. Compare what was said above as to the advisability of 
not admitting this kind of strategy into industrial combat waged under ideal 
conditions. 

‘ Compare Marshall, Economics of Induatri/^ loc, cit. : “ Mischief almost 
always results in the long run from an award which gives to one side terms 
much worse than those which it knows it could obtain by a strike or a lock-out.” 

* Theory of Political Economy, edition 3, p. 14. 

* Political Economy, Book V. chap. ii. § 4. 

* Bam, Emotion and Will (Table of Contents), 
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hoped, indeed, that through the practice of conciliation, in the 
course of generations, the dispositions of which the gratification 
constitutes self-interest may become more social, so that, for 
instance, an advantage founded on the extreme privation of 
others would not appear desirable to the capitalist employer of 
the future. But such “ moralisation ’’ of the saving classes, 
though it may be expected, need not be j^ostulated for the working 
of conciliation. Intellectual sympatliy alone might effect much. 
The arts ^ by which the sympathetic imagination may be culti- 
vated form a supremely important topic, but one which hardly 
falls under the theory of Distrihulion, 

Note referring to p. 24. 

[On the remuneration for risk some additional light is derivable 
from Mr. Keynes’ great treatise on Probability ; where he shows that 
mathematical expectation — the product of advantage and the proba- 
bility of obtaining it^ — is not the measure of expediency (ch. xxvi. p. 311 
et seq. ; discussed by the present writer in Mind, 1922, vol. xxxi. 
p. 270 et seq.). The motives of the entrepreneur juay be illustrated 
by the position of Paul in the classical problem which Mr. Keynes 
thus restates : “ Peter engages to pay Paul one shilling if a head 
appears at the first toss of a coin, two shillings if it docs not appear 
until the second, and in general 2’'“^ shillings if no head appears until 
the rth toss. What is the value of Paul’s exi^ectation ? ” If the 
number of tosses is limited to a finite number m, the mathematical 
expectation is ^n. But, if a is large, no sensible person would give 
anything like that sum for the chance. Now Paul may bo taken as 
typical of the entrepreneur. Peter in this case may fix what Paul 
must pay for a trial — corresponding, say, to the outlay on factors of 
production required for a unit of product. But Paul will have a say 
as to the amount which he stands to win by that outlay. Say the pay- 
ment is hi shillings or pounds, n not now indefinitely large; Paul 

' For oxamplo, co-operation, as many economists liavc^ pointed out, would have 
among its good effects that of enabling workmen to realise the position of employers. 
Again, the training of future business men in economies at the universities, 
as Professor Marshall has lately urged, would tend to develop the sympathetic 
use of the imagination. “ It has been found,” he says, ” by experience in England 
and in America that the young man who lias studied both sides of labour questions 
in the frank and impartial atmosphere of a great university is often able to throw 
himself into the point of view of the working-men and to act as interpreter 
between them and persons of his own class with larger experience than his own.” 
See his address on “'Economic Teaching at the Universities,” published in the 
review of the Charity Organisation Society, January, 1903, noticed in the 
Economic Journal, Vol. XIII. p. 155, and his P/ea for the creation of a curri- 
culum in economics (addressed to the Cambridge Senate), noticed in the Economic 
Journal, Vol. XII. p. 289. 

Compare the expressions in the Report of the Anthracite Coal Commiseion, 
U.S.A. (1903), on the importance of ” a more conciliatory disposition in the 
operators and their employees,” 
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will demand a higher prize than the bare actuarial unless he 

is a fatuous gambler (cp. Marshall, Principles, Bk. V. ch. vii. § 4, and 
p, 613, note, 5th edition; and Pigou on uncertainty-bearing). At 
what terms above the actuarial limit Paul will touch the point of 
indifference, what is his demand-schedule in respect of such trans- 
actions, depends upon his mentality, bis “ dispositions,’’ in the phrase 
of Walras relative to supply and demand in general. Thus the share 
of the entrepreneur in the product equally with the share of the 
workman depends on the play of demand and supply. It is no more 
predetermined than the wage-fund.] 



(G) 

THE LAWS OF INCREASING AND DIMINISHING 
RETURNS 

[The following article, published in the Economic Journal 
1911, formed (the greater part of) an introduction to a series of 
articles entitled Contributions to the Theory of Railway Rates; 
which was discontinued after 1913. This discussion of Increasing 
and Diminishing Returns which initiated the series is almost as 
applicable to a regime of Competition as to one of Monopoly. 
But its original use as an introduction to an essay on a certain 
kind of monopoly is occasionally discernible. 

There are hero distinguished two definitions of increasing 
(and of diminishing) returns, which are respectively appropriate 
according as the magnitude of wliich increase (or diminution), 
is predicated is marginal or total. It is proposed to remove an 
ambiguity, the existence of which in so familiar a subject might 
have been deemed impossible, but that a similar confusion occurs 
in the matter of “ sacrifice ” incurred through taxation as pointed 
out below II. 115, and perhaps even (as there suggested) in a 
still higher sphere. The definition based on marginal production 
is here distinguished as 'primary y preferred as more directly related 
to theory of maxima. The use of the secondary definition is 
shown to present difficulties in the important case of plural 
factors of production. 

The conceptions having been made clear, some of the proposi- 
lions of which they form the terms are restated. The advantages 
of Production-on-a-large-scalo and of Division-of-labour are 
classified. 

There follows an inquiry into the meaning and properties of 
Joint Cost, and other cognate conceptions. In the course of 
the inquiry there comes into view that case of which the title to 
Joint Production has been disputed between Professor Pigou and 
other high authorities (see Index s.v. Joint ProdtLCtion).^ 


Increasing Returns and Joint Cost admittedly play a great 
part in economics ; but what that part is has been questioned. 
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1. Law meaning concept. — A first difficulty is occasioned by 
a certain ambiguity in the use of the word law ” in such phrases 
as the “ law of increasing [or diminishing] returns.” The word 
** law ” in this connection is used sometimes in the narrow sense 
of a quantitative relation ; sometimes in the larger sense con- 
necting that conception with some other attribute. Thus the 
“ law of diminishing returns ” may stand either for the conception 
of decrease in the rate at which production increases, or for a 
proposition connecting that conception with the increase in the 
number of producers under certain circumstances. Accordingly 
Mr. Flux well distinguishes the “ definition or statement of the 
law ” from the “ assertion of its applicability.” ^ So Mr. Maurice 
Clark, in his philosophical study on local freight discriminations, 
appears to treat the “ law of joint cost ” as equivalent to the 
“ term ' joint cost.’ ” ^ 

This sort of ambiguity is not unknown in other sciences. 
Thus the “ law of error ” is sometimes used to denote the relation 
between frequency and deviation which is expressed by a certain 
well-known curve (or function), and sometimes for the proposition 
that the said quantitative relation tends to be realised approxi- 
mately in certain circumstances of general occurrence. Even in 
physical science such a phrase as ” the law of the inverse square ” 
is not improperly, I think, sometimes used to denote simply a 
certain relation between the magnitude of a force and the distance 
at which it operates, a conception which may be predicated of 
different forces — now the attraction of gravitation, and now the 
repulsion of electricity. 

We may begin by interpreting the laws in question in the 
narrower sense. Let it not be objected that this is a matter of 
verbal definition. For, as Sidgwick reminds us, some of the 
most important inquiries have taken the form of a search for 
definitions.^ More reassuring to some may be the reflection that 
even in modern physical science half the battle often consists in 
obtaining what Whewell well described as clear and appropriate 
conceptions, ” ideas distinct and appropriate to the facts.” 

2. Provisional definition. — The definition of the law as a term 
may be gathered from an authoritative statement of the law as a 

^ Palgrave’a Dictionary, Article on Law, p. 683. 

» Pp. 28, 29, 30. 

• Political Economy, Book I. ch. ii. § 1, suggesting the application of this 
Platonic method to economic investigations; cj. Book II. ch. iv. note (ed. 3). 

* History of the Inductive Sciences, Book I. ch. iii. § 2 c/ passim. Mill, while 
refusing to “ Colligation ” the title of Induction, does not deny its supreme 
importance. — Logic, Book II. § 4. 
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proposition. The essential attribute is presented in the following 
passage — which want of space compels me to separate from the 
explanation and limitations in the context — from Dr. Marshall’s 
statement of the law of diminishing return with respect to agricul- 
ture : — “ Our law states that sooner or later ... a point will be 
reached after which all further doses will obtain a less propor- 
tionate return than the preceding doses.” ^ So with respect to 
manufactures, Dr. Marshall says : — “ If a manufacturer has, say, 
three planing machines, . . . after they are once well employed, 
every successive application of effort to them brings him a 
diminishing return.” ^ So Mr. Flux discriminates between 
Increasing or Diminishing Return by the change in “ marginal 
expenses per unit.” ^ We are countenanced, I think, by good 
authority in adopting the following provisional definition of the 
terms. When on the application of two successive equal doses 
of productive power, the increment of product duo to the first 
dose is less than the additional increment due to the second, the 
law of increasing returns is said to act; and conversely it is a 
case of diminishing returns when the increment due to the first 
dose is greater than the increment due to the second. 

The attribute which I regard as essential may be illustrated by 
a numerical example. In the accompanying table the first two 
columns are borrowed from a!i exami^le given by Professor 
Carver.^ 


Tabi>i-: 1. 


Days' labour of man 
with team iitul tool^i. 

Total crop in biHliels, 

Iiu'roiiuMitrt dun to 
HUPCM'SHhivO doKOS. 

2 

0 

0 

5 

50 

.50 

10 

150 

100 

15 

270 

120 

20 

380 

110 

25 

450 

70 

30 

510 

60 

35 

560 

50 

40 

600 

40 

45 

630 i 

30 

50 

050 j 

20 


* Principles of Economics, sixth edition, p. 153. 

* Op. cit. p. 1C8. 

* Economic Principles, p. 47. 

* See Prof. Carver’s Distribution of Wealth, ch. ii. p. 58, and compare his article 
in the Economic Journal, Vol. XVIII. A part of Prof. Carver’s third column, 
not shown in my Table I., is reproduced (with some additional matter) in my Table 
II. I have also taken the liberty of substituting in his first column for his figure 1 
the figure 2. 
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I have added the third column to illustrate the distinction 
between Increasing and Diminishing Returns according to the 
definition here provisionally adopted. The figure in the third 
column distinguished by heavy type, viz. 120, marks the point 
up to which returns are increasing and after which they become 
diminishing. 

If we plot a set of figures like those above given and exhibit 
the relation between the figures in the first and those in the 
second column in the form of a curve, it will be found that the 
character of the law (whether “ increasing ** or “ diminishing 
depends on the character of the curve in respect of concavity or 
convexity.* 



In Fig. 1 A the vertical axis OX is taken to represent outlay ; 
each quarter of an inch on this ordinate denoting a “ dose ” of 
five days’ labour. The corresponding returns are represented by 
the axis OZ ; each quarter of an inch on this abscissa denoting 
fifty bushels. It will be observed that the curve is concave 
(with respect to the horizontal) up to the third dose, the point P, 
while Increasing Returns acts ; and becomes convex when 
Diminishing Returns sets in. In Fig. 1 b representing the same 
data, with the directions of the co-ordinates interchanged. Increas- 
ing and Diminishing Returns correspond respectively to the con- 


* If 2 denotes the (amount of) product and x the (amount of) factor used in 
the production ; the curve in Fig. 1 a will bo convex, and the curve in Fig. 1 b 

concave (towards the abscissa), when > 0, or < 0 (which conditions 

dz* dx* 


come to the same, since ^ is supposed positive). 


For 


dh_ 

dx* 


dx dx i d \dz* ' dxl \dz) • 
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vexity and concavity of the curve with respect to the horizontal 
axis.^ 

3. Doses of various size . — In order to make our definition 
precise it is often necessary to specify the magnitude of the doses 
successively applied. Otherwise it may happen that both Increas- 
ing and Diminishing Returns may truly be predicted of the same 
circumstances. 2 This is a paradox familar to those who are con- 
versant with the application of the differential calculus. It 
depends on the circumstance that the orders of magnitude whicli 
may be neglected are different according to the different jourposcs 


2 



contemplated. It is thus — to use Clerk-MaxweU’s illustration ^ — 
that the heterogeneities in the structure of a mound of gravel, 
which are negligible from the point of view of the railway con- 
tractor, may bo all-important to the worm. For a like reason the 
surface of a mountain at any assigned point, say that which is 
exactly underneath the centre of gravity of an ascending moun- 
taineer, may appear to him, while he surmounts the rough surface 
with long strides, to be shaped like a dumpling, concave with 
respect to the plane of the horizon ; but to the beetle creeping up 
a cup-shaped cavity, convex. 

' Of the two nomenclatures, here aa usual treated as equivalent, namely 
increasing [or diminishing] return and diminishing [or increasing] cost, the 
former seems more appropriate to construction B, the latter to construction A, 

* CJ. Marshall, Principles, cd. v. p. 159 and context. 

* In a passage quoted II. 3S9. 

VOL. I. ^ 
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Similarly in the example above given, if we use doses each 
consisting of twenty-five days’ labour, the character of increasing 
return will no longer be presented. For the return due to the 
first dose will now be 450 ; the return due to the second dose 
200. Even if we use doses each consisting of fifteen days’ labour 
we do not find increasing returns ; the returns to the successive 
doses being 270, 240, 120. So when the passenger traffic on a 
railway is increased, for small additions requiring only additional 
carriages on the trains already running, the case may be one of 
diminishing cost, increasing return ; but for large additions requir- 
ing additional trains on an already crowded track, the case may 
be one of increasing cost, diminishing return. Yet again, when 
the increase of traffic is such as to call for a new track, a change 
of this magnitude might well present the law of increasing 
return. In such cases, then, in order that the predication of either 
law of return should be significant, it is necessary that the size 
of the dose should be explicitly assigned, if not implied by the 
context. 

4. General definition , — So far we have tacitly supposed the 
two successive doses to be equal in magnitude. But now, re- 
moving this restriction, we may define that when on the applica- 
tion of two (not ill general equal) doses of productive powder the 
increment of jiroduct due to the two doses has to the increment 
of product due to the first dose alone a ratio greater than the 
ratio which the sum of the two doses has to the first dose. Increas- 
ing Return acts ; ^ and conversely if the former ratio is less than 
the latter. Diminishing Return. ^ For example, in the numerical 
instance above given wo may say that after the stage at which 
thirty-five days’ labour (supplemented by team and tools) have 
been applied, the law of diminishing return acts, since one dose 
(of five days, etc.) — added to six such doses — produces 60 bushels, 
while three added doses produce 60 + fid + 40 = 150, and the 
ratio of 150 to 60 is less than the ratio of 3 (doses) to 1. This 
definition appears to agree with the expressions employed in 

‘ In other words (used by the present writer, Economic Journai., Vol. XIX. 
p. 293) “ the law of increasing cost or diminishing returns holds good w hen the ratio 
of the last increment of cost to the last increment of produce is greater than the 
ratio of the penultimate increment of cost to the penultimate increment of 
produce ; with a corresponding statement for the law of diminishing cost (increasing 
returns).” 

• Let z = J{x). At any point increasing or diminishing return acts 
according as 

Si^t) -JM > or < ~ 


where < ajj < x,. 
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many standard treatises. Thus Professor Nicholson predicates 
of increasing returns that “ under certain conditions every 
additional unit of productive power gives more than proportional 
returns with a corresponding definition of diminishing returns. 
So Professor Seager states with respect to diminishing returns in 
agriculture, that, after a certain point, '' applications of labour 
and capital yield less than proportionate returns in product.” ^ 
Such expressions often leave it doubtful whether they were 
intended to refer to the general definition which has been here 
enunciated, or only to the particular, thougli extensive, species 
which is now to be distinguished. 

5. Division into two species . — Our general definition compre- 
hends a particular and limiting case in whicli the difference of 
degree almost amounts to a difference of kind. This case is con- 
stituted by taking as tlie first of the two successive doses the whole 
of the labour-and-capital or productive power measured from zero ; 
the second dose being larger or smaller according to the purpose in 
hand.^ Thus understood, the definition comes to this, that the 
law of increasing return acts when the average product per unit of 
productive power applied increases, with the increase of productive 
power (by an amount that is of an assigned order of magnitude) ; 
and the law of diminishing return, in the converse case. The 
definition thus presented may be distinguished as secondary ; the 
general definition, exclusive or irrespective of this limiting case, 
being called primary.^ It should be observed, however, that many 
high authorities seem to give precedence to that definition which 
is here described as secondary. Thus Walker makes the distinc- 
tion between increasing and diminishing returns, with reference 
to a given tract of land cultivated by ten labourers, to turn upon 
the question whether or not, if tw^o now labourers are taken on 
the twelve raise more per man than the ten could do. Similarly 
Professor Selignian ® and other eminent American economists.® 
So Professor Carver, with reference to the instance above cited 
from him, understands that ‘‘ increasing returns stop and diminish- 
ing returns begin at the point where twenty days' labour are 
expended in the cultivation of the field ” — that is at the fourth 
dose (of five days’ labour), not as according to our definition the 

^ Princiylci of Political Economy^ Vol. I. p. 172. 

* Introduction to Economics, 1904, p. 114. 

* Putting Xo = 0 in the formula given in note 2, p. 66. 

* C/. below, p. 152. , 

* Shifting and Incidence of Taxation, quoted by the present writer, loc. cit. 

* E.g, Bullock, Elements of Economics, p. 76. 

’ Distribution of Wealth, p. 68, 
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third dose — because up to that point the average product per dose 
(or what comes to the same, “ per day’s labour ”) goes on 
increasing. 

To exhibit the distinction more clearly, I suppose Table I. 
to be graduated more finely in the neighbourhood of the transition 


Table II 


Days' labour of man 
with team and tools. 

Total crop in 
bushels. 

Increments due to 
Buccesbive doses. 

Bushels per day’s 
labour. 

13 

220 

! .* .* 

16-92 

14 

244 

24 

17-43 

16 

270 

26 

18 

16 

294 

24 

18-38 

17 

317 

23 

18-65 

18 

339 

22 

18-8^ 

19 

360 

21 

18-95 

20 

380 

20 

19 

21 

396 

16 

18-86 


from Increasing to Diminishing Returns ; and I add a fourth 
column ^ corresponding to the second definition. It will be seen 
tliat for a considerable tract of values — corresponding to the 
portion of the curve in Fig. 1 a between the points P and Q — the 
primary and secondary definitions do not come to the same. The 
difference in connotation involves a sensible difference in 
denotation. 

The grounds on which precedence is claimed for the primary 
definition will presently appear. 

6. Significance of price. — So far we have mostly measured 
the producing doses and the resulting product in kind.^ But no 
essential difference in classification is introduced when we take 
money as the measure ; provided that the prices, both of the 
product and the factor of production, remain constant while the 
amounts are varied. For the change thus introduced is simply 
to multiply the axes representing outlay and return, the Ox and 
Oz of Fig. 1 each by a constant : to change the scale of both 

^ Corresponding to Prof. Carver’s third column. 

* Cf. Marshall, Principles, ed. v. p. 162 ; “ the return to capital and labour 
of which the law [of Diminisliing Return] speaks is measured by the amount of 
the produce raised independently of any change that may meanwhile take place 
in tho pnee of produce.” 
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the abscissa and the ordinate. ^ But such a change does not alter 
the character of a curve in respect of convexity or concavity. If 
it was convex or concave at any point before the cliange, the 
transformed curve will have the same character at the correspond- 
ing point. The character of the return, whether increasing or 
decreasing, in the primary sense, depends on the material con- 
ditions of production, not on the accidents of price. With 
respect to the distinction in the secondary sense, we may employ 
a theorem given in my former treatment of the subject,^ that in 
such a figure as our 1 a above, if a tangent (not shown in the 
figure) is drawn from the origin to the curve, tlie point of contact 
is tlie limit at wliich the returns cease to be increasing in the 
secondary sense and become decreasing. Tliis relation, too, may 
be considered as an invariant, not varying with a change of 
scale. 

But money can no longer be ignored when we consider price 
as varying with the amount put on the market by the individual 
entrepreneur ; as it is proper to conceive in a regime of monopoly. 
We must now distinguish z the amount of product in kind due 
to the employment of the factor and f the money-value of 
that product depending on the law of demand. 

7. Factors and other coefficients. — In general, we may presume 
that, as shown above in Fig. 1, to any assigned amount of outlay 
there corresponds a definite amount of product, and conversely. 
In this presumption it is taken for granted that the entrepreneur 
applies his outlay to the best of his ability in order to obtain 
the greatest possible profit. To that end ho may have to 
adjust any number of variables, such as the time of trains, the 
place of porters, and so forth. We ought to distinguish this sort 
of coefficient, which does not enter into the expression for outlay * 
from factors-of-production usually regarded as, in the phrase of a 
judicious writer, “ factors of expense.*' ® 

1 If in Fig. 1 A the ordinate represent not x the amount of a factor, but ^ 
the money value thereof, the curve will then be a cost-curve of the kind employed 
by Auspitz and Lieben. 

Similarly in Fig. 1 b the abscissa may be taken to represent outlay in money. 

• Loc. cit., p. 294. 

> Supposed to be purchasable by the monopolist at a constant price. 

< Cf. Marshall, Principles, ed. v. p. 152 ; “ . . . taking farmers as they are 
with the skill and energy which they actually have.” CJ. also the passage cited 
in the sequel (p. 97), with reference to Prof. Carver’s views. 

♦ These gratuitous coefficients may be identified with the “parameters” 
u,v,w , • . which Dr. Zotoflf in his elaborate note on the Mathematical Theory 
of Production (Economic Journal, VoL XXXIIT. p. 116) introduced and 
eliminated. 

* Johnson (and Huebner), Railway Traffic and Rates. 
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Here might appropriately follow the discussion of plural 
factors of production. But it is better first, stiU with special 
reference to a single simple factor, to advert to the grounds on 
which different definitions are preferred. 

8. The two species compciTed. — Things which are insignificant 
for the purposes of action and pleasure do not obtain names. 
What then is the purpose with reference to which the names now 
in question have been imposed ? The essential fact, I submit, 
is that the attribute designated Diminishing Return is the criterion 
of a maximuT/i ; not only of a quantity such as z, the product 
considered as a function of x, the factor used, but also of a quantity 
such as hz — cx (where h and c arc constants), denoting the net 
product.^ 

Moreover, it is to be conceived that an analogous condition is 
fulfilled by the gratuiious eoefficients above noticed,^ though the 
vocabulary of the economist may fix attention on the paid factors 
of production. For instance, in the case of a given amount of 
labour and capital to be applied to an optional amount of land,® 
tho condition which must be fuWllcd by the law of production in 
order that tho product should be a maximum is the same 
whether the land is free, or subject to a rent per acre.** 

How comes it, then, that tho secondary definition is so largely 
employed by economists ? For one reason, there is often no 
difference in the denotations corresponding to the different con- 
notations. This occurs when tho cost-curve represented in 
Fig. 1 A is eonvex (to the abscissa), ah imtio.^ This coincidence 
of fact may explain the frequent use of different definitions by 
the same writer.® 


» CJ. below, p. 74. In the abstract h and c may bo not prices, but quantities 
of some commodity otlicr than money, in particular tho commodity produced. 

* Above, subsection 7. 

* As in Prof. Carver’s instructive example above cited. 

* Let the product bo z, = /(a;, 1), whore x is the amount of working capital, 
I of land employed; and lot the net product bo /(a;, 1) — c^x — c,/, where c,, c, 
are constants (c/. note 1 above). Tho criterion of a maximum, namely, that the 
second term of variation should be thoroughly negative, is the same whether c, 
is zero or not. 

® < 7 /. below, p. 157. 

« Tho coincidence is thus affirmed by one who was among the first to discern 
the principle of Diminishing Returns — ^West : — “ each additional quantity of 
work bestowed on agriculture yields an actually diminished return, and, of 
course, if each additional quantity of work yields an actually diminished return, 
the whole of the work bestowed on agriculture in tho progress of improvement 
yields an actually diminished proportional return .” — Essay on the Application of 
Capital to Land, pp. C-3, quoted by Prof. Canuan, Economic^Journai., Vol. II. 
p. 63. 
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But this identity is not always to be supposed. Rather, the 
curve in Fig. 1 a is typical of many modern industries in which 
an initial outlay is required. What is the role of the secondary 
definition in such cases ? Let us consider this nice question with 
reference to three kinds of economic regime : (a) perfect competi- 
tion, (h) monopoly practised by a perfectly self-interested 
monopolist, (c) monopoly practised, or at least regulated, by the 
State. 

{a) In the first case it is proper to suppose a constant price 
at which each entrepreneur strives to sell that amount of product 
which brings him in a maximum profit. If in Fig. 1 A the 
constant price is represented by the inclination (to the abscissa) 
of a straight line through the origin ^ (the axis OZ now represent- 
ing the money-value of any quantity of product z), then the 
amount produced by an individual whoso cost-curve is OLPQR 
will bo the abscissa to the point on the curve, which is such that 
a tangent to the curve at that point is jmrallcl to the line OS ; 
provided that the curve is convex (to the abscissa) at that point.® 
Now at first sight it might appear that this condition could bo 
satisfied by the convex portion of the curve in Fig. 1 a, between 
P and Q, if the price were suitable. But the condition will be 
found to imply that the total gain obtained from the production 
is less than the total loss incurred ; which is, normally and in the 
long run, absurd. Accordingly, wo are concerned (in a regime 
of competition) only with that part of the curve which fulfils the 
secondary as well as the primary definition, the tract beyond Q.* 
When we speak of Increasing Return in the present connection 
we arc mostly not thinking of the concave portion of a curve 

Mr. Flux, whoso book lias been cited above on behalf of the primary definition, 
scorns to adopt tho secondary ono in liis article on “ Law ” in Talgravo’s 
Dictionary. 

' In accordance with tho Auspitz-and-Liebon conatruction, noticed in the 
Economic Journal, Vol. XVII. p. 226. 

* In the sense above explained. Good examples of (tho materials for) such 
a curve are given by Cnnynghamo {Qeometrical Economica) ; referred to by the 
present writer (Economic Journal, Vol. XV. p. 67), and distinguished from a 
supply-curve, individual or other. 

* /? in Fig. 1 A, meant to ropresont this point, corresponding to the seventh 
dose of labour (thirty-five days of labour), in accordance with tho data of 
Table I. a. 

In Fig. I B (tho abscissa of any point on) OS may stand for tho cost, 
the amount of outlay x multiplied by a constant; while the ordinate to tho curve 
is the total yield (in money or other scale commensurate with the cost). 

* For a more complete analysis tho reader is referred to Prof. Pigou’s stupen- 
dous article on “ Producers* and Consumers’ Surplus ” in tho Economic Journal, 
Vol. XX. [Restated in Wealth and Welfare; with reference to which see IT., 
323, 433, and contexts.] 
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such as that in Fig. 1 a ; but of something quite different, which 
might be illustrated as follows : — Let the curve in Fig. 1 a represent 
the cost-curve for an individual typical entrepreneur. With the 
increase of production in virtue of “ external economies,” the curve, 
or that tract of it with which we are concerned, may be lowered 
as a whole in such wise that each amount of product, x, corre- 
sponds to a lower cost. Similarly, Diminishing Return now has a 
signification other than the convexity of a curve such as that in 
Fig. 1 a. 

It may be worth remarking that when we contemplate 
the working of a competitive regime as bearing on the interest 
of the community, from the point of view of the philosophic states- 
man, then we welcome the phenomenon of Increasing Return 
(or deprecate its contrary) as tending to (or from) some quantity 
which it is proposed to maximise. ^ But the criterion of such a 
maximum is analogous to our primary conception. 

(6) When we leave the case of perfect competition, the sort 
of return which is diminishing in the primary but not the 
secondary sense — the (convex) tract of the curve in Fig. 1 a 
between the points P and Q — becomes more significant. Suppose 
that the general expenses of a Company, like that of the canals 
in France, were defrayed by the Government, then, even though 
the ruling price, determined, say, by competition, were inadequate 
to the total expenses, it might be the interest of the Company 
to produce an amount between (the amounts corresponding to) 
P and Q. Something similar occurs in the case of two competing 
railways obliged in the struggle for survival to leave out of ^ 
account past expenses of construction. As we continue to remove 
the conditions proper to the regime of competition, the importance 
of the point Q, at wliich Diminishing Return in the secondary 
sense sets in, becomes less conspicuous. Suppose that in the 
case put by Professor Carver ^ the farmer has a limited amount of 
capital-and-labour, say thirty-four days’ labour, to apply to plots 
of land which he can have for nothing. The arrangement which 
he will find most profitable is to cultivate two such plots of land, 
applying to each seventeen days’ labour; since thus on the 
assumptions of our Table II. he would produce (twice 317 =) 634 
bushels ; whereas, by applying the whole thirty -four days’ labour 

‘ J. S. Mill sometimes expressed himself os if the greatest average well-being 
was the aummum honum. But the better opinion, I think, is that of the philo- 
sophic Sidgwick that the end of political action is to maximise the quantum of 
happiness. 

* The case of duopoly ; below, p. 117. 

* Distribution of Wealth, ch. ii. 
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to one plot, he would have produced less than 560 bushels (the 
produce of thirty-five days’ labour according to Table I.). 

In ordinary monopoly the outlay would not be limited thus 
absolutely, but by the necessity of limiting the production in order 
to keep up the price. The limit may be exhibited by one of 
Auspitz and Lieben’s Constructions. In our Fig. 1 a let the 
curve represent cost to a monopolist of any amount z produced. 
And substitute (in imagination, not shown in the figure) for the 
straight line OS a curve passing through O concave to the 
abscissa ; the ordinate representing the total value of the abscissa, 
z. Then the point of maximum profit to the monopolist may 
well prove to be a point in the tract between P and Q. Thus it 
by no means seems to be a universal truth that “ with a given 
road-bed and with a given equipment in the way of depots, 
offices, machine shops, etc., and with a given labour force, an 
increase in the rolling-stock will, between rather wide limits, 
enable the road to carry more freight and passengers ; but this 
increase in its capacity will not be proportional to the increase 
in the rolling-stock.” ^ If wo represent the outlay on the ” given 
road-bed ” by Oh in Fig. 1 a (not drawn to scale), and the 
outlay in rolling-stock by increments along OX above />, it is 
not certain that this outlay will be pushed up to a 2 )oint corre- 
sponding to Q in the figure, as the above statement implies. 
If the demand for passenger-service is very inelastic, it might 
be the interest of the Railway to restrict the supjoly within such 
limits that the increase of carriage room would present Increasing 
Return (in the secondary sense contemjfiated). Nay, it is quite 
possible that Increasing Return in the primary sense may rule ; 
the monopolist may arrest j)roduction at a point below even P 
in our figure,^ a point beyond which he would lose by the falling- 
off of demand more than he would gain in cheapness of produc- 
tion.® This is possible but not probable. For there is a correla- 
tion — though not an identity — between the criteria of maximum 

^ Carver, Distribution of Wealth, ch. ii. p. 80. CJ. p. 88 ; “ An increase of 
the rolling-stock would (except in very exceptional circumstances) increase, but 
not proportionately, the carrying capacity of the road.” 

• As pointed out by the present writer. Economic Journal, Vol. XVII. p. 236. 

• For instance, it is possible that railways in America are deterred from 
lowering passenger fares, not so much by tho cost of increased accommodation 
as by the belief that the demand would not keep up (c/. Johnson and Huebner, 
Railway Traffic and Raters, Vol. II. p. 207). They may be wrong in that belief as 
Weyl and others urge (c/. Johnson, American Railway Transportation, p. 150); 
but it is possible that they may bo right. But owing to tho circumstance of 
Joint Cost (for freight and passenger) and Discrimination (between passenger 
fares) a clear-cut concrete example is not to be expected. 
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(1) for the net profit of the monopolist (affected by selling price), 
and (2) for the amount of product in kind (not so directly affected).^ 
While the primary conception is thus less important in a regime 
of monopoly than in one of competition, the secondary conception 
is much less important. It is even fallacious. The suggestion 
which has been made by authors of note that the quantity which 
the monopolist seeks to maximise is the average return to his 
outlay — the rate, not the amount, of profit — is a misleading 
suggestion. 

(c) The peculiarity of State Monopoly is that it seeks — to 
some extent at least ^ — to maximise not pecuniary profit in the 
ordinary sense, but the advantage of customers measured in 
money, the collective Consumers’ Surplus. Now, the character- 
istic of such a maximum is a relation of the kind designated by 
the primary rather than the secondary definition. 

Upon the whole, 1 think, there abide both the primary and 
the secondary definition ; and the greater of these is the primary. 

9. Plural factors ,^ — These comparisons may be transferred to 
the case of plural factors of production, miitaiis mutandis,^ The 

' Lot tho net profit bo C — where C the money value of the product 
obtained by tho application of tho amount (in kind) x of the factor of production, 
TT is tho (supposed constant) price of the factor. Also C "= where z is tho 
amount of product in kind, and p is tho price thereof (supposed liable to be 
varied by the monopolist) : 

__ f 2^^- 4- 

dx'i ^ dx- dxdx'^^dx'^' 

d^z 

Accordingly, if is negative (Diminishing Returns in tho primary sense ruling) 
d^C 

probably is negative. For tlio latter quantity is equal to the former ( X p) 

plus two quantities, one of wliich is known to bo negative being positive,-^ 

negative), while tho sign of the other is quite unknown. Tho probability is of 
the kind which I have described as a priori in former numbers of the Economic 
Journal (in particular, Vol. XX. p. 287-8). I should like to add to the instances 
there given Professor Pigou’s (virtual) recognition of the principle when in his 
important communication to tho Poor Law Commission (Appendix Ixxx.) ho 
argues that “ unknown facts are ns likely to conform as to conflict with known 
facts.” [For further references see Index, a.v. A priori Probabilities.'] 

* In making this qualification I have in mind Dr. Marshall’s doctrine of 
” compromise benefit.” 

* Tho plural factors are hero considered as forming one product. The case 
of several products with several factors falls to be considered under the head of 
Joint Production. 

* Among the changes required is tho introduction of a now symbol, k, to 
denote tho sum of tho money-values of tho factors. By means of the production- 
function s, = J{x, y, . .), where jr, y . . are amounts of the factors in hand, we 
may determine the values of cr, y . . which give the maximum value of Z, the 
net profit, C — n) for any assigned value of k; and thence obtain Z as a 
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required changes tend to augment the dijfference between the two 
definitions, to enhance the precedence of the primary. Beginning 
with two factors of production, let us measure their amounts in 
kind along two axes, OX. and OY» And lot a perpendicular to the 
plane of those axes (say the plane of the paper) at any point in the 
plane, designated by the co-ordinates x and y, represent by its 
height z the product in kind resulting from the emplo 3 unont of x 
and y in the best available ways. Then the terms Increasing and 
Diminishing Beturn are to be defined by the character of the 
surface which is traced out by when different values are assigned 
to X and y. According to the primary definition, returns are de- 
creasing where the surface is thoroughly concave.^ The secondary 
definition is something very different from this ; more different 
than appeared while we were dealing with only one factor. 
Before, given a point .r, we took a point below it, and compared 
the increment of produce due to the dose {x^ — x^ with the 
increment duo to the dose x<y — .rj. Now, given a point (.Tj, y^), 
we have to take a point y^ (where one at least of the variables 
subscribed 0 is less than the corresponding variable subscribed 1), 
and to compare the increment of product due to the (compound) 
dose (x^ o’o, y^ — y^) with the increment of product duo to the 
dose ( 0^2 — y^ — y^), where the points (x^, y^), {x^, t/j), (x^, t/g) 
are in a right line. For the special case in which the point 
l/o) origin {x^ ~ 0, y^ — 0), the primary and secondary 

definition come to the same. But this is now a very special case. 
For there are any number of other lines, besides the one passing 
through the origin, which may be drawn (in the plane of x, y) 
through the point under consideration (rj, y^). It may well bo 
that, by comparing increments corresponding to points on some 
line not passing through the origin, the surface may bo shown to 
bo convex in the neighbourhood of (jt^, though by the test of 
the “ secondary ” sort it appeared concave. Accordingly, I do 
not hold with the writers who attach a mighty importance to the 
question whether, if all the factors of production are increased in 
a certain proportion, say a : 1 (where a is greater than 1), the 
product is, or is not, increased in that proportion. The matter 
has little to do with that character of the function z with which 


function of /r as shown in a subsequent note. This function may bo represented 
by the curve in Fig. 1 b (the abscissa now denoting the money-value k). The 
reverse function which has k as the dependent, Z as the independent variable — 
the cost-curve — may be represented by the curve in Fig. 1 a. 

' See Index, s.v. secondary. 
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the entrepreneur is, and the economist should be, especially 
concerned, the fulfilment of the condition of a maximum. 

Nor is the breach between the two definitions healed by taking 
for our lower point — not (0, 0), but — (0, [or 0)] ; 

and observing whether {axy^ with y-^) [or with a^i)] will 
produce more or less than a times what with will produce. ^ 
According to both these subordinate varieties of the secondary 
species, as well as the preceding main one, it might appear that 
the surface at the point y^) was thoroughly concave ; the 
sections of the surface formed by three vertical planes through the 
point (arj, 2/i) showing each a curve concave in that neighbourhood. 
And yet some other vertical section through tlic point might 
show a convex curve. Thus, if represent the number of cattle, 
yi the number of men attending to them, on a grass farm of given 
size, it is quite possible that each of the three variations (ax^ 
with ayi), with y-^), and with ay^), compared respectively 
with (Xj, 2/i), might present diminishing returns in such wise that 
it would not pay the farmer to adopt any of these arrangements. 
And yet it might pay him to increase one of the factors a times, 
and the other /5 times, since the increment due to the change, 
compared, as it should be, with the cost incurred might w'ell 
show an increasing return (in the primary and here essential 
sense). In the note will be found ^ an example in which, if a 

1 The phrase what ax with y will produce (or what ax with ay will produce), 
borrowed from Professor Carvor {loc. cit.), is used as tho equivalent of J[ax, y) 
(or /(a*, ay)). 

(PC 

* What concerns the entrepreneur is the sign of ~ , whore C os before is the 

gross yield in money and k is the cost in money (say xki -f- ytr^y whore tj, tt, are 

cPz 

the — supposed constant — prices of the factors). This comes to tho same as 

whore z as before is tho product in kind and ( = zp, if p may bo treated as a 
constant. 

For example, suppose that initially tho amoimts of the two factors are x — 2, 
y = 1. And lot tho law of production, in tho neighbourhood of theso values, be 
such that the gross profit C ( = ^P) = Ox — 5y — 3x^ + 4a;y — y®. Which is 
also = 2, the product in kind, if p, the price of tho product, is unity. Also let 
the outlay on the factors, k = xir^ + ytr, == x + y; tho price of each factor 
being unity. 

Initially — when x — 2, y — 1 — the product (and gross profits) are 8. Now 
compare this with the product of ax with ay, whore a is f . That product proves 
to be 8-26, less than 5 X 15. A like result follows for values of a less than 
Likewise if tho product of ax with y, or of x with ay is compared with the product 
of X with y, diminishing returns in the proposed sense are shown. And yet tho 
returns are increasing in a sense with which the entrepreneur is principally 
concerned. For putting Z for tho net profits C ~ •<)> the locus at which 
Z is a maximum for any assigned value of k. Considering a lino x + y = »f. in 
the neighbourhood of the initial point (at which x = 2, y = 1, « = 3), find the 
value of X and y which maximise Z, that is, 8x — 6y — 3x* + 4xy — y* 
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is f ^ is 2, Increasing Return is shown ; though if a = or if 
either of them is 1 (unity), the case seems to be one of Diminishing 
Return. 

A more practical instance could no doubt be attained from 
the business of railways, or Trusts; assuming (as may often, I 
think, be legitimately assumed) that the directorate is not deterred 
from offering additional services to the public by fear of demand 
falling off. 

The divergence which has been indicated between the primary 
definition of the terms in question and that which is suggested by 
the semi-mathematical treatment of the subject becomes aggra- 
vated when, instead of dual, we have plural factors. 

The property of plural factors which has been pointed out, 
that in starting from any point (system of factors) there is a 
choice of directions, is connected with the property that in 
moving from any initial point to the position of maximum, there 
is a choice of paths.* By the purely mathematical economist 
the free path would bo conceived as movement in that direction 
by which the greatest increment of profit is continually obtained, 
the Ime of preference (perpendicular to the lino of indifference).^ 
But it is not possible, I think, to say a priori which of various 
types best represents the working of the managerial mind. 

10. Relative discontinuity . — The analysis of different paths, 
different sequences of steps by which a business may bo extended, 
brings into view the circumstance that one factor of production 

Substituting k — x for 2/» wo find that tho resulting expression in x bocofkies a 
maximum when ir — + J; corresponding io y -= Substituting theso 

values of x and y in tho expression for C wo obtain for the required locus ^ an 
expression representing a curve convex to tho abscissa, k (like tho curve in 
Fig. 1 B up to tho point P ) ; corresponding to Increasing Return certainly in the 
primary, and quite possibly also in the secondary sense. 

These results are independent of tho assumption, which has boon made for 
convenience, that the prices of tho product and of tho factors of production are 
each unity. Tho results depend upon properties of tho production-function 
which do not vary with tho price : in particular tho aciddU-ahaped character of 
that surface in the neighbourhood with which wo aro concerned. The secondary 
test is so deceptive because there is not fulfilled the condition proper to tho 
primary test, the condition of a maximum ; 



Tho only assumption made is tho constancy of tho prices of tlio factors while 
the amount of production is varied. If that assumption is not admissible, 
the significance of the primary definition, tho insignificance of tho definition 
in terms of proportionate factors are still demonstrable. 

* There aro here omitted some passages employed in tho original to illustrate 
mathematically tho different courses by which an entrepreneur may vary plural 
factors of production so as to attain the most advantageous combination. 

‘ See Mathematical Paychica, p. 22, 
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often varies discontinuously as compared with another. Two 
factors do not always move continuously like the minute hand 
and the hour hand of an ordinary clock. The movement is rather 
like that of a clock invented by the ingenious R, L. Edgeworth, 
in which one wheel moves with every swing of the pendulum, 
while another connected with the (hour) hand of the clock moves 
per saltum, the hand taking a jump every 7| minutes. Or we 
may hken the discontinuous variation to a flight of very steep 
stairs ; like the steps in the Great Pyramid, each some four feet 
high. 

Take as an example of ledges surmounted by large steps or 
jumps, plots of land not divisible below a certain minimum, and 
for the more finely graduated steps, days’ labour applied to a 
plot of land, as in the example above quoted from Professor 
Carver. 1 Starting from the zero of outlay, we find (i.) for the 
first plot the cost in money of producing a certain number of 
bushels z to be of the form the fixed rent of the plot, + //, an 
outlay varying with z. If, as in the case supposed — the case 
typical of the industries hero contemplated — the land without 
labour produces nothing, the cost-curve must start as in Fig. 1 a 
at a point, L, on the axis of OX, above the origin. It follows 
that initially Increasing Return in the j^rimary sense must rule ; 
whether or not the curve traced by a: — and f , the money value 
of a; — is concave. 

Suppose, now (ii.), that labour and capital has been laid out on 
the first plot up to the point of maximum profit R ; and that a 
second plot of land is then taken on. Ceteris paribus, and in par- 
ticular the price of the product being supposed constant, it may 
bo shown that the outlay of “ days’ labour ” on the second plot 
will present Increasing Return in the secondary sense. And so 
on for additional plots. It is more to the purpose, I think, to 
observe that the outlay on labour and tools for the last plot taken 
on will present Increasing Return in that primary sense in which 
the first of the two compared doses is reckoned from the 
beginning of the outlay on the last plot. This follows by a 
repetition of the reasoning applied to the first plot. 

The case considered in the two preceding paragraphs is very 
important, so important as often to obtain the title of Increasing 
Return par excellence , It plays a great part in the theory of 
Railway Rates. It is the rationale of the often noticed circum- 
stance that an increase in the gross receipts is apt to be accom- 

^ Above, p. 03. 

* E,g, Harney, Economics, p. 154, note. 



THE LAWS OF INCEEASING AND DIMINISHING KETUBNS 79 


pailied with a more than proportionate increase in net receipts. 
To establish this and other important conclusions, it would be 
often, I think, unnecessary to take into consideration, as just 
now, a second jump, or large dose. For instance, wlicn Professor 
Ripley employs the principle to account for the prosperity of the 
American railways consequent on the increase of business, ^ he 
may be understood, I think, as regarding the outlay on the 
construction and maintenance of the railways as corresponding 
to our I [in the simpler case above labelled (i.)], and the operating 
expenses as corresponding to our fx. 

As costs corresponding to our fx initialhj^ after the fcr saltum 
variation of general expenses corresponding to our I, afford 
increasing returns (in a certain sense), so tdtiimtehj, if /« is con- 
tinually increased while I remains constant, diminishing returns 
must set in. This corresponds to the fact made familiar by 
Dr. Marshall that when an industry is called for a sudden increase 
of output, the short-period supply curve is apt to be inclined 
positively. 

Having now defined the law of increasing (or diminishing) 
return considered as a term or conception, ^ let us go on to consider 
the propositions into which that term enters. 

11. The laws as 'propositions, — One class of propositions con- 
nects the terms defined with peculiarities in the incidence of 
taxation. But these are not the propositions usually understood 
by the laws now under consideration. Rather tJie attribute that 
is connected with the quantitative relation above defined is the 
cause of that relation. Thus, in the statement above ^ quoted 
from Dr. Marshall, the character of Diminishing Return is con- 
nected with conditions of agriculture. It is objected by some 
that the causes are too diversified to allow us to speak of a law 
of return. Let us consider this objection with respect to each of 
the laws separately. 

12. Law of dimmishing return. — The peculiar significance of 
this law in agriculture has impressed a high authority, Mr. 
Bullock,* so much that ho proposes to restrict the law to “ the 
productivity of labour on a definite tract of land. Of course, now 

‘ Report of the United States Industrial Commission, Vol. XIX. Transporta- 
tiont pp. 277, 286-7. Similar expressions os to the nature of Increasing Return 
might be quoted from other railway experts. 

* Some authoritative uses of the terms, presenting points not very directly 
related to railway economics, will be examined in an Appendix (below, p. 05). 

* Above, p. 62. 

* Quarterly Journal of Economics , Vol. XVI. (1002), p. 484, and context. 
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that the law is considered as implying a cause, it is quite legiti- 
mate to give a narrow interpretation to the always somewhat 
arbitrarily limited word “ cause.” Thus, the laws of the tides 
according to Sir G. Darwin, who recognises that “ a true tide 
can only be adequately defined by reference to the causes which 
produce it,” ^ presumably relate only to the periodical oscillations 
of the sea caused by the moon and the sun, but not to those 
caused by periodic winds, variation of atmospheric pressure, etc. 
However, it is “ practically convenient ” to speak of those changes 
as “ meteorological tides.” ^ A like use of qualifying adjectives — 
recommended by Dr. Marshall as suitable to economics — might 
remove Mr. Bullock’s scruples. That they arc not obstinate 
scruples I infer from the author’s use of the terms in a work 
subsequent to that above quoted.® 

The diversity of cause may appear greater in the case of 
Diminishing than in that of Increasing Return, if with Professor 
Seligman we include the Law of Diminishing Utility under that 
of Diminishing Returns. And certainly it is not easy to keep 
the two laws quite separate; especially if the former includes 
increasing disutility, affecting the cost of labour.^ 

On the other hand, there is in one respect a greater unity in 
the action of Diminishing Return — that it always rules, provided 
that we take sufficiently large doses. In the nature of things the 
function representing net advantage cannot increase indefinitely 
as the factors of production are varied ; its value must ultimately 
pass through a point of maximum — a Wendepunkt. This circum- 
stance, it should seem, has so impressed one whose impressions 
deserve attention, that he regards the law of diminishing return as 
“ no more than an axiomatic statement of a universal principle ” 
. . . “an axiomatic and sterile proposition.” ^ My criticism of 

^ The. Tided and Kindred PhenoinenOf p. 2. 2 

2 Elements of Economics (1905), ch. v. § 44. “ Wlmt is true of land is true 

also of labour and capital.” 

” Beyond this point [” twenty acres which will perhaps yield the largest 
return obtainable from the laboiu* of one man ”J it will not pay to invest land 
and capital if the services of only a single worker are available ; so that we find 
here diminishing returns to investments of land and capital wdth a given supply 
of labour.” 

* I accept Dr. Marshall’s distinction ; “ The tendencies of diminishing utility 
and diminishing return have their roots, the one in qualities of human nature, the 
other in the teclmical conditions of industry ” {Principles, od. vi. p. 170, note); 
and I evade the difficulty that the price of labour (which enters into Net Returns) 
has roots in the qualities of human nature, by treating the price of labour along 
with that of other factors of production os a constant — as I think it is allowable 
when treating of rates and faros, but not w'ages and salaries. 

‘ Wicksteed, Comtnonsense of Political Economy, pp. 529, 630. 
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this pronouncement may be expressed in terms of a metaphor 
which I have already employed, the representation of net profits 
by the height of a mountain-shaped surface above the plain. If 
an Alpinist, with a view to climbing up to the summit, seeks to 
ascertain the configuration of the surface of his immediate neigh- 
bourhood ; what are wo to think of a guide who protests that 
there is no need for anxious inquiry whether the surface is concave 
or convex, for (as no mountain rises to heaven) a sufficiently 
long step must always lead downwards ; that, therefore, it is not 
only true but a truism that the surface with which the Alpinist 
is concerned is concave (viewed from below). 

With respect to Diminishing Return in the sense which is of 
practical interest in industry generally, I think we may say that 
the phenomenon has all manner of causes ^ except or besides 
those botanical ones which are characteristic of the law in its 
first and still most important form relating to agriculture. 

13. Law of Increasing Return. — I shall now attempt to sum- 
marise the various conditions which are attended with the 
attribute Increasing Return in one of the senses above distin- 
guished. 

(1) First may bo placed the circumstance which Mill places 
first, that some things in order to be produced at all must bo 
produced on a largo scale — a railway, for instance. Here the 
outlay up to the large minimum requisite to produce any return 
at all may be considered as producing no return ; and accordingly 
the cost-curve corresponding to OLPQR in our Fig. I a,^ starts 
from the origin as a vertical line, which we have seen involves the 
character of Increasing Return (at least, in the secondary sense). 

(2) Next I would place the general principle that siz(i is 
favourable to multiplication of parts, and so to “ co-operation ” in 
the sense in which the term i.s employed by J. S. Mill after 
Wakefield, “ organisation,” as it is now usual to say, “ dilTcrentia- 
tion-and-integration ” in the technical phraseology of Herbert 
Spencer,** “ system ” in tlie language of good old Bishop Butler.''^ 

' Professor Soligman lias well illustrated tlio variety of causes leading to a 
similar result in different departments of j)roduction : — 

“ If wo crowd more people into the same omnibus, or run more trams over 
the same track, or make the labourer tend more looms, or put more manure 
into the same field, we have a more intensive utilisation, until finally the intensive 
margin is reached where the adrlitional returns will not compensate the additional 
effort or outlay.”— {Principles of Economics^ § 88 and context.) 

* First among the advantages of the Joint-stock principle. Political Economy ^ 

Book I. ch. ix. § 2. * Above, p. 6J. 

* Employed by Dr. Marshall. — Principles^ Book IV. ch. viii. § 1. 

* Preface to Sermons ; and cf. note to Sermon on tJie Ignorance of lUan. 

VOL. I. G 
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Mangoldt ^ and F. B. Hermann ^ may be referred to as putting 
the matter particularly well. 

(3) Where there is a co-ordination of several parts or factors, it 
often occurs that one varies discontinuously as compared with 
another, in the manner above illustrated.^ Foremen and the 
workpeople whom they supervise may be instanced. When of r 
foremen each has the full complement of workpeople to which he 
can attend with advantage, if an (r + l)th foreman is taken on. 
Increasing Beturn acts before the foreman last taken on has his 
full complement of men.'* There occurs the gain described by 
Babbage and J. S. Mill as employing the workpeople, and likewise 
the machinery, up to their full capacity. This advantage is what 
Jevons ® designated “ Multiplication of Services,*’ attributing its 
first enunciation to Archbishop Whateley. As we have seen, this 
principle is a main cause of increasing returns in the railway 
industry. 

(4) Next I should place the classical trio of advantages attri- 
buted by Adam Smith to Division of Labour. Their importance 
is diminished indeed, but not abolished by modern conditions. 
Practice makes engine-drivers, as well as pin-makers, perfect. 
There is, I suppose, less “ sauntering ” on the part of porters at a 
large than at a small station. The invention of distant signalling 
by a points-rnan ® wlio sought to spare himself trouble may match 
Adam Smith’s example of his third advantage. 

^ Orundrisa, § 29. 

* Staatawirtachaftliche ZJ ntcrsuchiingcn, p. 217, cd. 1800. Ono of Hermann’s 
examples, the extinction of a fire, illustrates training (“ eine eigeus geiibte Mann- 
Bchaft ”) as well as system. The latter advantage in its purity may be illustrated 
by a primitive version of the example. Once upon a time — soon after the 
invention of fire, perhaps — there was a conflagration to extinguish which a 
number of men carried buckets full of water from a neighbouring stream to the 
scene, of the fire. Then supervened an organising intelligence directing the men 
to stand in a row at a distance of a couple of yards or so from each other and to 
pass the buckets without moving from their respective places. Thus the labour 
of a number of men running to and fro (or at least the excess of the original 
leg-work over the substituted arm-work) was saved by mere organisation : 
nothing but an idea (and the numbers requisite for its realisation). This kind 
of Increasing Return is too much ignored by writers on Railway Economics who 
dwell exclusively on our third type (c/. Economic JouiixVal, Vol. XXI. p. 370). 

® Loc. cit., p. 78 r< acq. 

* For a more exact statement see below, subsection 20, on prime cost ; wdiero 
in general for rx should be substituted fi, a function of x (as in the parallel passage, 
loc. cit., p. 369); a function which is zero when x, the amount of product due to 
an additional dose of the discontinuous variable {e.g. an additional foreman) is 
zero, and small when x is small, and so secures the fulfilment of Increasing Return 
(in a certain sense), initially at least. 

* Economic Primer, p. 36. 

® Findlay, Working and Management of an Engliah Railway. 
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(5) Follows a large miscellaneous class of advantages more 
or less cognate to the above, enunciated by a variety of eminent 
writers, from Plato to Marshall. 

To head (1) we may refer an advantage such as that which is 
enjoyed by large ships in respect of resistance to the water. ^ 

May we not refer to the same head the stimulus which the 
presence of numerous fellow-w'orkers imparts to the performance 
even of unco-ordinated operations ? ^ 

Should we connect with head (2) [and head (3)], the Platonic 
Kaipofiy the power of utilising opportunity attributed to Division 
of Labour ? This advantage may be illustrated by the efficiency 
of a Fruit-Car Lino which lends its services to different railways 
in districts so diverse that the respective fruit-crops ripen at quite 
different periods — peaches in Georgia after the middle of June, 
citrous fruit in California between December and May. The 
large private lino supplies refrigerator cars in sufficient number to 
transport the whole of each crop in due season. Whereas, if each 
railway were itself to collect the fruit in its own district, it would 
not have cars enough to transport the fruit at the seasonable 
moment (or would have at other times to keep them idle).® 

May wo refer to some of the other heads an advantage which 
some may think ought to constitute a separate head, and, indeed, 
the first head ? It is, indeed, first historically, as it comes first 
in Plato’s enumeration ; and it is not last in importance. This is 
the giving to each the task for which ho is best fitted ; classifying 
the work-peojffo according to their capacity.^ But may not this 
advantage be subordinated to our head (2), together with 
head (3), the advantage of employing differentiated organs to 
their full capacity ? 

Shall wo refer to the same heads the advantages procured 
through “ integration,” when all the jirocesscs of iuoduction, from 
the raw material to the finished product, are x>orformcd by the 
same firm — especially when there is advantage not only to the 
large firm, but to society, by dispensing with ” the need of 
maintaining too many selling agencies ” ? ^ 

With head (3) may we connect, as Jevons does, what he calls 
the ” Multiplication of Copies ” ? ® And may we not refer to the 

^ Principles of Economics, ed. vi. p. 290. 

* Cf. E. Wakefield {Ireland), 1812). — “ Irish labourers never work singly . . . 
the people there have a sympathy of feeling which makes company necessary 
for those at work.” 

* Johnson and Huebner, Railway Traffic and Rates, p. 234. 

* Cf. Mill {loc. cU.) quoting Babbage. 

^ Hadley, Economics, p, 154. • Economic Primer, p. 36u 
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same head the advantage of Interchangeable Parts, on which 
Dr. Marshall has particularly dwelt ? 

I do not attempt a full enumeration, nor do I insist on the 
logical affiliation which I suggest. I am only concerned to point 
out that there is a certain thread of connection holding together 
the majority at least of the advantages which have been 
enumerated. There is only one cause, I think, which lies apart 
from the others ; and it is one, I think, usually, perhaps properly,^ 
not included among the causes of Increasing Return. That is 
the greater stability of a large business, the connection between 
magnitude and the principle of insurance.^ It was a 'priori 
improbable, and ultimately proved false, that all Antonio’s 
multifarious ventures should have failed : — 

“ From Tripoli, from Mexico and England, 

From Lisbon, Barbary and India.” 

A large railway, serving varieties of industry and pleasure-seeking, 
is less likely to lose its custom than a small line which depends 
on one class of custom. 

In the railway industry the practical importance of the cause 
above placed third no doubt deserves the pre-eminence assigned 
to it by experts; but in a philosophical view of the subject it 
should be recognised that there are many other causes about as 
operative in the railway industry as in other departments of 
production. 

I go on to the cognate conception of Joint Cost. 

14. Jobit Cost . — This conception is not only cognate, but even 
coincident, with that of Increasing Return, according to one 
of the parties in a battle of giants which has been fought in 
America over the matter.^ I agree with Professor Taussig that 
there are two distinct conceptions ; but I concede to Professor 
Seligman that they have a certain attribute in common, and that 
the cases which they denote are frequently coincident. 

(1) The two terms, as I understand, correspond to two distinct 

' For tho increasing return attends the largo scale only provided that the 
large scale is attended with a plurality of causes that are independent in the 
sense appropriate to tho theory of Probabilities, and the proviso sometimes fails 
(as probably in the case of some Trusts). 

A like objection might, however, bo made to tho attribution of Increasing 
Return under other heads. For instance, increase of size is not necessarily 
attended with increase of ” differentiation ” (above, subsection 2). 

* J. B. Clark was, I believe, among the first to point out the advantage of 
large concerns in this respect {Quarterly Journal of Economics, 1892). 

* See Quarterly Journal of Economics, Vol. XX. p. 631, and Vol. XXI. p. 156; 
referred to by Mr. Maurice Clark in his Local Freight Discrimination, pp. 27, 28. 
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mathematical conceptions, which may be simply presented as 
follows : — Let x and y be the respective amount of two joint 
products and let z be the cost of production, upon the usual 
supposition that the factors of production arc employed accord- 
ing to the best available methods. ^ Then if P is a point in a 
plane, say the plane of the paper, of which the co-ordinates are 
X and y, z may be represented by the height of a surface above 
the point P. For example, let tlic surface bo represented by 
that of a half-orange placed on the plane of .r, y so that the base 
of the hemisphere is coincident with the circle XOYo in our 
Fig. 2. Now through any point P (within the square BCAO) 
hold a knife parallel to the line OY and 2 )erpendi(‘ular to the plane 



FiQ. 2. 


of the paper, and cut or suppose cut, a thin slice or section of 
the orange. The curve which bounds that section will represent 
the (total) cost of producing any value of y togetlier with the given 
value of X, the abscissa of 1\ As the value of y increases (the value 
of X remaining constant), the corresponding value of 2 increases, 

^ The reader will observe that these symbols arc not used here in the 
same sense os in former paragraplis (above, p. 0.^ et scq.). The familiar x and y 
being now reserved for tho quantities on which it is now desired to fix 
attention, tho joint products, lot ua put u and v for tho factors of production, at 
first supposed two in number. Let x — y -= ff(u,v) ; and accordingly 

u — V = ft{x,y). If, as before, tho respective prices of the factors are 

ir,, ir„ wo have ^ (corresponding to k in former paragraphs). 

Pi* Pi *^*'0 the respective prices of tho products, wo have p^x d- />,?/ — z for 
tho net product which is to be maximised. If pj and are treated as constant, 
z must fulfil tho conditions of a minimum. 

If there are more than two factors, tho case is to be treated on tlio analogy 
of a single product with plural factors of production (above, p. 74 at seq). If 
there is only one factor, the cose degrades to tho rudimentary typo defined by 
Mill, as mentioned in our text (below, p. 88). 

* Above, p. 09, note 4. 
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but at a diminishing rate. For the slope of the curve ^ continually 
decreases as y is increased, it is less for the point (of which the 
co-ordinates are) x, y Ay (where Ay is a small increment or 
“ dose ” of Y) than what it is for the point y. This relation 
between contiguous points we know to be a condition of Diminishing 
Cost or Increasing Return. The relation is quite distinct from 
the relation between the said slope at the point x, y, and the 
similarly defined slope at the point x Ax, y. This latter relation 
is the criterion of Joint Cost or Joint Production. ^ If, as we 
change from x to x Ax, ceteris qmribus, the increment of z duo 
to an increment of y becomes smaller, this means that an increase 
in the production of the commodity represented by the abscissa (x) 
makes it less costly to increase the production of the commodity 
represented by the ordinate (y).^ In the example given — a hemi- 
spherical surface — Increasing Return and Joint Cost go together. 
But it is easy to imagine a surface — that of a melon, for instance * 
— for which the contrary is true. Even the simple example which 
we have given suffices to show that the two characteristics are not 
identical. If F bo taken very near CA while far from CB, it 
may be shown,® and is perhaps self-evident, that the slope in 
question will decrease very slightly in consequence of an increase 


1 Tho “ slope ” of a curve at any point tlierefrom is hero used to denote the 
tangent of tho angle made with tho abscissa by a tangent to tho curve at tliat 
point. For tho curve under consideration (in a piano perpendicular to tho plane 
of tho paper) the lino through P perpendicular to OX (in tho plane of the paper) 
is to bo taken as the abscissa. 

^ I use tho two terms to denote (different aspects of) tho same phenomenon. 


d^z 

> In symbols, < 0; where differentials do duty for finite differences, 

increments which may have different magnitudes according to tho context and 
purpose. More exactly the characteristic (of Joint Production) may be 
written + Aa;,y -f Ay) — J{x Ax,y) — J{x,y -j- Ay) -f J{x,y) < 0 ; where 

J{x,y) denotes tho cost of producing tho joint products x and y. 

* See below, p. 89, note 1. 

* The equation to tho surface may bo written 


z r= '\/2c^ — (c — x)^ — (c — y)-; 

where c is put for tho radius of tho circle divided by V2. Wo have then for 

the differential coefficient of z with respect to y on the supposition that x is 
treated as a constant, -f (c — y)/z, which is positive, provided that y is less 
than c, as postulated in the text. Tho differential coefficient of this expression 


with respect to y while x remains constant, say 


© (!)• 


■ ga - (C — y)l 


which is always negative and generally considerable. But j j = 


(c - ig)(c -- y) , 


dyj 

which also is always negative, but becomes evanescent as x 


approaches c. 
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of the abscissa (alone) ; while as before it decreases sensibly in 
consequence of an increase of the ordinate (alone). 

The converse relations of Diminishing Return and the usually 
unnamed opposite of Joint Production which 1 have proposed to 
call Rival Production ^ may bo illustrated by the half-orange, if 
we reverse its position so that what was before its highest point 
is now its lowest, the point C at which the surface now touches 
the plane of the paper. If C is now taken as the origin it will 
appear that the slope with which wo are concerned will increase 
in consequence of an increase of either the abscissa or the ordinate 
(for any point p within the area Caoh). Diminishing Return and 
the opposite of Joint Production go together. Such consilience is 
quite common. But it is by no means universal. For example, 
honey and certain fruits are, I believe, joint products ; the flowers 
which produce tlie fruit being fertilised by the bees whicli produce 
the honey. But though Joint Cost thus operates, it is quite 
possible that an increase of fruit trees ceteris paribus would be 
attended with Diminishing Return. And the increase of hives 
ceteris paribus may have a like result. 

These propositions remain true when we remove the clause 
“ ceteris paribus,'' and consider Diminishing Return in its most 
general and genuine signification as equivalent to the condition or 
criterion of a macimum.'^ The circumstances may bo such that 
in wliatcver })roportions we increase the factors of production, 
bees and fruit trees, each successive increment of cost will be 
attended with a less than proportionate increment of produce. 

(2) The tw^o conceptions are clearly distinct. But though 
not coincident they are cognate. There is a certain general 
resemblance between Increasing Return and Joint Production in 
so far as both seem to fulfil the dictum : “ Unto him that hath 
shall be added.” More exactly, the resemblance may bo traced 
with respect to one or more of three distinct features. 

First (a), there is a certain correlation between the character of 
Increasing Return in the proper sen.so of the term and that of Joint 
Productivity in the sense above explained. The greater the Pro- 
ductivity the more probable it becomes, other things remaining 
the same, that the case will be one of Increasing Return. If in 
the example just now adduced we suppose the stimulus to the 
creation of honey given by the increase of fruit trees to become 
indefinitely greater while other features of the case remain 

‘ Economic Journal, VoI. VII. p. 54, referring to Oiomale degli Economieti, 
1897. “ Disjunctive ” might bo suggested as the antithesis to “ Joint.*’ 

• Seo Economic Journal, Vol. XXI. p. 367, p. 364 and context 
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the same, the case will become ultimately one of Increasing 
Return.^ 

This is, I think, the most general view of the correlation 
between the two conceptions. But there are other kinds of con- 
silience which depend upon some particularity in the function 
which expresses the relation between cost and products. 

(b) Pro forma I begin with the simplest case which Mill begins 
with : “ when the same outlay would have to be incurred for 
either of the two [products] if the other were not wanted or 
used at all.” ^ Supposing that increase of one commodity x is 
always attended with the increase of the other in some definite 
relation,^ the two characteristics will evidently concur. 

A more important case arises when the Joint Cost depends 
upon a quantity such as total weight or volume which is the sum 
of two or more items each pertaining to one of the Joint Products.* 
The cost of carrying gold and silver, for example, might depend 
only on the avoirdupois weight, in a primitive regime, making 
abstraction of “ general ” expenses. There might be a co-opera- 
tion ^ between native bearers such that an increase of the burdens 
would not require a proportional increase of men. Increasing 
Return would then be realised, together with Joint Production. 
Nor is it necessary to suppose that the contributions of the two 
articles to their Joint Cost are simply proportional to the respective 
weights. Differences of specific gravity (affecting the relation of 
volume to weight) or of value (affecting the amount of insurance) 
might be relevant. And yet upon probable assumptions, which it 


^ Let a: denote the amount of fruit produced, 1 / the amount of honey; and 
let the total cost of production bo f(.v, y). In order tliat Joint Production, in 

dxdy 

In order that Diminishing Return, in the proper “ primary ” sense of tlio term, 
may obtain, we must have not only os indicated in tho preceding paragraph of 
the text 

o«rl 


( 1 ) 


but also (3) 


^ positive, and (2) 


positive ; 


dx^ dy^ \dxdyj ^ 


dH 

Tho lost condition will bo violated if ceteris paribus tho value of is supposed 
to increase indefinitely (in absolute magnitude). 

* Political Economy, Book III. chap. xvi. § 4. — Mill begins with this case but 
ho does not end with it. Ho continues : “ In a more partial sense, mutton and 
wool are an example, beef, hides, and tallow. . . 

s y = (p{x), while ^ is continually -f . 

• Soe Index, s.v. Joint Production, for further reference to this case. 

‘ Increasing return of our species 2, above, p. 81, unmixed with species 3. 
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suffices to indicate in a mathematical note,^ Increasing Return 
and Joint Production would be consilient. 

But this is not the leading case of correlation between the 
two compared conceptions. That is to be found rather (c) in the 
circumstance that frequently joint products depend upon one 
and the same factor of the kind above described as varying 
discontimiously i like the amount of land (relatively to the labour 
employed thereon) in the illustration given. Thus the carriage of 
a passenger at a time when there is no public service presupposes 
the running of a special train. Accordingly, the transportation 
of the passenger and that of luggage (at the si^ecified time) are 
joint products. For — starting from zero — it is impossible to 
increase the one kind of transportation without rendering the 
other less costly.- In the sa?no circumstances the transportation 
of a second passenger is attended witJi decreasing cost. So, con- 
sidering the general expenses of permanent way and staff, we 
shall often find that passenger traffic and goods traffic are joint 
products. The arrangements necessary for a certain ® increase of 
one facilitate the increase of the other. Tlie case then is one of 
Joint Production. But it is also apt to be a case of Increasing 
Return. For, as shown above,'* in these circumstances Increasing 
Return, at least of the secondary kind, is apt to be realised. 

Conditions of this kind I think are usually presupposed by 
the able writers who identify Increasing Return and Joint 
Production. Thus Mr. Bickerdike in the following passage 
employs the term “ scale of production ” in a sense which seems 
to imply the sort of discontinuity which I have all along in 
view ; — 

» Lot tho Joint Cost, 2 , F(a ^ /3), wlioro a -- <p{x) and )8 ~ ^{y). Lot F' 
be continually H-, and F" — ; and lot •p and tp have tho sanrio properties. Then 

it may be shown that is negative, as well as and If are 

each > 0, ceteris paribus, then tho opposite of Joint Cost, Disjunctive Production, 
co-exists with Diminishing Ketunia in that proper sense which is defined by tho 
three conditions (characterising tho second term of variation) of a maxirnuni (or 
minimum). The theorem admits of generalisation in several directions, 'I’hua z 
may bo ~ Zi + where each of tho subscribed “ 28 ” have the properties 

before attributed to z. Also here, as throughout, what is predicated of two 
variables is capable of extension to tho cose of several variables. 

This principle accounts for tho consilience l>etwoen Increasing Return and 
Joint Cost which we observed in the case of our spherical orange. If wo had 
taken a melon, attributing to it the shape of an ellipsoid of revolution, tho 
consilience would no longer hold good; z now involving not only a sutnt f 
functions, such os ax* -f by*, but also a product, such os 2hxy, 

* Economic Journai., p. 369; and cf, p. 308, and p. 367, par. 1. 

* Cf. below, p. 94. 

* hoc. cit., p, 88. 
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** I have spoken of the law of increasing returns and of joint 
costs as the bases of justification for differential prices, ^ but it 
would be more correct to say a condition of production such that 
an increased supply of certain articles or services would make 
easier an increase of supply of other articles or services, of a 
further increase of the supply of the same articles or services. 
That is to say, if cost of production of etc., units, either of 

different commodities or even of the same commodity supplied 
to different customers, depends not only on x-^, etc., but also 
on the total scale of production Z (= + ^2 + • • •)> on 

F,(x^,Z), . . 

The symbolism proposed by IVIr. Bickerdike appears to imply 
not only the discontinuity which we are now considering, but 
also the simplicity which was considered in a preceding para- 
graph. The addition of the joint-products, x^, suggest their 
having in common a measurable attribute, such as weight or 
volume. The symbols must, however, be interpreted in a some- 
what forced sense, ^ so as to apply to joint products like goods and 
passengers, which cannot well bo added together. But the use 
of a simple symbolism in a loose sense is the more defensible 
because, however complicated, mathematical expression can 
hardly cope with the difficulties caused by the element of Time 
in economics.^ That is the justification of our attempt to eke 
out the deficiencies of formal exposition by means of homely 
metaphor.* Even this resource fails us now; as we should 
require a fourth dimension to represent two factors of production 
and two products. 

^ Tho circumstances that both Joint Cost and Increasing Return are favour- 
able to Discrimination is regarded by Mr. Maurice Clark {Local Freight Dis- 
crimination, p 27) as a reason for their identification. It is not a decisive reason 
in the view of one who does not regard Joint Cost as the fundamental cause of 
Discrimination (see Economic Journal, Vol. XX. p. 4G0; Vol. XXI. p. 148, and 
sect. ii. [in the sequel] of tho present paper). 

* I have taken tho liberty of placing a comma after x. I might suggest 
using a semicolon and writing F{xi; a;,, x^...) where tho symbols on the right 
of tho semicolon are to bo understood as varying discontinuously ; e. g. by degrees 
corresponding each to a train-load or other relatively large unit. Thus if Xi 
denote (tho number of) third-class passengers, a:, that of first-class passengers, 
tho on tho right together with the x^ may determine tho number of (daily) 
trains on a given railway ; while the arj on the left denotes the number of third- 
class passengers on a particular train. Tho function F assigns the law of cost 
for tho “ short period ” during which it is proper to treat the symbols on the 
right as constant, while tho symbol (or it might be symbols) on the left of the 
semicolon are varied. [Compare the symbolism proposed, 1908.] 

* Cf. Preface to Principles of Economics, “ the element of Time which is the 
centre of the chief difficulty of almost every economic problem.” 

* Loc, cit., p. 78. 
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It may be worth observing that the factor here described os 
varying discontinuously is not necessarily, though it is frequently, 
prior in time to the continuous factors. Suppose the factor to bo 
the irrigation of crops, as practised by the Virgilian husbandman, 
who some time after sowing the seed admits the fertilising Hood 
(“ semine facto ” . . . “ Delude satis fluvium iiiducit If the 
operation of “ enticing ” the river from its channel could bo per- 
formed only once in a year or other period during which it was 
open to tlie husbandman to plant and dig to any extent, then 
Increasing Return — of the secondary species, up to a point — 
would be realised. If there arc two plots of ground suited to 
different crops, and the opening of the sluices to irrigate one plot 
involves the irrigation of the other, then the crops will be joint 
products. 

In most of the examples which have been given it wall bo 
apparent that Joint Production (and its contrary) resembles 
Increasing (and Diminishing) Return in this respect : that as 
each is characterised by an inerement relative to a dosc,’^ so the 
character may vary with the magnitude of the doses contem- 
plated. To predicate Joint Production without this datum would 
often bo unmeaning. Thus passenger traffic and goods traffic may 
be considered as joint products with respect to variations on a 
large scale involving the construction of a now track ; both kinds 
of traffic being thereby facilitated. But for a given track, w^hich 
is already croAvded, an increase of one kind of traffic may well 
render the other kind of traffic more costly.® The case may be 
one of rival production. The complexity of the facts with which 
the railway manager has to deal transcends the nicety of the 
nomenclature invented by the economist. 

15 . Prune Cost. — One more cognate term, one more class 
intersecting those wliich have been defined, remains to bo con- 
sidered. The affinity or partial coincidence of Prime Cost with 
the preceding categories is, indeed, not very evident if wo identify 
the term with what is sometimes called the “ special cost of a 
product, meaning that cost ^ which would have been saved if 

* Georgic I. 106. For a more modem instance, bog bolow, p. 94, 

* More exactly the increment of a differential coefficient, See as to the 
significance of size, subpoction 3, loc. cit. 

* Mr. Acworth describes instructively the impediment to through traffic on a 
railway which might result from the stimulation of short -distance coal traffic. 
Railways and Traders^ pp. 124, 120. 

* I might suggest assigning this signification to the term “ special ” cost, 
and to “ prime ” cost the somewhat different signification proposed in the text. 
No doubt the line of distinction is very fine. For the special cost of the local 
freights instanced in the text would be a kind of “ prime ** cost in so far as those 
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the product had not been produced. For example, if there were 
proposed a revision of railway rates for local traffic (extending, 
it may be, to a great many localities — a large part of the system), 
in figuring whether the new rates would be good financial policy, 
the road must charge against the traffic as its ‘ special cost ’ every 
expense that can in any way be causally traced to the local freight 
traffic. This means that large items of maintenance, interest on 
cost of rolling-stock, and structures, etc., etc., must be included.” ^ 

Such computations must certainly be made by the entre- 
preneur varying the factors-of -production, whether by large or 
small doses, so as to realise the maximum of profit,- the alert 
business man acting upon the “ principle of Substitution.” ^ If it 
appears that the cost which would be saved by the omission of 
any branch of production is greater than the yield of the product, 
of course the branch must be discontinued (unless, indeed, the 
loss can be converted into gain by a readjustment of factors, or — 
in a regime of monopoly — by a revision of rates). 

But Prime Cost is, I think, usually taken in a somewhat 
different, or more general, sense, whicli may be exemplified by 
omitting in the example just given the “ large items of mainten- 
ance,” and taking account only of operating expenses. In general 
there is to be excluded in the computation of Prime Cost the cost 
of some factors of production of the kind above described as 
varying discontinuously. This computation would, of course, be 
made more readily than the one above described. It might be 
of some use, though not of as much use as the more difficult 
computation. If it appears that the prime cost of the product 
in the sense proposed is greater than its yield, the production 
must be unprofitable. But the converse is not true; the prime 
cost might be less than the yield, and yet the production might 
not be (in the long run) profitable. 

Taken in the sense proposed Prime Cost makes its appear- 
ance under conditions whicli we have seen to be favourable to 
Increasing Return and Joint Production. Prime Cost, Joint 
Cost, Decreasing Cost, may often be predicated of the same 
circumstances. The three classes are related to each other as 
circles so intersecting as to have a portion of area in common. 

freights presuppose the existence of a railway. And, again, prime cost, even 
though denoting only operating expenses, may bo regarded as a kind of speeial 
cost, the cost that could be saved during a short period (not admitting of complete 
readjustment) by the discontinuance of the product. 

^ Maurice Clark, Local Freight Discrimination, p. 36. 

* Above, subsection 3 et passim. 

^ Principles of Economics, od. 6, p. 355 ei passim sub voce “ Substitution.” 
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For example, suppose that on a train running from the station 
X to the terminus P, a car (Anglice truck) is put on to carry 
oysters of two descriptions, some grown at X, others brought to 
X from a place further from P (via X) than X is. The case 
is a familiar one, being used in a classical treatise to illustrate 
discrimination. Suppose that the shipment of oysters is attended 
with some expense (not necessarily the same for the two descrip- 
tions of goods), an exj^ense varying with the variation in the 
amount of o^^sters shipped, while the expenses incident to running 
the car — for wear and tear, etc. — remain the same, whatever the 
load. Then that cost of handling may be regarded as prime cost. 
Also the services conferred by transporting oysters of the two 
descriptions arc joint products. For the transportation of oysters 
of one description (in quantities amounting to a substantial 
fraction of a car-load) necessitating the use of an additional car, 
facilitates the transportation of oysters of the other description 
(in like amounts). If, for instance, starting from the zero of 
oysters shipped we add an increment — amounting, say, to some 
three-eight lis of a car-load — of oysters grown at X, tlie cost of 
adding an increment — of like amount— of oysters coming from Y 
is thereby reduced ; it becomes, in fact, only the prime cost of the 
latter increment. Jt results from the same circumstances that 
Increasing Return is exemplilied by both kinds of transportation.^ 
If, as before, we start with a substantial increment of one kind, 
then the cost of a second increment of the saine kind will be only 
the ])rime cost of that second increment.- So if a train is put on 
to carry milk as well as 2)asscngers, the cost of the wear and tear, 
etc., of the trucks required for the milk, together with the cost 
of handling the milk, is primes cost. The carriage of tlic milk and 
that of the passengers are joint products. Also each is apt to 
exemplify Increasing Returns. 

The reader will observe here as throughout how the attribution 


' Tho Joint Production is of species b (above, p. 88) os well as spocics c, 
(p. 89). 

* See tho definition of Increa.sing Return, BubHCction 4 (above, p. Ofi aeq). If, 
reverting to our original notation, for tho factor or its cost Xq in that posHago we 
put 0 corresponding to zero of oysters shipped, wo may put for tho cost of trans- 
porting oysters amounting to g of a carload, I -f- ^ir, where I is the fixed cost of 
running a car, tt is tho cost of handling a full load, and it is assumed for simplicity 
that the cost of handling any fractional loatl is simply proportional to the fraction. 
Then /(*,) ~ Similarly, if wo put I -f- J for tho cost of transporting ar*, wo 
have /{Xj) — Thus 


.. a/3 a ^ L±J5- 

whicli inequation ia the characteristic of Increasing Return. 
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of Increasing Return or of Joint Cost presupposes some datum as 
to the magnitude of the doses employed and other circumstances 
of the case. Our propositions would not have held good for very 
small doses of transportation, say a basketful of oysters, which 
would not necessitate an additional car, nor for very large doses, 
on the scale say of three-quarters of a car-load, the superposition 
of which would have necessitated putting on a second oyster-car. 
A passenger is an increment of very different significance with 
respect to Joint Production and Increasing Return according as 
he requires a special train, or helps to crowd a public carriage. 
Likewise the meaning of Prime Cost varies according to the 
context, point of view, and purpose in hand. 

As was observed with reference to Increasing Return and 
Joint Production, so also with respect to Prime Cost, the discon- 
tinuous dose which cannot be renewed during a short period is 
not necessarily administered at the beginning of the period. For 
example, the cost of sorting letters which arc to go by a certain 
train may be taken as (part of) the prime cost of postage, the cost 
of the train not being taken into account. Yet the letters may be 
sorted before the train is run. 

But the order of time is not indifferent in cases where “ quasi- 
rent ” makes its appearance in this connection. I leave it to 
him who first discerned the importance and distinguished the 
properties of “ quasi-rent,” to exj^lain the relation of this concep- 
tion to “ prime,” and its correlative “ supplementary,” cost. We 
are here concerned only with the general princii)le underlying 
the distinction between quasi-rent and profit. We have to 
observe how differently human action is affected by an object as 
it appears in the future, and when it Jias become a fait accom'pli. 
Not even Jupiter, as the ancients would have said, plans about the 
past. As tlic general in a campaign or battle acts pro re 7iatd, not 
strictly adhering to a preconceived plan, so Directors who would 
not have counselled investing in a railway that, as it has turned 
out, yields little profit over and above operating exj)enses, may 
still bo well advised now in operating that unprofitable railway, 
since a little is better than nothing. 
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APPENDIX. 

On Some Variant Ter3iinolooies. 

1. Professor Carver's Terminology. — Professor Carver, in his 
important observations upon Increasing Return,^ appears to have 
had in view tlie species whieli we liave distinguished as third. 
His theory is, I think, specially relevant to the phenomenon 
here described as “ relative discontinuity.” ^ This i)henomenon 
appears to be the main ground of the distinction which lie draws 
between the two questions : “ What is the best proportio7i in 
which to combine the various factors ? What is the best size for 
the whole business unit 1 ® The distinction is not conspicuous 

on the hjqiothesis of perfect continuity proper to the method of 
variation above labelled y.* The distinction appears particularly 
applicable to the ease of discontinuity above labelled ft.* 

Discontinuity also may explain the iniportanco attached by 
Professor Carver to the limit which separates fnereasing from 
Diminishing Return in the secondary sense — the jioint Q in our 
Fig. 1. The secondary sense enters into a certain proposition 
which, though a mere truism in the simpler cases, becomes 
significant where there is more than one maximum ; ^ the pro- 
position, namely, that, for a given or assigned outlay, the total 
product is greatest when the average product is greatest. 'The 
maxim may be illustrated by a probhmi which has been already 
noticed. Suppose that in the case cited from Professor C'arvcr 
the farmer has a limited amount of capital and labour, say 34 
days’ labour (with team and tools), to apply to plots of land, 
which for simplicity we may suppose to be rent free. What 
number of plots will he find it most profitable to cultivate ? ® 

* T) lift ribut ion of JCcwiWo cli. li. 

® Above, p. 7S. 

^ Op. cit., p. Oj. 

* The method specified above, p. 77. 'rbe (Jreek letters refer to a pasHago 
in the Ec onomic Journal omilb cl in tliis ( olleetion. 

* In the teetinical sense, distinguiHlied from tlio yrratrst ponnihle. 

® Prof Landry’s criticism of I’rof. Carver in tho Qunrlrrhj Jonmal of 
EconomicB, 1901), calls for notice here so far os it impugns an assumption which 
wo have inodo throughout ; namely, that if x is the amount of commodity 
produced and z tho amount of a factor employed in tho production, say x = /(i); 
then X always increases (or at least never decrcosoa) with tho incroaso of z, 
f{z + Ac) > (or 0/(2) (Economic Journal, Vol. XXI. p. 361, note 1, ct paaeim ) — 
an assumption countenanced by leading theorists, such os Auspitz and Lioben. 
Consider tho diagram used by Flux, Economic Journal, Vol. XV. p. 278. 
[So© below, referred to in Section VI., Vol. II. p. 320.] Certainly in a case like 
that which is adduced below, p. 06, note 2, tho increase of the factor (land) 
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The circumstance that on the two-plot system labour and capital 
would be employed on each of the plots in smaller amounts than 
would give the largest product per unit naturally raises the 
suspicion that this arrangement is not the best. The suspicion 
proves, indeed, not to be true, as we have seen.^ But it well 
might have been true even in a regime of monopoly had the data 
been different ; ^ and would bo true in a regime of perfect 
competition. 

The same phenomenon of relative discontinuity appears to 
justify the distinction which Professor Carver has drawn in a 
passage ^ of which the substance is as follows : — Let X (acres of 
land) with Y (units of labour and capital) produce P product. 
Then (1) if X with aY produce more than aP (a greater than 
unity), we have a case of ‘‘ increasing returns.” But (2) if aX 
with aY produce more than aP, we have “ increasing economy of 
large scale production.” The distinction between (1) and (2) is, 
I think, specially important in the case supposed by Professor 
Carver in the context, where X (the number of acres of land) 
varies discontinuously (as compared with the variation of Y) — by 
doses of ten-acre plots. Yet one may doubt whether the cases are 
so distinct as to deserve quite different names ; and, if so, whether 
the best names have been adopted. 

Firstly, the distinction appears to be one of degree or dimension 
in this respect, that behind X and Y there is often some Z, 
which, though supposed constant in the above statement, may, 
under other circumstances, become multiplied by aA Thus the 

is attended with a diminution of the produce; say x ~ F{z)y whore F{z + Az) 
< F{z). But this relation “ F ” is not identical with that which we have 
designated “/•” we assume that the entrepreneur “applies his outlay 

to the best of his ability ” {loc. cit,, p. 357 and p. 568). Accordingly / does 
not coincide with F beyond the point at which F{z + Az) becomes less than 
F{z)y if the farmer knows the facts designated by the relation x — F{z); if 
the farmer does not know the facts, f does not coincide at all with F. Wo pre- 
suppose, of course, common sense on the part of the business man — and of the 
economist who theorises about business. 

^ Above, p. 78. 

® For instance, suppose that in order to produce any crop at all there is 
required a preliminary expenditure of seventeen (instead of two) days’ labour. 
Then other things remaining the same, every figure in the first column is to be 
increased by the addition of 15. If the number of available days’ labour is now 
68, a maximum of profit would bo afforded by laying out on each of two plots 34 
days’ labour, that is, less than the amount which yields tho largest product per 
plot, now 35 days. But tho greatest possible profit will be obtained by laying 
out tho whole of the 08 doses on one plot. 

® Op. cit., p. 66. 

* See above, p. 65, as to the difficulty of using a single simple formula in 
order to label the diversified relations between Return and Cost; relations 
which present different characters according to tho magnitude of the “ doses,” 
the length of the “ periods,” contemplated. 
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above statement refers to a single farmer. But if there were 
several farmers, might not an increase of their numbers, resulting 
in an improved organisation, lead to a more than proportionate 
increase of product ? And must case (2) be then degraded from 

increasing economy of large scale production ” to mere “ in- 
creasing returns ^ 

Secondly, even if different names are to be given to cases (1) 
and (2), it may be doubted whether the names proposed are the 
best. For this nomenclature, as Dr. Marshall has remarked, 
“ would deprive us of an old use of the term w'liich is of great 
importance; and in which the distribution of the resources of 
production among different uses is supposed to have been made 
carefully and well, so far as the knowledge and skill of those 
engaged in the industry will carry.’^ ^ Accordingly, it is tenable, 
in the cases above distinguished as (1) and (2), that the terms 
Increasing or Diminishing Return had better be applied to the 
second case; while tlie phenomenon defined by Professor Carver 
in the first case as Increasing Return had better be described as 
failure of the proper proportion ^ between tlie factors. 

2. Proportions of factors. — The term “ proportion ” appears 
especially suitable to the adjustment of some factors, say A", 
treated as variable, while some other factor, F, is treated as 
constant — the case of relative discontinuity above illustrated; 
but unsuitable in general, apart from this incident, when all the 
factors are conceived as varying continuously — the typo of 
variation which we have labelled y.‘^ “ Proportion ” in this 

latter use seems to mean nothing more than adjustment of 
factors so as to obtain the greatest net profit; and this idea is 
much better expressed by the (greatest possible) maximum value 
of a function of many variables.^ Accordingly, I see no advantage 

‘ Professor Carver himself admits that “ tho law of the incroasing or diminishing 
economy of largo scale production, whilo Hufliciontly dujtmot from that f)f incroiis- 
ing or diminishing returns to warrant a dilferenco of name, is yet fundamentally 
very much like it,” op. cit. p. 91. 

* Principles of Economics^ ed. v. p, 320. Dr. Marshall continu(5s ; ” 'riie 

older economists applied tho law of Diminishing Koturn in warnings as to the 
dangers of the growth of a very donso population . . . ; and they consistontly 
assumed that the distribution of resources among difTcrent usos would bo about 
tho beat which were at tho command of tho population in question.” 

With respect to such distribution of resources between largo and small farms 
I fail to SCO that anything is gained by Prof. Davenport’s novel terms ” Law of 
Advantage and Size ” {Qimrterly Journal of Economics, Vol. XXlll. p. 610). 

• In accordance with Prof. Carver’s use of that term in a passage cited at 
the beginning of this Appendix. 

* Econouio Journal, Vol. XXI. p. 367. [See note * to p. 95 al>ove.] 

• See note 1 above, p. 76. Compare Marshall, Principles of Economics, 
ed. vi. p. 170 ; ” If his business extends he will extend his us(»s of each requisite 

VOL. I. H 
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in substituting for ‘‘ diminishing return the phrase ‘‘ disadvan- 
tage accruing from any excess or defect in the relative proportions 
of the factors of production.’' ^ A similar substitution would be 
of no avail in the analogous physical problem, to locate the 
maximum height of a surface. An Alpinist (prevented, suppose, 
by a fog from seeing beyond his immediate neighbourhood) 
requires to know whether he is in a cup-shaped cavity — a “ convexa 
vallis ” (convex to the plane of the horizon) — or on a dumpling- 
shaped surface. He requires the conception of “ concave ” (and 
its opposite) ; and nothing would be gained by substituting such 
a term as the disproportion between the latitude and longitude 
of any position, meaning at most its remoteness from the summit. 
Nothing is gained, and something is lost, by using the term 
“ proportion ” where the conception oi function is required. The 
single symbol “ / ” conveys more to the instructed mind than all the 
words that have been written about the Proportions of Factors. 

3. Professor Chapman^s Terminology. — Some of the preceding 
points may be illustrated by reference to the original paper in 
which Professor S. T. Chapman has discussed the Remuneration 
of Employers ^ in connection with Increasing or Diminishing 
Return. Assuming a community to consist of z similar establish- 
ments each with one employer and x employes ; he considers the 
question whether, if an additional employer be taken on, the 
consequent increment to the total product is greater or less than 
the remuneration of the average entrepreneur. He assumes that 
the population zx is constant. He assumes also, as I understand, 
that the play of competition will bring ^ about a determinate 
value of z and x. (To fix the ideas, we may suppose that the 
entrepreneur’s remuneration is totally unmixed with rent, so 

of production in due proportion; but not, as has sometimes been said, pro- 
portionately. 

‘ “ Proportions of Factors,” by H. J. Davenport, Quarterly Journal of 
EconomicB, 1909, Vol. XXIII. pp. 594, 590. 

* Economic Journal, Vol XVI. ; [examined in Section VI, 7 II. p. 331.] — The 
“ Laws of Increasing and Decreasing Return ” which are the subject of Prof. 
Chapman’s article in the Economic Journal, Vol. XVIII. are to be regarded, 
I think, as propositions of which the predicates are terms defined as here (Prof. 
Chapman professes agreement with our definition, loc. cit.f p. 53), and the sub- 
jects are terms more general than the subjects of the propositions here con- 
templated. Compare Prof. Chapman’s distinction between the ‘‘ abstract ” and 
“realistic” statement, in his Outlines oj Political Economy (1911), p. 106 and 
context. 

* As to the play of competition in such a cose I may refer to my observations 
on entrepreneurs’ profits in Economic Journal, see Index, “ Entrepreneur.” It 
may be as well to remark that the supposition now made in a parenthesis for 
the sake of illustration is not necessary for the argument. 
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that it is open to any worker to transform himself into an entre- 
preneur, the difference of remuneration compensating for the 
efforts and sacrifice attending the transformation.) Professor 
Chapman rightly states that the answer to the question put is 
affirmative or negative according as Increasing or Diminishing 
Return acts. But the sense in which these terms are to be taken 
is not, I think, stated with sufficient precision. In my view the 
only appropriate sense is a certain one of the subordinate varieties 
which the secondary definition may present, as above shown in 
the case of plural factors.^ Professor Chapman’s theorem holds 
good if by Increasing Return - it is meant that (az with x) produces 
more than a times the product of (z with But the theorem 
does not hold good if by Increasing Return ® it is meant that 
{az with oLv) produces more than a times {z with x).* 

The primary definition is not germane to the question above 
stated. It will be required if the question is : What is the value 
of 2 for which the total product is a maximum ? But wo may go 
some w^ay towards answering that question without being able 
to ascertain the character of the Return in the primary sense; 
if we make the probable assumption that the product of a firm 
always increases (in virtue of intensified organisation) with the 
increase of the number of firms ceteris paribus,'^ For then, as z 
is increased (from the value determined by competition), the 
product of the community would continually increase, as far at 
least as the point at which the entrepreneur’s remuneration 
dwindles to zero. 

* Loc. cit., p. 70, 

* As p. 524, par. 1 {op. cit.) must, I think, bo intorprotod. 

’ As p. 620 note, last par., may, I think, bo interpreted. 

* Tho proof of these statements will bo found in tho original. 

* The assumption is that is continually positive. 



USE OF DIFFERENTIAL PRICES IN A REGIME OF 
COMPETITION 

[Justification of this Paper, which appeared in the Economic 
Journal for 1911, is to be sought in an earlier contribution 
to the Journal, now reprinted in the Mathematical Section 
(f). In that article it was argued that differentiation of 
prices, discriminating between classes of customers whose de- 
mands were different, is generally advantageous to both parties 
in a regime of monopoly; and may well prove so even in a 
regime of competition. Mr. Bickerdike, with his usual acumen, 
disputed the latter clause (in the Economic Journal for 
1911); questioning whether in cases where there is uniformity 
of charge based on cost of production,” under free competition, 
any system of discriminating prices could be “ better all round,” 
more advantageous to both producers and consumers. And his 
contention is virtually admitted here, upon a certain definition 
of “ cost of production ” and a congruent limitation of the 
methods by which discrimination may be introduced. Consider, 
for instance, the case put below of two species of seaweed for 
which the demand is markedly different (one perhaps required 
as manure, the other for its medicinal qualities). Yet if the 
capital, manual labour and so forth — all the cost-of -production 
abstracting the profits of the entrepreneur — are the same per 
ton for each species, it is good Ricardian economics to argue 
that in a regime of competition the price of both articles will 
be the same, the jorofits of the “ capitalists ” will be equal. It 
is the orthodox doctrine and practical truth that the regime of 
competition is better all round than any mixture of monopoly. 
A firm consisting of an employer gaining normal profits, employees 
earning normal wages and so forth, could not with advantage to 
all parties either raise or lower the price of either article. But 
it is not necessary so to lump the remuneration of the employer 
into the cost of production. It is possible — and usual throughout 
this Collection (see Index, “ Entrepreneur ”) — to fix attention 
separately on the motives and action of the entrepreneur (cp. 
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below, p. 104). In the case before us suppose that the entre- 
preneurs form a combination for the regulation of buying prices, 
not affecting the cost of labour and of other factors. It 
will certainly be to their advantage to raise the price; but 
not necessarily both prices. Likewise it is probable that the 
customers may gain in gloho by a departure from the old pair 
of prices. The “ demand-schedule ” for the respective articles 
being so different, it is highly probable that the money- 
measure of the total “ consumers’ surplus ” will be increased by 
raising one price and lowering the other to a certain extent. Thus 
it is in the interest both of the producers and the consumers to 
move away from the original position. To be sure, the directions 
in which they respectively want to move are not the same. But 
they are most probably not diametrically opposite. Whence it 
follows that certain changes of price, some degree of discrimination, 
will in general bo advantageous to both parties. The reasoning 
will be better understood after a study of the second part of 
II. p. 407 et aeq. 

The conclusion might be worded more strongly than now at 
the end of this paper, if there were no danger of its being taken 
as other than a curiosum. {Cp. below as to the bearing of the 
argument on Socialism.) At the bar of pure theory my defence 
might be summed up as follows : Whereas it is alleged that 
outside Monopoly discrimination can bo practised with advantage 
all round only in some peculiar cases, I re^dy : firstly, the cases 
in which discrimination advantageous to both producers and 
consumers can (theoretically) be practised without any change 
of the existing regime are very common; and secondly, in cases 
of pure Competition the advantages of discrimination may 
(theoretically) be secured by a change of the existing system, 
substituting Combination for Competition.] 


Mr. Bickerdike’s criticism is forcible and fairly aimed ; yet 
I hope to show that it is not very damaging. His main contention 
is thus stated : — 

** My argument is that increasing returns, or joint costs, must 
come in in some way or other if discrimination is more advan- 
tageous than uniformity of charge based upon cost of production.” 

“ I question whether any system of discrimination can be 
better all round than the prices which would be attained under 
free competition in the absence of any* tendency to increasing 
returns or of joint costs.” 



102 


VALTJE-AND-DISTRIBFTION 


“It is difficult to see how any discriminating system would 
be better for the public.” 

“ It [such a system] could not be socially economical.” 

In considering the truth and relevancy of this statement, it 
will be convenient to have before us one of the diagrams ^ em 
ployed in the article against a part of which the statement is 
directed. Let the axis of x in this diagram represent (quantities 
of) a commodity for which the law of production is not that of 
increasing returns. The axis of y representing price, let the 
“ demand-curve,” for the sake of simplicity, be a straight line. 
This line is not drawn in the figure, but it may easily be con- 
structed from the line BA, which represents half the amount of 


Y 



commodity demanded at any price. Thus there would be de- 
manded at the price OR, twice the amount RP, and at the price 
0 ( 0 , twice the amount coa. To consider discrimination of prices, 
let us suppose that the class of commodity breaks up into species 
which differ in respect to the demand of the customers, but not in 
respect of cost to the producers ; for instance, equal hauls of goods, 
equal in weight, bulk, and facility of handling, and all other 
circumstances affecting cost, but differing in the value which they 
acquire by transportation. Let the doited lines form each the 
demand-curve for one of the differentiated species. Then the 
average of the amounts of the two species demanded at any one- 
and-the-same price (c. g., Oco) is represented by the corresponding 
point on the line BP A (c. g,, the point a, since J (Oa^ + 002) 

‘ Fig. 2, Economio Journal, Vol. XX. p. 447. 
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= Oa). Beginning with the case in which the cost is constant, 
let us suppose the constant cost to be Oco. If then the uniform 
charge based on cost of production is Oco, Mr. Bickerdike’s state- 
ment, as I understand, imports that this unitary price cannot be 
replaced by a system of different prices for the different species ; 
with advantage to all concerned, both producers and consumers. 

The truth of this statement may bo shown by observing that 
if the customers are to benefit by discrimination, one at least 
of the prices must be lowered below Oco. Suppose, then, that 
the price of one of tliem, e. g., that for wliich tlie demand-curve is 
is lowered from Ov) to 0(o\ (o' being a point on the axis 
below CO, not shown in tlie figure. And let the intersection of a 
horizontal drawn through (o' with the demand-curve /?j bo 
Oj' a point on that line below a^, the point as well as co' being 
left to the imagination of the reader. The gain in Consumers’ 
Surplus is then measured by the area of the quadrilateral (oa^a^o}'. 
But the loss of Producers’ Surplus is measured by the larger 
area of a rectangle which includes that quadrilateral, namely, 
the rectangle (not completed in the diagram) of which one side 
is coo/ and another side co'di . Likewise if t-ho price is raised 
above Oco the consumers lose more than the producers gain. 
Therefore, the public as a whole, producers plus consumers, are 
losers. A fortiori, if the cost is not constant, but increasing (in 
accordance with the law of decreasing returns). 

Mr. Bickerdike’s proposition is true, and it may bo added, 
with reference to State regulation of what M. Colson calls “ public 
works,” important. But is it contradicted by the proposition 
which Mr. Bickerdike impugns ? The answer is prhnd facie 
affirmative. Mr. Bickerdike has accurately quoted the passage 
in which it is enunciated that “ the gain to consumers [through 
monopolistic discrimination] may well be so great that they are 
better off than they would have been, other things being equal, 
under a regime of competition.” Ho has rightly understood 
that the proof primarily applied to the case in which there is no 
cost of production is meant to bo extended to the general case 
of substantial cost. He is right, too, in conceiving my thesis to 
imply that in the case supposed the producers as well as the 
consumers would be better off than under the regime of com- 
petition. He has placed a very natural interpretation upon the 
passages which he criticises. It would have required a degree 
of intellectual sympathy beyond what can be fairly expected in 
a critic to have thought of the explanation which I proceed 
to offer. 
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The interpretation of the impugned thesis turns upon the 
definition of two terms, one of which has received different defini- 
tions from classical writers, while the other has, perhaps, not 
generally been used in any definite sense. These terms are : 
(1) “ cost-of -production,” and (2) that which is predicated of the 
customers of the discriminating monopolist when it is said that 
“ they are better off than they would have been, other things being 
equal, under a regime of competition.” J. S. Mill sometimes 
employs the term “ cost of production ” to denote the outlay of 
the capitalist-employer — the Ricardian “ capitalist ” — on labour; 
exclusive of “ the reward of abstinence.” ^ What if our Oco repre- 
sent this kind of cost of production ! Then the selling price would 
be well above the point oy ; and there would be room for that drop 
of (one) price, which the fulfilment of the thesis requires. No 
doubt we ought to include among the '' other things that are 
equal ” in the monopolistic and competitive regime payments of 
interest made to lenders who take no risk. But we cannot 
suppose the remuneration of the entrepreneur proper to be 
among those equal things. If a set of entrepreneurs form by 
combination a monopoly, it is to be supposed that their gains 
are replaced by what is called in the article under consideration 
monopoly profit. Likewise, in the converse change, monopoly 
profits are replaced by entrepreneurs’ gains. The preconception 
that these gains were substantial was naturally present to one 
who has consistently maintained ^ that the remuneration of the 
entrepreneur is not to be equated to zero. I am aware that from 
the point of view of one who surveys all time, the “ quasi rents ” 
enjoyed by the entrepreneur appear as the reward of work and 
waiting. And if the true rents tend to be evanescent with the 
progress of freedom and education,® what remains of gain proper 
to the entrepreneur may be so minute and invisible as not to be 

^ J. S. Mill, Pol. Econ.j Book III. ch. i. § 1. — “ The cost of production, together 
with the ordinary profit, may therefore bo called the necessary price or value of 
all things made by labour and capital.” 

Ihid.f “ unless that value is sufficient to repay the Cost of Production and to 
afford, besides, the ordinary expectation of profit the commodity will not continue 
to be produced.” 

Ihid.t par. 3, “ the outlay [of the producing capitalist] iliat is the cost of 
production.” 

In a later passage, Book III. ch. iv. § 4, par. 1, Mill includes profits in cost 
of production. In the following section, par. 1, he hesitates between the two 
definitions. 

* Most recently in Scientia (Rivista di Scienza), Vol. VII. Ann. iv. (1910), 
pp. 92-94; a passage which may be referred to for further elucidation of the 
idea expressed in the here following paragraph. 

* As Mangoldt’s Untemehmergewinn seems to suggest. 
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worth disputing about. But it may be questioned whether w© 
have yet approached this limit. There is weight in some 
observations which Professor Lehfeldt has recently made on 
this subject ^ : — 

“ Modern writers on economics have been inclined to describe 
a class of entrepreneur, who is head of a business and yet buys 
capital as he buys labour and materials. Now this type, though 
an important one to describe, is hardly to be found pure . . . 
financiers’ profits are to be classed with true rents.” 

Thus the conception of a surplus normally accruing to the 
entrepreneur is not altogether untenable. 

But, indeed, I was not thinking specially of perfectly normal 
competition, but of competition in a more general sense, as 
opposed to monopoly — not so much ‘‘ industrial competition ” as 
defined by Cairnes, as that “ commercial ” competition which he 
conceives to act among the members of what he calls “ non-com- 
peting groups.” * The profits accruing to members of such groups 
may be described in the phrase of Mr. J. A. Hobson as ‘‘ forced 
gains.” 

As a type of this case, imagine an island on the shores of 
which seaweed of rare quality is periodically deposited by the 
unlaborious sea. The inhabitants, each owning a strip of the 
coast, exchange seaweed for foreign goods. Competing against 
each other in what may be called a perfect market, they set 
up a uniform rate at so much per ton of weed. Now let the 
competing islanders form a monopoly by combination; and let 
the monopolistic Directory discriminate between two species of 
weed, before sold indiscriminately. There is apt to result benefit 
all round, to both producers and consumers, as compared with 
the original competitive regime, j* 

The existence of “ forced gains ” may properly be postulated 
with reference to the controversial passage about Socialism which 
Mr. Bickerdike has quoted. This is a dialectical rejoinder to the 

^ Economic Journal, Vol. XX. (1910), p. 664 and p. 668, and contexts. 

* I was thinking also of another species of imperfect competition, or partial 
monopoly, “industrial” without “commercial” competition; as in the case 
of a hotel where, with respect to many articles, e. g. a cup of tea, bread-and- 
butter, cake, the hotel-keeper enjoys the characteristic attribute of monopoly, 
the power of fixing prices; and yet it is open to anyone to become an hotel- 
keeper (see II. p, 97). 

t That is, supposing the seller of sea-weed to possess the character of an 
entrepreneur in a degree sufficient to render the reasoning on p. 101 (par. 1) 
applicable. For instance, he might have to lay out money on the purchase of 
implements or the hire of common labour ; which outlay plus compensation for 
his trouble would be more than covered by the price of the seaweed. 
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individualistic argument that under a Socialist regime values and 
the distribution of goods would be much the same as at present. 
Now, those against whom this argument was directed mostly 
believe in the prevalence of “ forced gains ’’ in the present system. 
Accordingly, the rejoinder would not be convincingly rebutted 
by a contention which presumes the absence of such gains. 

But, indeed, the rejoinder (to the individualist argument) is 
more than an argumenlum ad hominem. The rejoinder does not 
depend altogether on the proposition disputed by Mr. Bickerdike — 
that there may be beneficial discrimination in the absence of joint 
cost or increasing returns. For the character of increasing returns 
is present wherever there are “ supplementary ” or general, as 
distinguished from “prime” or special costs; that is very 
generally in the modern industrial world. Whether we consider 
the establishment (and education) of lawyers, or the plant of rail- 
ways and waterworks, “ there is, up to a point, increasing returns,*’ 
as well remarked by Mr. Bickerdike; and accordingly relative 
value is apt to be altered by discrimination. It is true that some 
discrimination may occur in a regime of competition. Our 
islanders before their combination might possibly have hit upon 
the plan of selling the two species of seaweed at different prices, 
Mr. Acworth has adduced some remarkable instances of differential 
prices occurring in the present regime. ^ But it will be admitted 
that such discrimination occurs more readily and effectively under 
a regime of monopoly. It is conceivable, then, that a Socialist 
Directory should have an advantage in this respect over indi- 
vidualist competition. 

Altogether, whatever dialectical value may belong to the 
passage about Socialism is not much affected by Mr. Bickerdike’s 
observations. Perhaps they were not intended to bear on this 
passage. 

As he has remarked, the main part of my arguments has 
reference to the comparative advantages of discrimination and 
uniformity when production is monopolised. I have attempted 
to investigate some of the conditions on which this comparative 
advantage depends. With reference to the method of that inves- 
tigation, I am glad to have the present opportunity of again 
acknowledging obligation to Mr. Bickerdike’s article on Incipient 
Taxation. 2 In the course of the investigation it appears that 

^ Railway Economics y ch. ix. — ^As to discrimination in a regime of com- 
petition, see the article criticised by Mr. Bickerdike and here all along referred 
to ; C II- P- 407 ei seq. 

2 Economic Journal, 1907, p. 101; cp. Economic Journal, 1908, p. 399 
et seq. 1910, loo, cit. 
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the comparative advantage does not rest so fundamentally, as 
sometimes conceived, on the principle of joint cost or increasing 
returns. For example, suppose the State to own and work two 
distinct railways or canals, similar as touching their cost, but 
differing in respect of the demand for transportation. Probably 
in such a case the State might prescribe a different scale of rates 
on two lines, with benefit to the public as a whole. The benefit 
need not depend at all on joint cost or increasing returns. We 
might suppose, for the sake of illustration, natural waterways for 
which the costs of construction and all general expenses, in- 
volving the possibility of increasing returns, are negligible. The 
benefit depends on a quite different principle, the avoidance of 
that perte seche, in M. Colson’s phrase, that loss of Consumers’ 
Surplus which is incident to a unitary price. That the benefit 
may be measured by comparison with the state of the customers 
as it “ would have been, other things being equal, under a regime 
of competition ” — whatever that may mean in the case supposed 
— is at best a secondary proposition. ^ It is an obiter dictum not 
worth disputing about, but for its accidental connection with 
more important topics to which attention has been called by 
Mr. Bickerdike. 

^ So described, Economic Journal, Vol. XX. p. 448, par. 2. 
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(E) 

THE PURE THEORY OF MONOPOLY 

[This is a translation of Teona Pnra dd Monopolio published 
the Giortuilc dc^li Econofnisti^ 1897 ; itself a translation from 
an English original which has been lost. Much of the contents 
might with equal propriety have appeared in the Sections HAaling 
with Taxation and Mathematical Economics. But it has not 
seemed advisable to break up the article. The theory of monopoly 
in the ordinary sense of .the term is connected with the theory of 
two-sided monopoly or “ duopoly.” Cournot had represented 
the transactions between two parties to be determinate in the 
same sense as competitive prices. But heavy blows had been 
dealt on this part of his system by Bertrand in the Journal des 
Savants, 1883, and by Marshall, in an early edition of his 
Principles of Economics. Still in 1897 much of Cournot’s con- 
struction remained standing; the large part which is based on 
the supposition that the monopolist’s expenses of production 
obey the law of diminishing returns. Now the demohtion of 
Cournot’s theory is generally accepted. Professor Amoroso is 
singular in his fidelity to Cournot {cp. Economic Journal, 
September 1922).] 


Contents 

Section I. — The theory of taxation in the simpler cases of a 
single monopolist dealing with a group (or groups) of competitive 
individuals. 

Section II. — Proof of the proposition that in the case of two 
or more monopolists dealing with competitive groups, economic 
equilibrium is indeterminate. 

Section III. — On the effects of taxation (and other kinds of 
governmental regulations) in the more complicated cases of a 
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single monopolist dealing with groups of competitors — oases of 
correlation in respect of production or consumption. 

Section IV. — Summary in simple language of the theses 
maintained in the preceding sections. 


Section I. — On the effects of a tax in the simple case of a single 
monopolist dealing with a group (or groups) of individuals competing 
against each other. 

Cournot has fully discussed the typical case in which a com- 
modity of uniform quality is offered at one and the same price 
by a monopolist producer to consumers who compete against 
each other. The price is determined by the condition that the 
net gain of the monopolist should be a maximum. The quantity 
which is to be maximised may be represented by the expression 

pD — (p(D)y where D = F(p ) ; 


if p is the price, F(p) the quantity of the article which is demanded 
at the price p^ and (p{D) the cost of producing the quantity D. 
This formula remains applicable if we suppose that (p(D) indicates 
not merely the money cost, the expenses of the monopolist, but 
the measure of '‘real cost,'’ ^ the pecuniary equivalent of the efforts 
and sacrifices incurred by him in the production. Thus inter- 
preted the formula may be extended, by simply changing the 
signs, to a monopolist consumer who deals with producers com- 
peting against each other. In this case F(p) expresses the 
quantity of an article offered by competitive producers at the 
price p\ and (p(D) represents the total utility for the monopolist 
of the quantity 

The effects on the price and on the quantity of an article 
which are caused by a tax are represented by the same expression 
in both the cases. If V is the total net utility of the monopolist, 
whether he is producer or consumer, then for the increment of 
price consequent on a small tax, for instance, u per unit of product, 
we have in both cases 


which expression is 


necessarily positive. To investigate the effect 


^ Cp. Marshall, Principles of Economics y sub voce “ Real Cost.” 

2 The total utility simpUciter, if the monopoly is enjoyed by an individual; 
but if the part of monopolist is played by a combination — for instance, a co-opera- 
tive buyers’ association — there should be understood the sum of the total utilities 
obtained by each member from the portion of commodity assigned to him ; a 
conception which is not necessarily identical with the Qemeinnutzm of Auspitz 
and Lieben, relating to a regime of Competition. 

* Cournot, Rechefches, Art. 3S. 
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of the tax on the q^uantity of the commodity taken at the price, 
it is convenient to consider the price as a function of the quantity ; 
say p = /(^).^ * Then, if the monopolist is the producer, we 
have 

V = — <p(x), 


and for the increment of x 
Ax 


. dW 
• dx^ ’ 


which expression is necessarily negative. If the monopolist is 
the buyer, the signs in the expression for V are changed; while 
the equation for Ax remains the same. 

As the tax may very well be imposed not on the monopolist 
but on the competitive group, especially when the latter act as 
producers, it may be well to observe that in general it makes no 
difference theoretically on which of the two parties the tax is 
imposed. 2 

Analogous propositions may be proved for an ad valorem tax 
which is not regressive by inserting in the expression for the tax, 
instead of x as just now, any function of x (or of p) which 
increases (or diminishes) with the increase (or decrease) of 

I hasten to pass on to less beaten ground. 

An interesting variety of the case in which the monopolist is 
the buyer occurs when the quantity of the commodity that is on 
sale is absolutely limited ; for instance, when it consists of land 
offered by competing owners. Here F'{p) is zero, and accordingly 

(ZF, == d((pl:F{'p)) — pi^Xp), = — F('p)dp. 

Whence, as the price is continually reduced, the net profit of the 
monopolist continually increases up to the point at which the 
sellers are beaten down to nothing — theoretically nothing, prac- 
tically next to nothing. 

In a case of this kind a tax on rent would not fall on the 
competing landlords at all, but altogether on the monopolist 
tenant. There occurs in this case what is erroneously supposed 
to occur in general, that in the phrase of Mill “ the price cannot 
be further raised to compensate for the tax, and it must be paid 
from the monopoly profits.’’ ^ f 

^ Op. at. Art. 43, p. 89. 

♦ X has been substituted for Cournot’s D here and in the sequel. 

® Op. at. Art. 37. 

® Cournot, op. at. Art. 41. Marshall, Prinaples, 3rd ed., p. 433, note. 

* Mill, Political Economy ^ Book V. ch. iv. § 6. He is followed by some eminent 
writers, but naturally not by any of the mathematical school. See Cournot, 
BechercheSt ch. vi., and Marshall, Principles^ Book V. ch. xiii. ed. 3. 

t It may be recalled, however, that, though the monopolist has an interest 
VOL. I. I 
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It may now be asked : Will the case be materially altered if, 
between the monopolist buyer and the group that is under the 
necessity of selling without a reserved price, there is interposed a 
third party, namely, another competitive group with an ordinary 
degree of “ elasticity.” Where there are two groups each con- 
sisting of individuals competing against each other the intro- 
duction of a third group completely changes the incidence of a 
tax. Thus a tax on the ground rent of cultivable land will in 
general fall entirely on the owner ; a tax on agricultural produce 
will not in general fall entirely on the owner. Does there exist a 
similar distinction in the case of monopoly ? 

It will be well to begin with the case in which all the individuals 
in each group are competitors ; as the classical writers have 
hardly discussed this case in all its generality, having limited it 
by the special supposition that the commodity of which the 
supply is fixed is not all of the same quality.^ Let us start with 
the supposition of three islands, A, B, C, which carry on an 
international trade of the following description. A buys from B 
goods, say 6 , for the production of which B must buy from C 
certain materials or “ agents of production,” say c; which are 
periodically supplied to C in constant quantities not capable of 
being increased by human effort — for instance, seaweed deposited 
on the shores of C. Let he the price of and 7>2 that of c. 
Considering any particular producer in B, let us denote by 
the quantity of finished goods offered by him to inhabitants of 
A ; and by the quantity of raw material or agent of production 
demanded by him from inhabitants of C. Then the net advantage 
of this individual, say increases with the net profit '» 

ceteris paribus, and abstraction being made of the efforts and 
sacrifices involved in the increase of jiroduction. Likewise the 
advantage diminishes with the increase of and increases with 
the increase of Ct (the increase of material facilitating production) 
in virtue of these efforts and sacrifices; abstraction being made 
of the satisfaction resulting from increased gain. These relations 
may be thus exj^ressed : — 

W( = Fti -f (2,^1 - - Z„ + ?,). 

As and are both controlled by the individual, he will vary 

in reducing the tax, it is not a very great interest, for a reason pointed out below. 
\Cp, Economic Journxx., 1922, p. 439.] 

Ricardo in bis discussion of taxes on raw material introduces at the beginning 
a phrase applicable to tho general case, “ that capital which pays no rent ” 
{Political Economy, ch. ix. par. 1). But he immediately proceeds to suppose 
land of diSerent qualities. Cp. Mill, Political Economy, Book V. ch. iv. § 3. 
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them up to the point at which w, is a maximum, 
the two equations : — 


(a) 



(b) 



We have thus 


Eliminating from the equations (a) and (6), we might obtain 
an equation of the form 2 :^ = (pt(Pv V%)> representing the offer of 
h by the individual No. t in B (at the prices Pi and p^). Summing 
the offers of dll the producers in B, we have 


Sz ^ Spipi, P 2 ) = say 0(Pi, Pz)- 

This offer ought to be equal to the demand in A for b at the 
price Pi\ say (1) (P(Px} P 2 ) “ Again, eliminating Zt from 

the equations (a) and (b) we might obtain an equation of the 
form Cf — y)(Pii p^)- Whence as the sum of the f’s is constant 
we have an equation of the form 

(2) T{pi p^ K\ where Z is a constant. 

To investigate the effect of a tax, say of u per unit of seaweed, 
or use of land or other limited commodity obtained from C, it is 
proper to put {p^ + u) for p^ in the equations (1) and (2) from 
which the two prices are determined. It is evident that the 
value of Pi which is obtained by eliminating the other variable is 
not altered by the change ; the tax falls entirely on the inhabitants 
of C. 

To study the effect of a like tax on the produce of B we ought 
to substitute for Pi, {pi + in the left-hand member of the 
equation (1), or {pi — u) in the right-hand member. In general 
the offer of h expressed by 0 will fall ; and consequently the 
demand for c expressed by The quantity of c being fixed, the 
fall on the demand for it is attended with a fall in its price. There 
is a limiting case in which the price of c is not altered, and the 
entire tax falls upon A. This occurs when the demand on the 
part of A for h is perfectly inelastic. Then F(pi -f- u) = F{pi). 
And so the price paid to the producers in B and their demand 
for c remain unaltered. Everything goes on as before, except 
that the inhabitants of A pay the tax in addition to the price 
of &.1 

We have now to consider how these relations are modified 
when it is supposed that h is bought by a monopolist. Equa- 
tion (2) remains as before; but for equation (1) we ought to 

1 Cp, II. 134. 
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substitute the condition that F, the net advantage of the mono- 
polist, should be a maximum ; and V is of the form 


^L<^(Pv P2)] ~ Pi^iPv P2)- 


Whence it follows that we ought to equate to zero the differential 
coefhcient of the expression V — — K) (where A is the 

undetermined multiplier proper to problems of relative maximum) 
— the complete differential, not simply the partial difierential 
with respect to the variable which is directly under the control 
of the monopolist, viz. For why should the monopolist stop 


at the value of p^ which is given by the equation 

not varying. He will go on making Pi to vary directly and p^ 
in virtue of equation (2), indirectly up to the point at which V 
cannot be increased by any variation of pi consistent with 
equation (2). 

It appears from this analysis that, as before, a tax on c will 
fall entirely on C. With respect to a tax on h, the case of 
monopoly agrees with that of competition in this respect, that in 
general the price of c will be somewhat reduced. 

Suppose now that either of the groups B or C becomes solidified 
as a monopolist. Presumably each monopolist will fix the price 
which is directly under his control at that figure which he thinks 
likely to afford him the greatest net advantage, account being 
had of the price which will probably be fixed by the other mono- 
polist for the article under his control. It is thus that the stroke 
of a fencer is influenced by his prevision of what his adversary’s 
parry will bo. The economic fencing-match may continue till 
one of the fencers is ruined. Pure theory does not seem to 
assign any stage at which they must stop. 

This is a particular case of the general proposition that, when 
more than one monopolist takes part in a system of bargains, 
value is indeterminate. The proof of this proposition presents a 
difficulty which must be overcome before we can proceed to the 
more complicated cases of value in a regime of monopoly. 


Section II. — Proof of the proposition that when two or more 
monopolists are dealing with competitive groups^ economic equili- 
hrium is indeterminate. 

To establish this proposition it will suffice to consider the 
typical cases formed by two monopolists, each of whom, acting 
independently, offers to a competitive group one of two articles 
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that are either (A) rival or (B) complementary as objects of 
demand. 1 

A. The simplest case under this head is that in which the 
rival articles are not merely substitutes for each other, but 
actually identical. This case is treated by Cournot ^ as the first 
step in the transition from monopoly to perfect competition. 
He concludes that a determinate proposition of equilibrium defined 
by certain quantities of the articles will be reached. Cournot’s 
conclusion has been shown to be erroneous by Bertrand ® for the 


^ I dofine these terms as follows. I assume, notwithstanding the objections 
raised by some distinguished economists, in particular Prof. V. Pareto in the 
Qiomale degli Economisti [cp. Manud\ and Prof. Irving Fisher in his Mathematical 
Investigations, p. 89, that for every system of quantities assigned to the two articles, 
that is, for every pair of z and y (at any rate for values above a certain minimum 
of these commodities — cp. Marshall, Principles, Appendix, Note vi, and passage 
there referred to), there is for each individual a money measure of the total 
utility which ho derives from the consumption of assigned quantities {x and y), 
a measure represented by a function of those quantities (see Dupuit, article 
“ Utility,” Journal des Economistes, 1863). 


If X and y are the quantities sold at the prices | and we have f == 

dxr 

T? = for each individual ; Xr and yr being the quantities purchased by the 

individual numbered r. Whence, if F{x, y) is put for 2 Fr{Xr, yr) — corre- 
sponding to the “ Gresammtniitzlichkeit ” of Messrs. Auspitz and Lioben 

dF dF 


f 


’ dx* 


' dy* 


Well then, the articles are rival or complementary objects of demand according 
d^F 

as j— r- is negative or positive. We shall have the first case when ia 

dxdy dx4yr 

negative for every individual (or at least on an average) •, the second case when 
that expression is positive. 

From the last two paragraphs we deduce that ^ ^ ia negative for rival 

and positive for complementary articles. Also, if x and y are considered as 
functions of { ^7 which may be obtained from the above given values of 

{ and T? in terms of x and y, it will bo found that — and — are positive for rival 

and negative for complementary articles. The proof of this proposition involves 
the condition 


> 0 . 

\dx)\dy) xdyAdxl 


This condition follows from the condition that in equilibrium the total utility of 
each individual ought to be a maximum because otherwise he will continue to 
buy at the prices { and tj. Whence it is deducible that the total utility F{xy) 
ought to be a maximum. Whence 



which is identical with the said condition {cp, below, Sect. III.). 

* Op. cit, ch. vii. 

* Journal des Savants, 1883. 
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case in which there is no cost of production; by Professor 
Marshall ^ for the case in which the cost follows the law of increas- 
ing returns ; and by the present writer ^ for the case in which the 
cost follows the law of diminishing returns. 

In the last case there will be an indeterminate tract through 
which the index of value will oscillate, or rather will vibrate 
irregularly for an indefinite length of time. There will never be 
reached that determinate position of equilibrium which is charac- 
teristic of perfect competition defined by the condition that no 
individual in any group, whether of buyers or sellers, can make a 
new contract with individuals in other groups, such that all the 
re-contracting parties should be better off than they were under 
the preceding system of contracts. 

The theory may be illustrated by the extreme case of decreasing 
returns,* the case in which there is a fixed limit to the amount 
that can be produced. Suppose, for instance, that there are two 
monopolists, each owning a spring of mineral water (Cournot’s 
“ source minerale ”), the output of which per day is limited to a 
certain quantity, the same for both springs. To further simplify 
the example, suppose that the delivery of the commodity is not 
attended with any expense. Further, let the demand-curve be 
the same for every consumer; and that the simplest possible, 
namely, a right line. Thus let ir,. = 1 — p where p is the price 
and Xj, is the amount of the commodity demanded at that price 
by any individual. Accordingly, if x is the collective demand of 
a set of customers numbering n, 

X = n(l — p). 

In Fig. 1 let us represent ir by a horizontal abscissa, and p by a 
vertical ordinate, in accordance with Marshall’s well-known con- 
struction. We may begin with the supposition that each mono- 
polist deals with only half the total number of potential customers ; 
which is, say, 2^. The collective demand-curve for one of the 

* Principles of Economics ^ first ed., note to p. 485. 

* Mathematical Psychics. The competition of the two monopolists will reduce 
the price below the point Q in the figure on p. 114 {op. cit.) to within the tract 
between Q and T. Cp. note to p. 116, where the statement that “ the system 
will reach a final settlement at some intermediate point ” is inaccurate. Suppose 
that there are two B’s dealing with an indefinite number of A’s, as in the case 
now under consideration. The B’s will force each other below the point Q; 
and between that point and T the position of (temporary) equilibrium will 
continue to vary ; since it will always be the interest of one or more of the A’s 
to re-contract with one or both of the B’s ; getting on to the partial or “ supple- 
mentary contract curves ” which are indicated at p. 37 {op. cit.), but not 
represented in the figure on p. 114. 

* For an example not thus limited see Economic Journal, September 1922. 
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markets thus constituted may be represented by the right line 
RC, making an angle of forty-five degrees with each of the 
co-ordinates, if the units pertaining to the co-ordinates are 
properly taken. Let OR be the unit of price. Let OA represent 
the quantity of commodity which is demanded at the price 
OP (= ^), = (units of commodity). Let OB, = |c, be the 
amount to which the daily output of the monopolist is limited. 
Let RG' likewise represent the demand-curve of the N customers 
who are supposed initially to be dealing with the other mono- 
polist; with similar conventions as to the abscissa OA\ OB\ OC* 
(= OA^ OB, OC respectively). 

Now if each monopolist were dealing independently of the 
other with half of the customers he would fix the price at OP, 
since his net profit Npil — ^) is a maximum. When p \ the 


R 



corresponding quantity would be \c. Let us start from this 
position. If the commodities were quite uncorrelated we would 
stop there. But as things are, it will be the interest of one of 
the monopolists to lower his price by a little, say dp, so as to 
attract his rival’s customers. Throwing his whole stock on the 
market, he would realise a greater profit than before, namely, 
fc{J — dp). He would not indeed be able with his limited supply 
to satisfy the entire demand, namely c(J — dp), evoked by the 
lowered price. But he would have deprived his rival of a great 
part of his initial custom. However, the rival will now follow 
suit with a still lower price. So by successive steps, by variations 
of price which may be supposed to occur from day to day, the 
price may be lowered to OQ, = J, which is just sufficient to take 
off the whole supply of one monopolist offered to half the market, 
consisting of N customers. At this point it might seem that 
equilibrium would have been reached. Certainly it is not the 
interest of either monopolist to lower the price still further. 
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But it is the interest of each to raise it. At the price J set by 
one of the monopolists he is able to serve only N customers (say 
the first A on a queue) out of the total number 2N, The remain- 
ing N will be glad to be served at any price (short of unity, = OB). 
The other monopolist may therefore serve this remainder at the 
price most advantageous to himself, namely Ho need not 
fear the competition of his rival, since that rival has already 
done his worst by putting his whole supply on the market. The 
best that the rival can now do in his own interest is to follow the 
example set him and raise his price to -J. And so wo return to 
the 2 ^osition from which wc started and are ready to begin a new 



cycle. This need not have exactly the same path as that which 
we have described. For at every stage in the fall of price, and 
before it has reached its limiting value it is competent to each 
monopolist to deliberate whether it will pay him better to lower 
the price against his rival as already described, or rather to raise 
it to a higher, perhaps the initial, level for that remainder of 
customers of which he cannot be deprived by his rival (owing to 
the latter’s limitation of supply). Long before the lowest point 
has been reached, that alternative will have become more 
advantageous than the course first described. 

The matter may be put in a clearer light by taking f and rj 
as co-ordinates representing the prices of the articles which are 
in the limiting case now considered identical, but in general only 
rival. The dotted lines iii Fig. 2 represent the locus of maximum 
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profit for the monopolist owning the commodity of which the 
price is f — the watershed^ so to speak, of the utility surface for 
that monopolist (or more exactly the locus of that price of x 
which for any assigned price of rj affords maximum profit to the 
owner of The corresponding locus for the second monopolist 
is represented by the broken lines. Corresponding to the data 
above defined, put Op = Op' = 1 ; Oq “ Oq' ~ }. 

If we start from a price Or, above Op, the same for both, it will 
be the interest of one monopolist to lower his price to Op. The 
other monopolist from a similar motive, and faced with the loss 
of custom, follows suit. So we come to the point P, the j^osition 
of equilibrium if the two markets were separate, or if the two 
monopolists were in combination. Now it is the interest of the 
seller of x to lower his price by a little and so (the price of y 
remaining the same) to move to the point where the dotted lino 
parallel to PQ intersects the broken line Pp'. The seller of y 
then lowers his price r] to a point on the broken lino which hugs 
the diagonal on the right. And so the system may dance down 
to the point which corresponds to the price Oq (=• Oq'), below 
which there is no tendency for the price to be lowered. But 
before this limit has been reached, the first price may have 
jumped back to the border-line Pp. The second will then pre- 
sumably jump on to the lino Pp' ; and so motion, is 

set up. 

It will readily be understood that the extent of indeter- 
minateness diminishes with the diminution of the degree of 
correlation between the articles. The illustration above given 
may be adapted to exhibit this incident. f 

In the limiting case of no correlation between the commodities 
the locus of maximum advantage for each monopolist becomes a 
line parallel to one of the axes. For instance, if Oa in Fig. 3 is 
the value of f which affords maximum profit to the owner of x 
when rj, the price of y, is zero, Oa continues to do so when r} 
varies; aQ is the locus of maximum advantage for the owner 
of X. 

B. The case of complementary demand may be illustrated by 

* In general the maximum value of f would depend not only on the assigned 
value of “n, but also on the value of y. 

t The figure is adapted only to cases which arc adjacent to the one discussed 
in the text ; suppose two sources of just distinguishable mineral waters which 
are supplied by two competing monopolists without cost of production. Some 
notion of the complications which arise when these simplifying suppositions are 
removed may be obtained from the example considered in the Economic Journal, 
1922; where it should be remarked that the quantities supplied, not as here the 
prices, are taken as the variables. 
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supposing 2N homogeneous customers whose laws of demand 
are for the first article : — 

= 2iV^(l - f - arj), 
and for the second article : — 

^ = 2JV(1 -pS-rj), 

To begin with, a and /5 may be supposed very small and equal. 
Then the loci of maximum profit are for the respective mono- 
polists ; — 

I — 2| — == 0 ; 

1 — of — 27 ] ~ 0 . 



They may be imagined (they are not shown) as passing respectively 
through A and a in Fig. 3; the first almost vertical, the 
second almost horizontal. 

The limiting case in which the two articles are perfectly 
complementary may be represented by putting a equal to 1. 
This is the case considered by Cournot wlien he supposes that 
each commodity has only one use ; namely, to enter in a fixed 
proportion into the composition of a certain article for which 
there is a demand.^ There are then given two monopolists who 

^ Recherchea^ ch. ix. It may excite surprise that when Cournot treats of two 
monopolists dealing in two perfectly rival articles, he supposes the steps towards 
equilibrium to be made by varying one quantity while the other remains constant 
(ch. vii.); whereas when he treats of two monopolists dealing in two articles 
perfectly complementary, he supposes that the steps are made by varying one of 
the prices while the other remains constant. An explanation may be found in the 
terra “ perfectly.” If the articles are perfectly rival (that is, identical) there 
cannot well be supposed two prices; and if the articles are perfectly comple- 
mentary (as in the case to which this note refers) there cannot bo supposed two 
(independent variations of the) quantities. 
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high aa possible runs in the direction hA, The intersection of 
these two lines at the point P might seem to be a position of 
equilibrium. From this point it is not the interest of Nansen to 
move either to the right or left; nor of Johansen to move either 
up or down. Nevertheless if Nansen were to move from this 
position — whether by accident in the polar darkness, or designedly 
foreseeing a future move of Johansen — say to the right to a 
neighbouring point not shown in the figure ; then Johansen 
would tend to move downwards on the vertical line through Pj 
to a point where the depth of the valley measured from the 
eeadevel is greatest. At this point it is probable that the height 
of the ice is greater than it was at the initial point P, since the 
hog*s-back ’’ formed by the ice becomes higher as one moves 
towards OA along its crest, and accordingly as one moves near the 
crest, in that downward direction. Nansen will then be in a position 
to repeat his step to the right, whether induced by a knowledge of 
Johansen’s motives, or simply by the fact that his first step to 
the right resulted in advantage to himself. And so there may 
be reached a point on the line 6-4 considerably below and to the 
right of the initial point P, the point at which it will no longer 
prove to the advantage of Nansen to take a step to the right. 
At this point, which proves to be that at which f the 
point Q in Fig. 3, it may be thought that equilibrium will finally 
have been reached. 

But it will not be a stable equilibrium, except on the extreme 
supposition that Nansen is perfectly intelligent and foreseeing, 
while Johansen, as the saying is, “ cannot see beyond his nose.’’ 
Otherwise let us suppose first that both proceed by tentative 
steps in the dark. At the point (?, or perhaps before getting so 
far from P, the immediate interest of Nansen may prompt him 

* Let bo Uie point on the lino Ba at which Johansen moving downwards 
from the point Pj stops. The step PPj being short the position. must be 
more advantageous for Nansen than P from which he started. For is within 
the curve of constant advantage, the indiSerence-curve, may wo say, pertaining 
to Nansen defined by the equation U = constant where U ~ ^2N(1 — 4 — >?). 
Whence 

drj du /du __ 1 — 2^ ■— V 

d^'^ / dn ~ 

Thus the tangent to Nansen’s indifference-curve (which is concave towards the 
axis Oa) is horizontal at P (since at that point and at P^ it 

slopes slightly downwards to the right, but not nearly so much as the line bA, 
Accordingly, if Nansen makes a second short step to the right from Qj, say to P|, 
and thence Johansen moves down to on 6d, the position Qg will be more 
advantageous for Nansen than Qi. And it can be shown that this downward 
movement may continue on to the point Q where the tangent to the indifierence- 
ourve becomes coincident with the line bA, 
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represented by the dotted line Ba in the figure ; and the corre- 
sponding locus for the seller of y is 

1 - f = 0. 

If we suppose that both these equations exist simultaneously 
we ought to have S ~ rj Op Op' ; with P as the position of 
equilibrium. If wo suppose that one only of the equations holds 
good, the second, for example, but not the other, then, the first 
monopolist varying his price consistently with the satisfaction of 
the second equation, the position of equilibrium will be such that 
S{1 — S ~ rj) should be a maximum, subject to the condition that 
1 — f — > 2y ~ 0 ; which gives that point on the line Ah for 
which ^ — 2 ; that is, the point Q, if OA = 1 . But it is the 
better opinion, I think, that neither of these suppositions is 
tenable. For clearly in the case of a single monopolist, when it 
is laid down as a fundamental principle that pF(p) (less cost of 
production) should be a maximum, it is not supposed that the 
demand F(p) should be subject to the condition that the prices of 
all the other articles should remain constant when there are 
other articles whoso prices vary with p. We have already had 
an example in the international trade above described.* Here is 
a further somewhat fanciful illustration. 

Suppose Nansen and Johansen are dragging their sledge over 
the Arctic plains (all their dogs having died). In the pursuit of 
different scientific aims one of them, Nansen, tries to get up on 
the ice as far as possible above the level of the sea, while the 
other strives to reach the position at which the depth of the sea 
measured from the sea-level is a maximum. With these different 
objects Nansen and Johansen do not act in concert; so much 
only of their old partnership remains that they do not act against 
each other, Nansen moves only in a line of latitude (in either 
direction), Johansen only in a line perpendicular thereto, a line 
of longitude, parallel to axis OB. 

Under these conditions it is very possible that the two surfaces 
— of the ice and of the bottom of the sea — are crumpled in such 
wise that the sledge will never come to a point such that neither 
of the parties will want to get away from it. Such was the case 
above described with reference to rival commodities. 

There is also possible another case. Suppose the principal 
ridge of ice on which Nansen wants to get as high as possible 
runs in the direction Ba (Fig. 3), and that the principal valley in 
the bottom of the sea above which Johansen wants to get as 

♦ Se6 above, p. 114, 
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high as possible runs in the direction bA, The intersection of 
these two lines at the point P might seem to be a position of 
equilibrium. From this point it is not the interest of Nansen to 
move either to the right or left; nor of Johansen to move either 
up or down. Nevertheless if Nansen were to move from this 
position — whether by accident in the polar darkness, or designedly 
foreseeing a future move of Joliansen — say to the right to a 
neighbouring point not shown in the figure; then Johansen 
would tend to move downwards on the vertical line through Pj 
to a point ^ 2 * where the depth of the valley measured from the 
sea -level is greatest. At this point it is probable that the height 
of the ice is greater than it was at the initial point P, since the 
“ hog*s-back formed by the ice becomes higher as one moves 
towards OA along its crest, and accordingly as one moves near the 
crest, in that downward direction. Nansen will then be in a position 
to repeat his step to the right, whether induced by a knowledge of 
Johansen’s motives, or simply by the fact that his first step to 
the right resulted in advantage to himself.* And so there may 
be reached a point on the line bA considerably below and to the 
right of the initial point P, the point at which it will no longer 
prove to the advantage of Nansen to take a step to the riglit. 
At this point, which proves to bo that at which f — i, the 
point Q in Fig. 3, it may be thought that equilibrium will finally 
have been reached. 

But it will not be a stable equilibrium, excej^t on the extreme 
supposition that Nansen is perfectly intelligent and foreseeing, 
while Johansen, as the saying is, “ cannot sec beyond his nose.** 
Otherwise let us suppose first that both proceed by tentative 
steps in the dark. At the point (?, or perhaps before getting so 
far from P, the immediate interest of Nansen may prompt him 

* Lot Qlho thu point on tlic lino lia at which Jolmnnon moving downwards 
from tho point stops. The stop PPi l)oing sliort tho position Qi must be 
more advantageous for Nansen than P from which ho started. For ia within 
the curve of constant advantage, the indifference -curve, may we say, i)ertaining 
to Nansen defined by the equation U = constant where U — 42 A^{i — ^ — 77). 
Whence 

drj ^ /du __ 1 — 2^ — 77 

di/ drj ^ 

Thus the tangent to Nansen’s indifference-curve (which is concave towards the 
axis Oa) is horizontal at P (since at that point and at Pi it 

slopes slightly downwards to the right, but not nearly so much as tho line bA. 
Accordingly, if Nansen makes a second short step to tho right from Qi, say to P|, 
and thence Johansen moves down to Qg on 6A, the position Q2 will bo more 
advMiti^eous for Nansen than Qg. And it can be shown that this downward 
movement may continue on to the point Q where the tangent to the indifference' 
curve becomes coincident with the line bA. 
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to move to the left to a point on the line Ba. From this point 
Johansen will move upwards to a point on the line hA. And so 
on, until they regain perhaps the initial position P; ready to 
start on a second excursion, this time perhaps in an upward 
direction. Secondly, let us suppose that both are perfectly intel- 
ligent and aware of each other’s motives. Then from the point (?, 
for instance, it is quite possible that Johansen may move upwards ; 
not that it is his immediate interest to move in this direction, 
but in the hope of inducing Nansen to move to the left to a 
position (on the line bA) more advantageous to Johansen than Q, 
Nansen, however, may not lend himself to this plan. And so 
the two may continue to make moves against each other; or if 
they stop, it will be only for a time, and not in a determinate 
position.* 

To drop metaphor, it is certain in the case of rival articles 
offered by monopolists not in combination, and at least very 
probable in the case of complementary articles, that economic 
equilibrium is indeterminate. 

It is unnecessary to point out how prevalent in the actual 
world are the relations of “ rival ’’ and “ complementary.” Let 
the reader consider the passages referred to in Professor Marshall’s 
Principles under headings “ Joint Demand,” and “ Substitutes.” 
It will be sufficient here to mention two cases which, though they 
do not possess the essential characteristics of rival or comple- 
mentary goods as above defined, yet have the property of render- 
ing monopoly price unstable. The summa genera of necessary 
articles, food, clothes and so forth, may be regarded as com- 
plementary in a certain sense in so far as an increase in the price 
of one class tends to diminish that of the other class. For 
instance, it is said that during a dearth in one of our northern 
cities the price of old clothes diminished. Articles of consumption 
may also be rivals in a sense, though not capable of acting as 
substitutes for each other, if an increase in the price of one causes 
less money to be spent on it, and the money thus set free goes to 
increase the price of other articles. f 

Section III. — Since then there is no theory of economic 
equilibrium in the case with which w’e have to do with different 
monopolists, we may confine ourselves to the case in which there 
is only one monopolist in the field. An important variety of 
this case occurs when there are two or three different markets 

* For further illustrations of the indeterminateness which is characteristio 
duopoly see Economic Journal, September 1922^ 

t Cp, below, p. 137. 
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furnished by one and the same monopolist with two or more 
articles of which the production is joint in this sense, that the 
increase of one renders the increase of the other (a) more, or (6) 
less, costly. In symbols let x and y be the respective quantities 
produced and (f(x,y) the expenses, or, more generally, the 
pecuniary measure of the real cost of the productions of x and y 

together; w'e have then case (a) if positive; if it is 

negative, case (6). These relations may bo designated by the 
terms {a) rival production, (b) complementary production. 

It should be observed that ‘‘ complementary production 
as here defined is not identical with joint production as used by 
some distinguished writers. If the expense incident to the 
production of two articles in the quantities x and yisG-\-ax-{- by^ 
where (7, a and 6 are constants, these articles would commonly 
be described as produced jointly, but they are not “ comple- 
mentary in our sense.* 

(a) First, the production being rival, let the cost of producing 
X together with y be (p{x,y) where (the law of increasing 

cost being assumed) and Rrc each positive. Let fi{x) bo 

the price at which the quantity x is demanded in one market 
and/ 2 (y) ^^e price at which the quantity y is demanded in another 
market ; then if V is the net advantage of the monopolist, 

V = xf^(x) + yUy) - <p{x,y). 

Now suppose a small tax of per unit is imposed on the first 
commodity. If dx and dy are the consequent variations in the 
quantities furnished we have, 


since 




j dW ^ j d^V 
^ ^ dx^ ^^^dxdy 


u, 


dx 


dW 

dxdy 


dW 


- >2 = 

!/ ' ^ dy^ 


whence dx ■ 


d^V . , d^V . . 


where A is the 


d^V dW / F V 

determinant “■ \dx (ly) ' ^ quantity which must be 

positive in order that V should be a maximum. For the same 

* Compare tiie definitions adopted by Pigou ; as to wliich see passage referred 
to in Index, s.v. JoirU Prodttetion. 
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reason ^ must be negative. Also must be 

negative. Accordingly dx is negative, dy is positive; the pur- 
chasers of the taxed article are damnified, while the purchasers 
of the tax-free article are benefited. The proposition may be 
extended to any number of articles. 

We might have reached the same conclusion if we had treated 
the 'prices y say f and rjy as the independent variables ; in which 
case it would be proper to substitute for rr, ) and for t/, F^{Ti)y 
likewise {qt f^(x) and/gCy) respectively f and rj. 

Analytical geometry may be usefully employed with either 
set of variables. Thus let V be represented by the height of 
a surface depending on the independent variables f and y. The 
position of maximum height is given by the simultaneous 
equations 



These equations are adequately represented, with respect to 
values of the variables, in the neighbourhood of the maximum 
by the curves AA' and BB' in Fig. 4. For both the curves in the 
neighbourhood of P will be inclined negatively to the axis of f ; 

that is, the tangent negative. Further, that 

cl*, 

tangent in absolute quantity will be greater for AA' than for BB\ 
For with respect to A A' 



The numerator of this fraction is positive since F is a maximum 
(at the point P). Also the denominator is negative, as may 
be seen by substituting Pi(l) and F 2 {q) for x and y in (p{Xyy). 
By parity of reasoning the tangent for BE' 



These values of (^) , and (^|) , as they may respectively 

be called, arc now to be combined with the third condition 
required in order that V may be a maximum, viz. 


• drj^ 


Whence 




in absolute quantity, > 


[©], 
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being both negative, the curves ought to be (in the neighbour- 
hood of the maximum) inclined to the axes and to each other 
as represented in Fig. 4. 

Now let a (small) tax ofuad valorem* be imposed on the x 
commodity. The curve A A* will be displaced to the right as 
in the. figure; while the curve BB' remains unchanged. Thus 
while f is increased 7 ] is diminished; a conclusion identical with 
that reached above, since the prices and quantities vary inversely.’*' 

If we had treated x and y as the independent variables, the 

loci ) = 0, and (^-) = 0 would still have been related like 



the curves A A' and BB' in Fig. 4; while the displaced curve 
would lie on the left of AA'. 

Conversely it may be shown that a bounty to one of the 
commodities will prejudice the con.sumers of the other. 

The effects of other kinds of governmental control may be 
studied by a similar procedure. Thus let there bo prescribed a 
maximum price or a fixed price for one of the articles, a price less 
than what would have been reached if monopoly were allowed free 
play. If ^ in Fig. 4 is limited to Op, less than OP, the position of 
equilibrium will be the highest point on the curve formed by the 
intersection of the surface (2 == F) with a plane through p perpen- 
dicular to the axis OX, The ordinate of the curve BB' formed by 
its intersection with a perpendicular through p (in the plane of f?;) 

* The concluaion is readily extended to a specific tax by substituting in the 
above for AL considered as a small percentage of f, the increment Lx Like 

reasoning applies to other small taxes. 

VOL. I. ^ 
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to the axis OX (the price rj) will evidently be greater than the 
ordinate intersecting at P. Of course if Op is considerably less 
than OP it might happen that the vertical plane through p does not 
meet the surface above the plane of ^rj. The value of V then 
becomes negative or impossible; the business cannot go on. 

Very similar is the effect of the condition that one price 
should not exceed the other by more than a certain proportion. 
This condition is exemplified by the American short-haul clause ; 
which enacts that if the distance of one station (from the 
terminus) is less than Pg* distance of another station, and Srj 
are the respective fares per mile, then shall not exceed 



t j) 

In other words, ^ is not greater than This limit may be 

expressed by a line through the origin such as Oq in Fig. 4. 

A line not passing through the origin may represent the con- 
dition that the difference between the two prices should not 
exceed a certain maximum. 

(b) Corresponding propositions may be demonstrated for 
articles of which the production is complementary. We have 

simply to change the sign of ; and accordingly the inclination 

of the price-curves, which will now be inclined and related as 
AA' and BB' in Fig. 5. The displacement caused by a tax on 
the X commodity is represented by a dotted curve on the right 
of A A' (on the understanding that the axes represent prices). 
Whence it appears that a tax on one of the complementary 
articles will cause the price of both to rise. 
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So far, supposing that the consumers of x and y constitute 
two distinct classes.^ 


Let us now suppose that the separation of classes no longer 
exists; and first let us suppose that x and y are quantities of 
rival commodities offered on a single market. For instance, x 
and y may denote respectively travelling on a railway by first 
or second class. (For simplicity wo may suppose that there are 
only two classes, as commonly now in England; though they 
are commonly called first and third). This case is analogous to 
the preceding in so far as a tax on one commodity diminishes the 
quantity thereof which will be put on the market. But it does 
not now follow that the consumers of the substitute will be 
benefited. The consumers in globo, for instance, travellers on 
the railway as a body, may bo prejudiced by a tax on one of the 
commodities, sa}'' travelling by first class ; but it is also possible 
that they should be benefited thereby. The first proposition 
is self-evident; the second is a paradox which can only be 
demonstrated with the aid of mathematics. 

Let fi(x,y) be the price of the first commodity when x and y 
are the quantities of the respective commodities that are taken 

by the market. Then is, of course, negative. Also is 

negative, since the increased consumption of x diminishes the 
demand for the substitute y. Let f2(xy) likewise represent the 
price of y. Then for the total not profit of the monopolist we 
have 

V = xf^{x,y) + yU{x,y) - q^(x,y). 


For Ax and dy, that is, the increments of the commodities duo to 
a small tax r on x, we have as before 


. dW , . dW 


Ax 


dW 


dW 


From which it appears as before that Ax ( 

D is positive) is negative. But Ay may be either positive or 


/ D where 


^ An important variety of this case occurs when a monopolist fixes different 
prices for the same article as consumed by different classes ; for instance, a ticket 
for a theatre may bear a different price according as it admits a soldier or a 
civilian, a man or a woman. Many interesting examples of this type are adduced 
by Neumann in SchOnberg's Handbuch (see an example given by Dupuit, below 
U. 404). 
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negative. All that can be said with certainty about its sign is 
that it will be contrary to the sign of But nothmg is 

known about this second differential, except that it must satisfy 
the condition for V being a maximum, viz.— 



a condition which does not depend on the sign of the quantity 
which is squared.* This condition is compatible with the sup- 
position that not only should Ay be positive, but also xAS + yAr]^^ 
the approximate expression for the decrement of Consumers’ 
Surplus, should be negative; that is, the consumers as a whole 
should be advantaged by the tax. 

As, even with respect to mathematics, “seeing is believing, 

T subjoin a numerical example of the special case.** Let x and y 
be the quantities of two commodities which are rivals in con- 
sumption (partial substitutes for each other). Let the law of 
demand of these commodities be as follows, Pi and being the 
respective prices 

= 1-606S ~-2x~l(x- -96)5 - i 2/ 

Pa = 3-9i8 - 2(y - -6976)* - J X 
for values of x and y in the neighbourhood of the vaules x = 1 
and y=: I . This is a rational supposition, since there exists a 

function U such that (^) = Pi ~ Ps ’ ^ ” suited 


* Nothing can bo learnt about the sign in question from the laws of utility, 
since they tell us only that, if 17 is the Total Utility or Consumers’ Surplus (cp. 
dTl dU dW r, d^u r. 

note to p. 117), ^ > 0 , ^ > 0, < 0. ^ < 0, ^ >0: 


’ dy 


dx^ 


’ dt/ 


’ dx* dy* 


dkdy 


whereas ^ involves third differentials of U, about which nothing is given. 
dx dy 

^ The total net utility accruing to the consumers or the Consumers’ Surplus 
obtained from the purchase of the quantities z and y at tho prices i ^ respec- 
tively, may be written U - z^ - yn; where U is identical with as 

defined on p. 117 above. The total net utility when a; 4* Ax is substituted for 
X and foTpy-h Ay, becomes (approximately) 

u + -b 


: U 


- »{ - y, + ax(^ -() + Ay(§ - 7) - + y^v). 


Whence the increroent to the total netj^lity duo to the increments of x and y 

is - (xn{ + yn.,) (since (^) = f and (^) = c). 

** The numerical data here used are not exactly the same as those given m 
the example a. originally eat forth in tho Giomak. The fi^a ^ 
from a aimpUfied version of that example (presented below, F, p. 148). ^“rther 
fortifloatioB of the theory is offered at II. 93. S : and a fresh example at II, 400, f. 
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to represent the total utility (above a certain minimum) derived 
from the possession of the quantities of x and y distributed as 

described above (p. 117). For as = (^‘) is negative in 

the neighbourhood of the values « = 1, y = 1 (for which values 

(^) ~ ~ i^h^re is, as there ought to be, a limit to the 


quantity of x which the consumers will take at that price, 
supposing the price of y to be fixed. There is a corresponding 

limit to the increase of y since (^^isnegative (= — I'Sl). Further, 


supposing both quantities to vary simultaneously, there is, as 
there ought to be, a limit to the amount of aandvnches of the 
form lx + my which the consumers at any assigned (pair of) 
prices will demand; since the remaining condition for U being 
a maximum holds good, for x 1, y nr! 1 (and in the neighbour- 
hood), viz. — 



Such being the laws of demand, we have for the monopoly 
profit V = + yp 2 , e. supposing at first that there are no 

expenses of production ; which is a maximum when a: = 1, y = 1, 
since then 

Gi) = ~ ~ - y = 0. 

- 2(y - -6976)* - y(y - •6976)-» -x^O; 

while the second differential coefficients of V fulfil the remaining 
condition for a maximum ; for 



(- 3-3) X (- -6311) — 1® = 1-0826 > 0. 

If now a small tax of r per unit is imposed on the first com- 
modity we have for the increments of quantity (above, p. 131) 
— 3-3da:~-Jy = T 
-da;- •6311Jy = 0. 

iVhence 

Ax= -r-631 1 -f- 1-0826= - -58297 ; dy = 1 -1-0820= +-9237r. 
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Accordingly the decrement of Consumers’ Surplus 
=a xApi + yAp2 (approximately) 

= ^*( 4 ? + y^dx) + + y^) 

= — -583 (- *4 - - 5)1 + -9237 (- -6 - 1*81)t 
= - 1*626t. 

Since then the decrement of the Consumers' Surplus is negative, 
there is a positive increment of advantage to the consumers in 
consequence of the tax. Or is it easier to say that as both the 
prices are reduced, the purchasers must be gainers ? * 

The conclusion becomes a fortiori when there are expenses 
of production; for then we have at our disposal more functions 
with which to manipulate a favourable example.** 

Thus a tax on first-class tickets may have the effect of lowering 
the fares for both first and third class, and so benefiting passengers 
in general. The number of travellers by first class will, however, 
be diminished notwithstanding the attractions of a lower fare; 
the counter attractions of the lowered second-class fares 
predominating. 

The paradox which has been exhibited is presented by many 
other kinds of taxation, or more generally governmental regulation 
relative to commodities that are correlated in consumption. The 
correlated commodities need not be rivals^ as in the preceding 
example; they may be complementary , such as the carriage of a 
passenger’s luggage and the carriage of the passenger himself. 
Likewise a bounty on one of the correlated commodities may 
prove injurious to the consumers.*** Again, the limitation of 
the monopoly profit to a fixed percentage of the cost (including 
interest on capital) is not necessarily advantageous to the con- 
sumer. For the problem is then to maximise V subject to the con- 
dition that **** V >• i(p{xy y)y where i is a given fraction. Then 
beginning with the case in which the fraction i is such that the 
limitation is only just beginning to be operative, we shall find as 
before that the variations in the Consumers’ Surplus consequent 

upon the limitation depend upon the sign of the magnitude 

(or the corresponding second differential coefficient with respect 

* — •229t, Ap, = — r4r. 

** The example is modified so as to illustrate this point in the article dated 
1899, which is republished below, F, p. 149; where the { and 77 are used in the 
same sense as x and y in the present context. 

Not stated explicitly in the original. 

♦♦♦♦ The symbol > (not greater than) expresses the limitation better than 
the symbol a used in tlie original. 
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to f and 7 ]) ; which in general is not given. The principle applies 
very generally to the taxation of correlated consumable articles 
in a regime of monopoly.* 

These paradoxes may be somewhat diminished by the use of 
a principle which Economics is entitled to borrow from the 
kindred science of Probabilities, or the Art of Conjecturing.*' 
This is the presumption that in certain cases a quantity of which 
we do not know the sign may be treated as zero. In the leading 
case before us, if, as before, fiix^y) is the price of tlie first com- 
modity mdf^ixy) that of the second (when the quantities x and y 
are taken by the market), (f ix^y) is the total cost of producing 
X and y, and V the net advantage of the monopolist, we have 


V = xf^(xtj) 4- yf2M - (p(xy ) ; 



Of the three parts or terms of this expression (distinguished by 
square brackets), we know that the first is positive or negative 
according as the demand is complementary or rival; and that 
the third (with its sign) is positive or negative according as the 
production is complementary or rival. But we do not know 
the sign of the second term; and arc therefore perhaps justified 
in ignoring it; especially when the sum of the two other terms 
is considerable, as may well be if production and consumption 
are either both rival or both complementary. 

So far in this section we have been supposing that the mono- 
polist, true to his etymology, is only a seller. But the method 
which has been indicated may readily bo extended to the case 
in which the monopolist is the buyer of two or more correlated 
commodities. Thus it is possible that ho may have a rival or 
complementary demand for goods supplied by distinct groups of 
producers. Or he may purchase goods of which the production 
is rival or complementary. And at the same time ho may have 
a rival or complementary demand for those goods. 

We may form any number of combinations with the attributes 
of which the properties have been deduced; always excepting 
those cases in which two or more monopolists are in the field. 

Section IV. — In conclusion I now propose to restate in plain 

* The exposition in the original is intemiptod by the statement of two well- 
known or obvious propositions : (a) A progressive (as well as a simply proportional) 
tax on the profits of the monopolist does not affect the consumers (even in the 
case of correlated consumption). (&) The effect of limiting the monopoly profit 
to a fixed amount is indeterminate; consumers may be either benefit^ or 
prejudiced by the limitation. 
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words the principal results of the preceding mathematical analysis. 
They consist, as might be expected, rather in general views than 
in particular rules. 

1. One of the principal uses of mathematics to the economist 
is, in the words of Professor Marshall, ‘‘ to make sure that he has 
enough and only enough premisses for his conclusions (i, e, that 
his equations are neither more nor less in number than his un- 
knowns).*’ This * criterion applied to monopoly shows that 
frequently — I think it may almost be said normally — ^there is 
not a sufficient number of conditions to render economic equi- 
librium determinate, in the general case of a system of bargains 
in which more than one monopolist takes part. This may be 
affirmed with peculiar confidence in the case where two or more 
monopolists who are in competition deal with a great number of 
customers who also are competing with each other ; for example, 
two railways which ply between the same points. The instability 
is due not merely to the hope of one monopolist to ruin a rival 
by ‘‘ cutting prices,” a case that has often been described; but 
also to a more fundamental, though less obvious cause. The 
instability does not cease in cases where it is not possible for one 
monopolist to drive the other completely off the field. Such 
might be the case if workmen of two nationalities — say Anglo- 
Saxons and Chinese — united respectively in two combinations, 
had to deal with competitive entrepreneurs, or with foreign 
customers. The proposition clearly stated by Cournot,^ and to 
all appearance generally admitted, that in such a system the 
action of economic forces would tend to a definite position of 
equilibrium, a determinate set of values, — this plausible pro- 
position is proved to bo unfounded. In I he regime of competition, 
as Mill or someone has said, things are always seeking their 
level. It is not so in the regime of monopoly. 

The character of perpetual instability may likewise be affirmed 
of conditions in which the two competing monopolists deal not 
in identical, but rival, articles; for example, in the cases just 
now instanced it may be supposed that the services of the two 
railways, or the work of the two nationalities, though not quite 
identical, are capable of acting as more or less perfect substitutes 
for each other. 

This theory is less evident, the opinion of Cournot is more 
plausible, in cases where the competing monopolists are dealing 

^ ** II eat bien Evident que dans I’ordre des faits r6els et lorsque Ton tient compte 
de toutes les conditions d’un syst^me ^conomique, il n’y a pas de denrde dont le 
prix ne soit complHement d^terraind.” 
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not in rival but complementary ** articles ; for example, if the 
rolling-stock of a railway were possessed by one company and 
the railway-stations by another, or if the common labour neces- 
sary for the production of an article were monopolised by one 
combination, and the more highly skilled work without which 
the manual labour would be useless by another combination. 
Professor Marshall seems to contemplate this case when he 
supposes that a mill belongs to one monopolist and the water 
for driving it to another.^ 

Let us suppose that the two lettings are yearly; beginning 
at the middle of the year for the mill, and at the end of the year 
for the water-supply. If at midsummer the owner of the 
premises, when renewing his contract with the lessee, estimates 
what such a one can pay, on the basis of what he pays and will 
pay for the next six months for the use of the water — if the owner 
of the mill ignores the possible action of the owner of the water 
at the end of the year — then perhaps the reasoning of Cournot 
in a similar case will hold good. There will be a determinate 
equilibrium eharacterised by the curious property that the tenant 
will be worse off than if both had belonged to the same individual. 
That is, supposing that there are a number of mills at the dis- 
posal of the landlord, and a number of millers competing with 
each other. 

But ought we to suppose that the proprietor, when renewing 
his contract, does not take into consideration possible future 
events ? Will he not, theoretically, fix the rent at that figure 
which will be the most advantageous for him in view of the rent 
which the owner of the water-supply may fix the next winter ? It 
is thus that a chess-player when making his move takes 
account of the move which his adversary will probably make. 
And, as in chess, when only the two kings and one of the inferior 
pieces remain on each side, may not the two monopolists go on 
making moves against each other to all eternity ? 

Those who adhere to Cournot^s reasoning may be confronted 
with the supposition that one of the two monopolised articles, 
for instance, the water-power in the above example, passes into 
the hands of competitors. There will then be a regular market 
for water-power, offered by the competing owners to competing 
millers. Accordingly, given the rent of the mill, the payment 
for water-power will be determined by the usual equation 
between demand and supply (the total supply of water-power 
may be supposed a fixed quantity). According to the opinion 

^ Principles of Economics » third ed.. Book V. ch. x. 
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here disputed, when once the charge for water-power has been 
settled by the market, the monopolist will treat this price as 
something sacred, and will only vary the rent of his premises 
subject to the condition that the charge for water-power should not 
be disturbed. But surely the general rvle is that he will continue 
to vary the price of the monopolised article as long as that price 
multiplied by the quantity sold at that price— less the cost of 
production — continues to increase. It does not matter to him 
that the customers, in view of his changing that price, are obliged 
to modify their bargains with a third party. What difference 
can it make to the motives of the monopolist that the third party 
consists of a monopolist, not of individuals competing against 
each other? In both cases, indifferent to the interests of the 
third party, he will vary his price by successive steps in the 
direction winch promises him an increase of profit. The only 
difference between the cases is that when the third party consists 
of competitors, a definite position of equilibrium will be reached 
(the tentatives of the single monopolist must come to a stop, or 
at least hover about a determinate point) ; whereas when the 
third party consists of a second monopolist, the conditions 
which bring about the equation of demand and supply in a com- 
petitive market are wanting. That is, excepting the arbitrary 
supposition that the second monopolist is such a fool as to act 
in the manner ascribed to him by Cournot’s equation. But even 
if he were to do so, though there would exist a definite position 
of equilibrium, it would not be the one assigned by the theory 
here combated,* 

This theoretical difference between the regime of monopoly 
and that of competition may have some bearing on practical 
issues, affecting as it does our views about trade unions and 
similar combinations, I have seen it proposed as an economic 
ideal that every branch of trade and industry should be formed 
into a separate union. The picture has some attractions. Nor 
is it at first sight morally repulsive; since, where all are mono- 
polists, no one will be the victim of monopoly. But an attentive 
consideration will disclose an incident very prejudicial to industry 
— instability in the value of all those articles the demand for 
which is influenced by the prices of other articles ; a class which 
is probably very extensive. 

Among those who would suffer by the new regime there 
would be one class which particularly interests the readers of 
this Journal, namely the abstract economists, who would be 
* It would correspond to the point Q, not to P, in Fig. 3. 



THE PTJBE THEOBY OP MONOPOLY 


139 


deprived of their occupation, the investigation of the conditions 
which determine value. There would survive only the empirical 
school, flourishing in a chaos congenial to their mentality. 

2. Professor Marshall exemplifies another use of mathematical 
reasoning when by means of his curves he demonstrates that 
it might be advisable to tax one kind of commodity and employ 
the proceeds in bountying another kind.^ The abstract reasoning 
serves as a corrective to what has been called the “ metaphysical 
incubus ” of dogmatic laisser faire. In the case of monopoly 
indeed this incubus has not been serious ; ‘'it has never been 
supposed that the monopolist in seeking his owm advantage is 
naturally guided in that course which is most conducive to the 
well-being of society regarded as a whole." Nevertheless, in so 
far as something similar to the old doctrine of economic harmony 
seems to be reappearing among the apologists for railway 
administration, a certain interest may attach to propositions 
unexpectedly favourable to the intervention of Government in 
businesses subject to monopoly. Such is the proposition above 
proved, that when the supply of two or more correlated com- 
modities — such as the carriage of passengers by rail first class 
or third class — is in the hands of a single monopolist, a tax on 
one of the articles — e. g. a percentage of first-class fares — may 
prove advantageous to the consumers as a whole. Thus in tho 
instance given the advantage would accrue not only to those 
who before tho tax travelled third class, and continue to do so 
afterwards, but the travelling public in general, including first- 
class passengers. The fares for all tho classes might be reduced. 

3. To obtain rules directly applicable to practice there would 
be required a knowledge of concrete details beyond what the 
present writer can command. Still, some suggestions bearing on 
the control of monopolies by governmental interposition may 
be derived from the preceding analysis. 

A first step in this direction was made by Cournot when ho 
proved that a tax of an ordinary kind on a monopolised product 
has the effect of increasing tho price. This is contrary to the 
judgment of some distinguished writers who hold that, the 
monopolist having already done his worst against the customer, 
the burden of the latter cannot be increased by a tax. There 
is, however, a limiting case in which the popular opinion is correct ; 
namely, where a monopolist buyer deals with sellers of an article 
which is absolutely limited in quantity (land, for instance), or 
can only be increased with great difficulty. A building syndicate 
‘ Principles t Book V. ch. xii. pp. 665-7. Ibid, oh, xiii, (third ed.) 
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buying up land from uncombined owners may afford an 
example. 

Cases specially favourable for the application of mathematical 
analysis occur where we have to deal with correlated (connected) 
supply and demand. Suppose, first, the supply only connected, 
as when a railway company, the greater part of whose expenditure 
(interest on capital, cost of repairs, etc.) cannot be attributed 
exclusively to one branch of the business, serves two classes of 
customers whose interests are quite separate, say traders requiring 
their goods to be carried and passengers other than commercial 
travellers. Here we must distinguish two classes : (a) com- 
plementary products, in the case of which the production of one 
article becomes less difficult and expensive by the increased 
production of the other article (“ joint ’’ products as defined by 
Mill are included in this class) ; (6) rival products, in the case 
of which the production of one article becomes more costly 
according as the production of the other is increased. The first 
case usually occurs where the law of increasing returns rules ; 
for instance, if the general expenses of a railway do not increase 
in proportion to the traffic, the increase of one kind of traffic 
tends to make the increase of the other kind more remunerative 
(see above a more exact definition). Contrariwise, when the 
land or the capital at the disposal of the company is fully occupied, 
it is possible that the increase of one service may render another 
less profitable than it would otherwise have been. The pro- 
prietors of a railway with only one or two tracks may find that 
the increase of the goods traffic causes the passenger traffic to 
be attended with greater expense; the fuel of the company and 
the labour of its employees being wasted while the passenger 
trains have to wait in side tracks to avoid collisions. 

It is very possible that both tendencies may be present, not 
coincidently, but with reference to a different extent of variation 
in the products under consideration. Thus a certain increase 
in the goods traffic by crowding the present line as above described 
might act in rivalry to the passenger traffic ; but with reference 
to a large increase in the goods traffic, such as to make it profitable 
to have an additional track and so obtain the economies of 
production on a large scale, the goods traffic may be considered 
as complementary to the passenger traffic.* I do not pretend 
to discern to which of the two categories each concrete case 
belongs ; I only wish to distinguish their properties in the abstract. 

Among methods of governmental control, one of the most 

* See Index, 8vb voce Joint Production. 
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important is that which consists in fixing a maximum tariff; 
provided that the maximum is not suspended on high, but is 
such as really to restrain the action of the monopolist ; in which 
case its operation is nearly similar to that of a fixed tax. Suppose 
now that the price of one product is fixed, but not so that of 
another; or, what is more probable, that there is an effective 
maximum for one article and an inoperative maximum for 
another. The effect on the price of the second article will differ 
according as the products are complementary or rival. If they 
are complementary, the lowering of the price of the first is 
followed by the lowering of the price of the second ; the benefit 
in respect of one commodity is a benefit also in respect of the other 
commodity. If the products are rival, there is a benefit to one 
class of consumers and a loss to another; provided, of course, 
that the loss to the monopolist is not so great as to induce him 
to give up the business. 

The same rule applies to the effects of a law which requires 
that the price of an article in one market should not exceed its 
price in another by more than a certain percentage.^ What is 
a benefit in respect of one commodity will be also a benefit in 
respect of the other, if the products are complementary ; but a 
loss in the case of rival production. 

A corresponding rule applies to a tax of the kind called 
specific,** that is, of so much per unit of commodity. The loss 
to one class of consumers will be a loss to the other class in case 
of complementary products; but a gain in the case of rival 
products. 

The case of connected demand does not admit of equally 
definite rules. It is probable, but not certain, that the rules 
enounced for rival and complementary production hold good 
respectively for complementary and rival demand. Thus a 
maximum which lowers the rate for the terminal services of a 
railway tends probably to raise the rates for carriage since the 
demands for the two services are complementary. But a maxi- 
mum which lowers the fare for third-class passengers tends 
probably to lower the fares for the first class, since the demands 
for the two kinds of tickets are rival. 

The probability increases when the tendency of demand is 
in the same direction as that of production, and diminishes in 
the contrary case. 

These propositions respecting the influence of demand may 

* Generalising the conceptions of the American “ Short-haul Clause,** as it is 
commonly understood. 
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be applied to a law against differential charges and to a specific 
tax. 

A tax proportional to the profits of the monopolist falls 
entirely upon him, as Cournot and Professor Marshall have 
proved. It should be added that a “ progressive ” tax on 
monopoly profit acts similarly.^ 

The effect of limiting the profit of the monopolist to a fixed 
amount is generally indeterminate. It may be advantageous 
or detrimental to some or all or none of the various groups of 
his customers. The fixing a (bond fide) maximum rate of profit 
on the capital expended acts to the advantage of the consumer. 

I am not blind to the practical difficulties which stand in the 
way of a tax on the net profits of a monopolist, and of other 
measures that are here discussed. It cannot be too often repeated 
that the rules derived from mathematical reasoning are essentially 
abstract and require in practice to be largely diluted with 
common sense. 

^ Siuco this article was printed I have found that Knut Wicksell had preceded 
me in pointing this out. 



(F) 

PROFESSOR SELIGIVIAN ON THE THEORY OF 
MONOPOLY 

[This article, which appeared in the Economic Journal, 1897, 
under the title “ Professor Seligman on the Mathematical Method 
in Pohtical Economy,” might, in accordance with that title, 
equally well have been placed in the mathematical section of 
this Collection. The subject-matter is the theory of monopoly ; 
the form is largely mathematical. The mathematical method is 
tested by an encounter with the classical method wielded by a 
powerful hand. The victory, if indeed it has been won, is of a 
somewhat Pyrrhic character. For it does not much redound to 
the credit of the mathematical method that the points in which 
it has an advantage are just those which have been neglected 
by an economist of conspicuous wisdom, one whose judgments 
on Income Taxes, Public Loans and other momentous interests 
are generally approved and followed. It is strongly suggested 
that matters which such an author did not take pains to state 
precisely cannot bo of great importance. They might bo com- 
pared to the points of detail on which the critical shoemaker 
corrected the masterpiece of the Grecian painter. Even without 
those little corrections the piece would no doubt have been a 
first-rate work of art. So the Art of Political Economy is not 
much affected by judgments on the question whether the 
taxation of a monopolised article is likely to be more or less 
burdensome to the consumer according as the production obeys 
the law of increasing or decreasing returns, or according as the 
demand is more or less elastic. Still, if such questions are posed, 
it is better not to answer them carelessly. 

The criticisms on the original version having been directed 
against the second edition of Professor Seligman’s Shifting and 
Incidence, published 1899, some of them have now been with- 
drawn or modified in deference to emendations in the third 
edition, published 1910.] 


I. (1) Following the order in which Professor Seligman has 
discussed the several issues, I notice first his objection to my 
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theorem that if a monopolist deals in two commodities for which 
there is a rival demand, such as first- and third-class service in a 
railway like our Midland with only those two classes of passenger 
fares, then if a tax is imposed on first class fares, it is theoretically 
possible that the monopolist proprietary of the railway may find 
it to their interest to lower both fares. Upon this Professor 
Seligman remarks ; — 

‘‘ That it [the mathematical method] sometimes leads to results 
which are likely to divorce still more the economics of the closet 
from the economics of the market-place, may be illustrated by a 
slip of Mr. Edgeworth himself. [See the extended mathematical 
proof (in the Economic Journal, vii., pp. 230-232) of the 
proposition that a tax on first-class railroad tickets will reduce 
(not increase) the price of tickets of all classes]. The mathematics 
which can show that the result of a tax is to cheapen the untaxed 
as well as the taxed commodities will surely be a grateful boon 
to the perplexed and weary secretaries of the Treasury, and 
ministers of finance throughout the world.” ^ 

I hope that a sufficient reply will be made to these objections 
if (a) I show that the proposition in question is agreeable to a 
priori presumptions, and (/I) I verify it by a numerical example. 

(a) The presumptions of the case are summed up in an answer 
which I received from an eminent economist — not specially 
devoted to the mathematical method — to whom I had submitted 
my little theorem, asking if it seemed to him too paradoxical to 
be credible. “ I should hardly be surprised at anything in a 
regime of monopoly,” was his reply. I might illustrate the 
paradoxical character of this regime by referring to one of its 
peculiarities which is relevant to the present question. If the 
demand for an article is raised ^ in the sense that more of it is 
demanded at each price than before ; then, whereas in a regime 
of competition, ceteris paribus, theoretically in general the price 
will rise, this rule is not equally universal in a regime of monopoly : 
there the price may fall while the demand rises.® 

The unexpected is all the more likely to occur in the case before 
us in that it is a case, not only of monopoly, but also of rival 
demand. Even in a regime of competition, as I have pointed out,^ 
the taxation of articles for which the demand is correlated (either 
rival or complementary) is apt to produce curious results. A 
^ Shifting and Incidence, 2nd edition, p. 174. 

* As to this technical use of the term rise of demand see Sidgwick’s Political 
Economy, II. ch. ii. § 2, and cp. Marshall, Principles of Economics, Book III. 
oh. iii., Art. 4, Book V. 

* See Economic Journal, Vol. VII. p. 234. 


* Ibid., Vol. VII. p. 66. 
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fortioriy when the peculiarities of monopoly are combined with 
those'ofjcorrelated demand. In the case of independent demand 
for a single article, in a regime of monopoly, the consumer may 
bear only a very small ^ proportion of the tax, even under the 
law of constant (not to say increasing) cost, under which the 
proposition would not be true in a regime of competition. When 
the circumstance of rival demand is superadded to monopoly, is 
it to be wondered at that the abnormality, as it appears in relation 
to the simpler case usually contemplated, should bo increased : 
that the consumer should not only not be damnified, but should 
even be somewhat benefited by the tax ? 

A general idea of the modification due to the introduction of 
rival demand may be obtained by observing that alike in the case 
of independent and that of correlated demand, a tax on a mono- 
polised article results in the diminution of the quantity of that 
article put on the market ; ^ but, while in the case of independent 
demand the diminution of the quantity supplied is attended with 
a rise of price, this consequence does not necessarily follow in the 
case of rival demand. A tax on first-class fares results in the 
diminution of the quantity of first-class service supplied ; and 
accordingly there is a flow of passengers from first class to third 
class. The demand for third-class service thus rises in the technical 
sense referred to in a former page, where it was stated that in 
monopoly this rise of demand may bo attended with a fall of 
price.® The lowering of third-class fares results in a fall of the 
demand for first-class service in this technical sense, that for every 
possible first-class fare, the third-class fare being supposed con- 
stant at its new figure, the amount of first-class service demanded 
is less than what it would have been for each first-class fare before 
the disturbance, the third-class faro being supposed constant at 
its old figure. Now, it is quite consistent with ordinary pre- 
sumptions that, when the demand for an article falls in this sense, 
its price should fall. Accordingly, the first-class, as well as the 
third-class fare, may be reduced.'* A fortioriy it is possible that, 

* The argumont considered as ad honiinetn becomes a fortioriy since Professor 
Seligman thinks it possible that the consumer in this case may bear no part of the 
tax {cp. below, p. 161). 

■ I suppose that this proposition would be accepted by an opponent, as it is 
what may be expected from the analogy of competition, and is less than what 
those who trust that analogy accept. For a proof of the proposition I must refer 
to my article on “ La Teoria pura del Monopolio ” in the Qiomale degli Economisti 
for 1897. [Above, E]. 

* Above, p. 144. 

* It may assist conception to imagine first-class and third-class services con- 
trolled by difierent managers. The steps described in the text might be made by 

VOL. I. ^ 
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though the first-class fare may be a little increased, yet the third- 
class fare may be so much diminished that the consumers as a 
whole may gain. 

Considered as a mere possibility, this statement is not open to 
Professor Seligman’s raillery in the passage above quoted. The 
plausibility of his objection is obtained by substituting a down- 
right indicative — “ the tax will reduce . . . the price ’' . . . 

the result of the tax is to cheapen ” . . . — ^for the potential 
mood in which I had couched my proposition, “ a tax on one 
commodity may benefit the consumers of both . . . “ the con- 
sequences of the new tax may be,’* . . . and so on.^ I added the 
following caution : — 

“ Of course I do not suppose so delicate an adjustment — such 
a frictionless movement towards the position of maximum profit — 
to be realised in the concrete management of an English railway. 
But I think that it may be of scientific interest to establish the 
theoretic possibility of the paradox.” ^ 

The proposition in question is to be taken in the same spirit as 
the paradox of Mill, that an improvement in the production of an 
export may be detrimental to the exporting nation.^ What 
should we think of a free trade writer who remarked on Mill’s 
theorem that it would surely be a grateful boon to weary and 
perplexed ministers of commerce, since now all they had to do 
in order to foster commercial prosperity would be to injure the 
manufacture of exported commodities ! Mill’s theorem is useful 
as presenting an extreme and striking instance of a general truth 
which, if not indeed paradoxical, is yet not so familiar, but that 
it is desirable to call attention to it, the important truth that the 
interests of the parties to international trade are not so completely 
identical as some free traders have supposed. So our paradox 
calls attention to the truth that taxation in a regime of monopoly 
is more diversified and irregular in its consequences, and I think 
it may be added, likely to be less detrimental to the consumer, 
than an equal impost in a regime of competition. The extreme 
exemplifications of these truths are not designed to ease “ per- 
plexed and weary ministers,” but to startle indolent and prejudiced 


the respective managers each endeavouring to maximise the net return in his 
department. But the further step, which on this supposition would bo likely to 
occur, namely, the continued reduction of the first-class fares in order to steal 
custom from the third-class department, would be stopped by the directors of 
the common concern, who would not allow a gain to the first-class department 
to be purchased by a preponderant loss to the third-class depeurtment. 

‘ EooNoano Journal, Vol. VII. pp. 230 and 232. * Ibid., p. 231. 

• Political Economy, Book III. ch. xvhi. § 5. 
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economists from their dogmatic slumber, and incite them to reflect 
that maxims learnt too well from the study of familiar oases 
cannot always be applied without modification beyond the sphere 
of experience on which they were founded.^ 

These preliminary considerations will, I hope, dispose the 
student to attend to the mathematical ratiocination by which I 
have elsewhere deduced the theorem under consideration.* 
Addressing the general reader rather than the mathematician at 
present, I will not repeat this second part of the proof. I confine 
myself to the third stage, the verification, which consists in 
instancing laws of cost and of demand which actually fulfil the 
theory. 

(/3) Let us put Pi as the price of a first-class ticket for a certain 
journey, or number of miles, and pg price of a third-class 

ticket for the same journey. At these demand-prices let the 
number of the first-class passengers be r, that of the third- 
class passengers be y. Then, agreeably to the general laws of 
demand, must bo so related to x that, other things being 
the same, pj decreases as x increases (and conversely); and 
must be similarly related to y. Also as first-class and third-class 
service are rlial commodities, an increased supply of third-class 
service, while the amount supplied of first-class service remains 
constant, will be attended with a decrease in the first-class 
fare at which that amount of first-class accommodation is 
demanded. And the numbers of the first-class passengers will 
be similarly related to the third-class fares. These conditions, 
and any others that may reasonably be required,* are fulfilled 

^ On the meaning and use of paradoxes, compare Do Quincoy, Words, Ed. 
1889, i. p. 199, and vii. p. 200. “ Several great pliilosophors have published, imdor 

the idea and title of paradoxes, some first-rato truths, on which they dosiro to 
fix public attention, meaning, in a short-hond form, to say : ‘ Hero, reader, aro 
somo extraordinary trutlis, looking so very like falsehoods, that you would never 
take them for anything else if you wore not invited to give them a special 
examination.’ ” 

* Qiomale degli Economisti, 1897. [Above, E.] 

* Professor Irving Fisher in his Mathematical Investigations has suggested the 
question whether the prices of two articles, x and y, for which the demand is 
correlated, must be regarded os the partial differentials, with regard to x and y 
respectively, of a certain function which represents the total utility afforded by 
any quantities of x and y. I answer this question in the affirmative (See Qiomale 
degli Economisti, 1897, p. 314 note), with the same reservations as the conception 
of total utility requires in the case of a single variable, in particular that it should 
not be measured from the extreme point of privation : and accordingly take 
p^dx -f- Ptdy in my example as a complete differential of a function which I need 
not write out, but may call U. It may facilitate conception to consider the case 
in which x and y are not articles of consumption but factors of production ; for 
instance, the carriage of different kinds of goods, for which p^ and p^ are the 
respective faros. Then U may stand for the sum of the producers* surpluses 
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over a considerable range of prices ^ by the following laws of 
demand : — ^ 


« X - 50* - r-i^* - -2 w'ooo) 

ft - £1 X (3-918 - _ I jjij) 


We may begin by supposing the cost constant — a very possible 
case, as Cournot has remarked.^ Then the profit, which it is the 
object of the monopolist to maximise, the net monopoly revenue, 
in the phrase of Professor Marshall, is of the form x x Pi + y X 
P 2 — Of where C is a constant. It may be shown first that this 
net profit is a maximum, when x = 20,000, y = 100,000 corre- 
sponding to the fares = £5 x *9 = £4 IO5. ; pg = £1 X 
2‘3lS = £2 Qs. 4-8dd. ; secondly, that if there is imposed on first 
class travelling any tax of so much per ticket, not exceeding 
•16885 £6, or about I65. 10|d. per ticket, it will become the interest 
of the monopolistic company to lower the fares both for first-class 
and third-class passengers. 

The statement may be conveniently altered by putting f 
for X -r 20,000, and rj for y -r 100,000. Then the expression 
which is to be maximised becomes 20,000f x 5(1*605S — 
•2| - }(f - -96)4 - Itj) + 100,000/; {3-91S - 2(j; - -6975)^ - 
(-f- a constant). And it has first to be shown that this expression 
is a maximum when f = 1 and == 1 . The reader to whom this 
sort of investigation is not familiar may be advised to substitute 
in (the variable part of) the above-written expression values for 
f and rj at first very close to unity, e. g, for 1-001, or 1 — *001, 
and for rj values about equally distant from unity ; then gradually 
enlarging the divergence from unity to realise that for a con- 
siderable distance on both sides of unity the result of substituting 
different values of f and rj is to make the expression smaller than 
what it is for f = 1 and rj = I : that is, 3*218 x 100,000.^ 

enjoyed by the customers of the railway on the assumption that each producer 
will push his expenditure on each factor of production up to the margin of 
profitableness. 

^ As to the range over which the formulas are applicable, see below, p. 149, 
note [and Economic Joubnal, Vol. XX. p. 291, in a note not reprinted here for a 
reason mentioned in the Introduction]. 

' From these simultaneous equations we can obtain x and y in terms of 
and p,; as stated Economic Journal, 1897, p. 64. 

• Principes MathSmatiques, Art, 30. 

* If be the difierence between the cwsumed value of { and unity, and Atj the 
difference between the assumed value of n and unity, then, A( and Ai; being small, 
the increment of the monopolist’s net profit consequent upon the chemge from { 



FBOFESSOB SBLIOMAN ON THE THEOBT OP MONOPOLY 149 


Consider next the consequence of imposing a moderate tax of 
so much per ticket on first-class fares, say, £6 x r, where r is a 
fraction not exceeding *16885. The amount to be maximised is 
no longer now xpy^ -f- but the same — • 6T.r ; that is, if we 
employ f and tj as before, the same expression as before, minus 
100,000 X The value of this modified expression when 
f = 1 and rj = I is 100,000 (3*2id t). It will be found that 

for any assigned value of r (up to the limit mentioned), there can 
be found a value of f less than unity, and a value of rj greater 
than unity, such that the monopolist’s revenue, as modified by 
the tax, should be a maximum for those values, while both the 
prices — both the first-class and second-class fares — are less than 
what they were before the imposition of the tax. 

Here, as before, the reader may be advised to begin with small 
quantities. To any small value of t there may be expected to 
correspond two values of ( and rj in the neighbourhood of unity, 
rendering the (modified) monopolist revenue a maximum. For 
example, to t == • 0011155 ' • x £5, a little more than twopence 
per ticket, there correspond the values f = *999, t) == 
l*001684523r ’ ; and it may be found by actual substitution, 
or better by general reasoning,^ that the loss to the monopolist 
through the decrease of his receipts is *000,0009 X £100,000 
nearly, while his gain in having to pay tax on a smaller number 
of first-class tickets is double that amount, viz. *000,0017 x 
£100,000 nearly. The monopolist is, therefore, better off with 

and V is approximately — 4- •CSIIAt;’*); as may bo shown by 

expanding the surd or irrational terms in the expression for the profit according 
to the algebraic rule for extracting the square root (c/. Todhunter’s Algebra for 
Beginners, ch. 28), and neglecting powers of and Arj above the second. The 
above expression for the increase of the profit is negative, whatever the signs of 
Af and At; : showing that the profit corresponding to^ = l,T; -^lis greater than 
for any other values in the immediate neighbourhood. In whatever direction 
we stop from the position defined by the equality of { and of tj to unity, we descend 
and continue to descend to a considerable distance in every direction — for instance 
up to f = *96, TJ remaining 1, up to tj — *6976, { remaining 1, and much further 
in the positive directions of | and tj. The stoppage at those points has, of course, 
no economic significance : it was adopted merely for the sake of arithmetical 
convenience; otherwise it would have been bettor to use cube roots where now 
square roots are used. 

^ The clue to the investigation is given by the following equations. [See E, 
p. 127.] I«et the new f (corresponding to the maximum after the tax) bo 1 -f- A{ 
(where A{ is a small quantity positive or negative), and similarly let the new 
TJ be 1 + Atj. Then the values of A| and Atj in term of t are given by the following 
(simultaneous) equations 

f Atj 4* 3'3A( 4“ "t “ 0. 

\ ‘6311 Atj 4" A( = 0. 

These equations are approximately satisfied by A«s=s •— •6829 t, Ay » t/ 108263. 
They become less and less exact os A| and Arj are increased, with the increase of t. 
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the new values of f and rj than he would be (after the imposition 
of the tax) with the old values, and, as it will be found, with any 
other values of S and rj. But these values of S and rj correspond 
to lower values of and p^ (first- and third-class fares) than 
existed before the tax ; as may be seen if these values are sub- 
stituted for f and rj in the expressions for pj and pz respectively. 

As we increase x and therewith decrease f and increase rj, 
the general relations which have been indicated persist : the 
monopolist gains more by escaping part of the tax than he loses 
by the diminution of the receipts, as the values of f and rj move 
further away from unity (the proportion of the gain to the loss 
becoming greater as the absolute quantities become greater), 
while both the fares continue to diminish. Thus for the limiting 
value of T, viz., -IBSSS* * we have = — -04 and Arj = *05248. 
And by actually substituting *96 for f, and 1*05248 for it is 
found that the new receipts are less than the old receipts by about 
•002 X £100,000. Against this loss is to be set off the gain of 
saving the tax of £5 x *16885 on *04 X 20,000 first class tickets : 
that is a gain of *00675 * * • X £100,000 — a gain more than three 
times greater than the loss. At the same time the first-class fare 
is diminished by (J *05248 — 2 x *04—1*008) x £5, that is, 
diminished by *0129 x £5 nearly, == Is. Z\d. ; and the third-class 
fare is diminished by £2 (>>/*3025 *05248-— *55) — J *04, = £*0716, 
= l5. 6d. nearly. 

The net gain of some £475, which we have found to attend the 
lowering of both fares, might well be a substantial percentage of 
the net profits, supposing these to be, say, about 7 per cent, of 
the gross profits, which were originally £321,818*16. Say the 
net profits (per month or year) are about £20,000, the monopolist 
gains about 2 per cent, on his net profits by making the adjust- 
ment described. 

We have so far been supposing the total cost to be a fixed 
amount, say about £300,000. But the reasoning is not materially 
altered when we suppose the cost variable. To take a simple 
instance, let the cost consist partly of a constant sum, and partly 
of two additional amounts respectively proportional to x and y, 
the number of first-class and that of third-class tickets. To 
obtain now the expression for the monopolist’s net revenue we 
must deduct from the gross receipts xp^ + i/pg* + 2 /^ 2 » 

where and are the cost per unit of x and y respectively. 
Much the same conclusion as before may be brought out if 
we put p\ = Pi + A?!, p'g = P 2 + ^2 i expression which the 
monopolist seeks to maximise becoming now xp\ -f yp'^. 
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On© consequence of admitting the variation of the cost is to 
render the occurrence of anomalies more probable. When 
correlation of cost is superadded to correlation of demand, and 
both to monopoly, we may look out for freaks in the incidence of 
taxation.* 

I should be curious to know what “ slip has been detected in 
this reasoning, substantially identical with what has been already 
published. 1 In a matter of this sort imputations of error based 
upon first appearances should be objected sparingly. 

(2) I take next Professor Seligman’s theory as to the relation 
between the law of cost and the pressure of taxation.** 

The debate on this matter has been somewhat embarrassed 
by the disputants having used the principal terms in different 
senses. According to the definition which I have employed in 

* It will be shown on a later page (II. 124) that oven in the regime of 
Competition, when both cost and demand are correlated, a tax on one of the 
articles may cause the price of both to fall. A fortiori of course in the regime of 
Monopoly. 

^ Tho example given in my article in the Oiomale dcgli Economistit 1897 
[above, E], differs only in details from the one hero given. 

♦* There is here omitted the statement of a thesis maintained by Professor 
Seligman in the second edition of his Shifting and Incidence^ viz, ; “ Under ordinary 
conditions, therefore, in the case of a tax on monopolistic industry subject to 
the law of increasing returns or diminishing cost, the tendency is that the con- 
sumer will suffer less than in the case of an industry subject to the law of constant 
cost. ... On tho other hand, if the monopoly obeys the law of diminishing returns 
or increasing cost, the producer will bo likely to add more of tho tax to the price 
than in the case of constant or increasing returns,” This thesis being no longer 
maintained by the author {third edition, p. 248, note), I have withdrawn the 
lengthy dialectic which in the original article was directed against certain argu- 
ments used in tho second edition in support of tho thesis as stated there. But 
it is not necessary to withdraw all the negative reasoning in this context. The 
two paragraphs retained at the end of tho section headed (2) are applicable, with 
a slight alteration, to the thesis of the third edition ; which may be described 
in logical terms as the contrary ^ whereas it ought to have been only the con- 
tradictory ^ of the original thesis. According to the new thesis, ” if a monopolised 
article is the product of an industry which obeys the law of increasing return 
or dimini shing cost,” then, ‘‘as in the case of competition, he [the monopolist] 
will add more of the tax to the price. Fice versa under conditions of diminishing 
return, or increasing cost, the monopolist producer will be likely to add less of 
the tax to the price than in the case of constant return ” {Shifting and Incidenxiet 
third edition, p. 247). It will be here maintained that the true proposition 
respecting increasing and diminishing returns in the second of the senses above 
distinguished has by no means the universality expressed by the above statement. 
The positive portion of section (2) is retained partly as possessing, it may be 
hoped, some intrinsic interest, partly as leading up to the retained portion of 
the negative reasoning, and partly as relevant to the issue between diagram and 
algebra referred to on a later page (167). A glance at the formula there given 
reveals more quickly than does a study of the diagrams in this context the truth 
that the law of ” returns ” in our sense of the term does, and in the other sense 
does not, constitute an index of the pressure on the consumer due to an assigned 
tax. 
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the articles referred to, the law of increasing cost, synon 3 rnious 
with diminishing returns, holds good when the total cost of pro- 
ducing the quantity a; of a certain commodity increases with the 
increase of x at an increasing rate ; the law of diminishing cost, 
synonymous with increasing returns, holds good when the total 
expense of producing the quantity x increases with the increase 
of X at a diminishing rate.* In other words, the law of increasing 
cost, or diminishing returns, holds good when the ratio of the last 
increment of cost to the last increment of produce is greater than 
the ratio of the penultimate increment of cost to the penultimate 
increment of produce; with a corresponding statement for the 
law of diminishing cost (or increasing returns). “ This definition,” 
I intimated, “ is not identical with that of some distinguished 
economists ” ; who may seem to compare the ratio of the last 
increment of cost to the last increment of produce, not with the 
ratio above stated, but with the ratio of the total expense to the 
total produce x, and may accordingly ^ define that the law of 
increasing or diminishing cost holds good according as the ratio 
of total cost to total product increases or diminishes with the 
increase of product.^ 

A geometrical illustration may put the matter in a clearer 
light. 

In the accompanying diagram the ordinate Y of the curve 
OiQ represents the total expense required to produce any amount, 
X, of a certain commodity, represented by the corresponding co- 
ordinate. The case represented is one in which a certain amount of 
expense, OOj, must be incurred before any return at all is obtained. 
According to my definition — No. 1, we may call it — the law of 
increasing cost, or diminishing returns, holds good for all tracts 
of a curve oft his sort which are convex to the axis of that is, 
in the case illustrated, throughout. According to the other 
definition, No. 2, the law of increasing cost holds good only for 
those tracts for which the slope of the curve, the inclination of a 
tangent at any point of the curve to the axis of Z, is greater than 
the inclination to that axis of a line joining that point to 0. In 
other words, according to definition No. 2, the law of increasing 
cost holds good while the ratio of total cost to produce increases 

♦ Above, E, p. 67 et aeq. 

^ If a; is the quantity produced and / (x) the corresponding total cost, it comes 
to much the same whether we take as the essential attribute of increasing cost 
the fact that/" {x) is greater than / {x) —• «, or that / (a?) -r x increases as x increases. 

■ There may be other shades of meaning, especially in the case of competition 
as distinguished from monopoly. The difficulties presented by ** increasing 
returns ” in a regime of competition are noticed in one of the articles referred to 
(S. II. 87 [op. {]). 
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with the increase of produce. The relation between the two 
definitions is illustrated by the diagram. Beyond the point 
Q, at which a tangent to the curve passes through 0, the law of 
increasing cost holds good in both senses ; but on the near side 
of Q there is increasing cost in the first sense, but diminishing cost 
in the second sense. If the origin had been at Oj, the axis of X 
being a horizontal through that point, then the law of increasing 
returns would prevail throughout in the second sense as well as in 
the first sense. If any cost-curve possess either of the attributes 
continuously ah initio in one sense, then it will possess that 
attribute in the other sense also throughout. 

The same diagram (which may with advantage be viewed from 
behind the paper) can be used to illustrate the different definitions 


Y 



of the laws, if the axis of Y denotes produce, and the axis of X 
corresponding cost. The curve now represents a case in which 
a certain amount of produce, OO^y is given by nature without 
any outlay. For the tract OiQy up to the limit where a tangent 
from the origin touches the given curve, the law of increasing cost 
prevails according to the second definition, the law of diminishing 
cost according to the first definition ; after the limit §, the law of 
diminishing costs in both senses. 

Now as to the sense in which Professor Seligman uses the 
terms, the first definition is suggested by the following passage : — 

‘‘If . . . an industry obeys the law of increasing returns or 
diminishing cost — where each increment in the amount produced 
costs less than the last (Shifting and Incidence, Second Edition, 
p. 206). 

But the context shows that the second, not the first, definition 
is in his mind : — 

“ If he produces less, each imit will, on the supposition that 
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he has been producing under conditions of increasing returns 
cost him, exclusive of the tax, more than before.*’ (Ibid.) 

Similarly, the statement that, under the condition of diminish- 
ing returns, “ each additional increment of production costs more 
than the last,” is explained away by the context. The author’s - 
diagrams (op. cit.y pp. 209-210) leave no doubt as to his use of 
the terms. It is the cost per unit which he takes as increasing 
or diminishing with the law of increasing or diminishing cost. 
Compare his frequent use of the phrase “ ratio of product to 
cost” (pp. 192, 211, 273, 278). 

I do not complain of his employing the terms in a sense which 
is both useful and usual. All that I am concerned to maintain 
is (a) that my proposition in my sense of the terms is true, and 
(6), that his proposition in his sense of the terms is not so.* 

(a) We may follov/ Professor Seligman in first supposing the 
law of constant cost to prevail, and afterwards substituting the 
law of increasing and diminishing returns respectively, other things 
being (as much as possible) unchanged. Only, with reference to 
definition I, “ constant cost ” must be interpreted to mean, not 
that the cost per unit is constant, but that the increment of the 
total cost per increment of product is constant ; in other words, 
that the total cost curve is a right line, but not necessarily a right 
line passing through the origin, as definition II requires. 

In the annexed, as in the former diagram, let the axis X 
represent total produce, and let the total cost curve, illustrated 
by the former diagram, pass through Q, Let the curve Ss 
represent, by its ordinate, the gross receipts (product X price) 
corresponding to any value of the product X. The position of 
maximum advantage to the monopolist is where the difference 
between the gross receipts and the total cost is a maximum : 
that is, at a point where the tangent to the cost curve is parallel 
to the tangent at the corresponding point of the gross receipts 
curve. ^ Thus, if the total cost curve is a right line BB' passing 
through Q (vertically above P) in order that OP should be the 
amount supplied, the line must be parallel to the tangent at S 
(vertically above Q and P) to the curve Ss. 

* These words may still stand, cilthough the proposition, occurring third in the 
edition of Shifting and Incidence which is now to be disputed, is not the same as 
that which, occurring in the second edition of that work, was disputed in the 
original article. 

' Compare the illustration given III. 92, noticing that the curve BB' there 
represents net profits, not as Ss, here gross receipts. In order that there should 
be a maximum (the law of constant cost prevailing) the curve Ss must be concave 
towards the axis OX» 
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Now let US introduce successively the incidents of increasing 
and of diminishing cost ; neither altering the law of demand, nor 
the amount of the total cost nor that of the cost per unit at the 
point P, and accordingly neither altering the price, nor the amoimt 
supplied, OP?- 

It is evident that these conditions can only be fulfilled by a 
curve (A A') convex to the axis of X, and a curve (( 7 ( 7 ') concave 
to it (corresponding respectively to increasing and diminishing cost 
in my sense of the terms), each curve touching the line (BB') at 
the point Q. 

Now let a tax of so much per unit be imposed on the mono- 



polised article. The effect of the tax is to push up every point 
on the total cost curve to an extent which is determined by the 
following construction : — ^ 

Through 0 draw the right line Ot, making an angle with the 
axis of X such that at any point on the line, t, the perpendicular 
tp may represent the (total) tax paid on the product Op? To find 
the displacement of any point, q, on the cost curve, draw a vertical 
line through q and measure upwards qr equal to pt intercepted 
between the lines OP and Ot. This construction holds for the 
curves of varying as well as for that of constant cost. Accordingly 
the new laws of cost formed by superadding the tax to the old 
cost will be related as shown in the diagram. The representation 
of constant cost will still be a right line (6&'), only inclined at a 

^ See the remarks on p. 169, par. 3, below. 

* Compare Messrs. Auspitz and Lieben’s construction for the representation 
of a specifio tax. 

• The tax tp =« the product Op X the tangent of the angle pOt, 
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greater angle to the axis of X than the old line {BB'). The law 
of increasing cost will still be represented by a curve (aa') convex 
to the axis of X, the new curve touching the new right line at B. 
The law of diminishing cost (cc') will similarly retain, after the 
increase of cost by the last, both the character of concavity and 
the incident of contact with the right line representing constant 
cost. 

Let us now compare the additions to the price consequent on 
the change of cost in each of the three cases. In the case of 
constant returns we have by construction the slope of bb' greater 
than that of BB\ the slope of BB' equal to that of the tangent at 
the point S to the curve Ss, the slope of the tangent to this curve 
increasing as we move towards (9, and diminishing as we move 
from it.^ Therefore, to find the point at which the slope of the 
line bb' is the same as the slope of the tangent to the curve Ss 
at the corresponding point, wc must move towards 0, diminishing 
OP, say to Op, at which point the monopolist’s profit is a maximum 
for the new law of cost. In the case of increasing cost the initial 
slope at R is the same as that of the line bb'. Therefore, by a 
parity of reasoning, we must move to the left in order to reach a 
point at which the slope of the cost curve may be the same as 
that of the gross receipts curve. But as we move to the left, 
whereas the slope of the right line remains constant, the slope of 
the convex cost curve diminishes. Accordingly the point at 
which the slope of the cost curve becomes equal to the slope of 
the gross receipts curve will bo sooner reached in the case of the 
convex cost curve than in the case of the right line representing 
constant cost. By a parity of reasoning the maximum point will 
be later reached in the ease of the concave cost curve. That is 
to say, the diminution of the supply will be less, and therefore the 
addition to the price less for the law of diminishing returns, corre- 
sponding to the convex curve, than what it is for the law of 
increasing returns, corresponding to the concave curve. Quod 
erat demonstrandum, 

(b) Now let us consider Professor Seligman’s proposition in 
his sense of the terms. To show the irrelevance of the dis- 
tinction between increasing and diminishing returns according to 
the definition adopted by our author, suppose that, other things 
remaining constant, the total cost is varied by taking the origin 
now at a point above Oj, now at a point below it, e. g, 0, The 
more or less of rise in price still goes with the concavity or con- 
vexity of the cost curve, that is, with increasing or diminishing 
returns in my sense ; the rise is neither more nor less whether the 
1 See note to p. 164. 
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new origin is above Oi or below it, whether it is a case of diminishing 
or of increasing returns in Professor Seligman’s sense. My 
proposition remains true in whatever light contemplated; his 
proposition changes its quality with the accident of the theorist’s 
point of view. 

It would however be inaccurate to describe the law of increasing 
(or diminishing) returns in the second, the author’s, sense as having 
no relation to the greater or less pressure of a tax. For there is a 
certain affinity between increasing (or diminishing) returns in the 
two senses. If the law of increasing (or diminishing) returns is 
fulfilled in the first sense continuously from the zero of production 
onwards, then it will be fulfilled in the second sense also.^ Even 
if the curve of total cost has not been concave or convex ab initio^ 
yet if it afterwards becomes so and remains so continuously, or 
at least for long tracts, then it is likely that many parts of the 
curve which fulfil one of the laws in the first sense will fulfil it 
also in the second sense. The very fact that the terms have been 
used by eminent economists in both senses without distinction 
forms a presumption that there is some affinity. In virtue of 
this affinity there is some connection between each of the laws in 
our author’s sense and the property which he connects with it. 
There is a certain correlation ; but not the coexistence which this 
statement implies.* 

(3) The next question is, whether the tax of a monopolised 
article is more or less likely to hurt the consumer, according as 
the elasticity of demand is greater.** The subject is thus intro- 
duced by Professor Seligman ; apparently without distinction in 
this first statement between competition and monopoly. 

If, thirdly, the demand is clastic as in the case of minor 
luxuries and of all comforts, that is of the general mass of com- 
modities . . . the tax will be divided between the consumer and 
the producer. The proportions in which this division will take 
place will depend, so far as this element is concerned, chiefiy on 
the elasticity of the demand. The more persistent the demand, 
the greater is the proportion of the tax which the producer will 
be able to add to the price ; the more sensitive the demand, the 
smaller the sum by which he will find it profitable to increase the 

^ Cp, above, p. 70. 

* This sentence has been substituted for the more damnatory verdict referring 
to the Second Edition. 

** I use the term “ els/Sticity ” in this context in the same sense as the author 
whom I am criticising ; that is, as I have pointed out (^, II. 394), not the received 
exact sense, but accurate enough for most of the reasoning here. Where any 
difference would be caused by the use of the proper definition I employ 
** elasticity in inverted commas to denote the popular, Professor Seligman’s, 
conception. 
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price. In other words, the greater the elasticity of the demand, 
the more favourable — other things being equal — will be the 
situation of the consumer (p. 191).* 

In a later passage, connected with the above by a footnote, it 
is written : — 

“ If the demand falls off greatly with every increase of price — 
or, in other words, if the margin of effective demand is small — 
the price, as we have seen, will be increased by much less than the 
amount of the tax, and the producer will suffer most of the loss. 
Conversely, if the demand is not so elastic — if an increase of price 
will produce only a small decrease of demand — a larger proportion 
of the tax will be added, and the consumer will suffer more than 
the producer ” (p. 204). 

In this passage the author is referring specially to “ a mono- 
polised industry,” subject to the law of constant returns. He 
goes on to consider the cases of increasing and diminishing returns, 
both in monopoly and competition, concluding — 

“ In all these cases — whether of competition or of monopoly, 
of increasing or of diminishing cost — the important point remains, 
as before, the elasticity of demand ” (p. 208). 

The passages, as I interpret, contain rather a statement than 
a demonstration of the author’s theory respecting the influence of 
greater or less elasticity. For what is called a formal proof ” 
we arc referred, in the last but one of the passages above quoted, 
to the following passage : — 

“ It was stated above ” [referring to the passage at p. 204, which 
I have already transcribed] ** that the more elastic the demand, the 
smaller the proportion of the tax that he (the monopolist) would 
be apt to shift to the consumer. It may be wise to illustrate this 
also by some simple arithmetical figures ” (p. 277). 

As these figures are from an example given on the immediately 
preceding page, it may be well, parenthetically, to explain that in 
that example there was supposed a law of demand such that there 
was demanded : — 

At price $5 1000 units of commodity. 


.... 

900 

6i .... 

. . . . 825 

5| 

750 

6 

700 


The cost is supposed to be constant, viz. §2 per unit. 

• The reference in this and following passages is to the second edition of 
Shifting and Incidence. There seems no objection to retaining the references as 

given in my original article relating to theories which the author still maintains, 
as intimated at page 248 of his third edition. I advert to the third edition in a 
later article designated { in the present Collection. 
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The author continues ; — 

Demand is said to be more elastic when each successive 
increase of price leads to a greater falling ofiE of demand. The 
example above was based on the assumption that, at the price of 
$6, the demand would fall to 700. Let us now assume that, with 
a more elastic demand, the sales at price $6 would fall off as 
far as 675 units; and let us further assume that, with a more 
stable demand, the sales at the price $6 would fall o£E only to 
726 units. Now, with the more elastic demand, the net profits 
would be, after the tax of $1 per unit was imposed, (6—3) X 675 = 
$2025 ; but with the less elastic or more stable demand the net 
profits would be (6—3) $725 = $2176. Hence the more stable 
the demand the greater the chances of his increasing the price 
by the whole tax.” 

[The author had shown on a preceding page that if a tax of 
$1 per unit is imposed the price will be raised by $1 “ the entire 
tax will be shifted to the consumer.”] 

Here, as in the case of the former issue, one must admire the 
true logical instinct which leads the inquirer to introduce the 
attribute under consideration, increase of elasticity, other things 
being preserved the same, in order to observe the effect due to 
the introduced attribute. But, as writers on logic have pointed 
out, the method of difference is not wholly empirical : it often 
requires a good deal of a priori knowledge obtained by deduction 
in order to divine not only what “ other things ” may be allowed to 
vary as being immaterial to the matter in hand, but also what 
other things ought not to be kept the same. Suppose it to be 
inquired whether youths at a certain age, say between thirteen 
and fifteen, increased in weight with a particular degree of 
rapidity. In comparing the weights of youths at the two ages, it 
would be proper to keep some things the same — the persons 
themselves, for example. But it would not be proper to keep 
constant the heights of the youths under observation : it would 
not be proper to select instances in which there was no growth in 
height, in order to test whether in general there is a considerable 
growth in weight. For it is knowable a priori that there exists 
correlation between height and weight. The specimens selected 
for their constancy in height are not fair specimens of the change 
in weight. Now Professor Seligman selects his specimen with an 
analogous partiality. In order to test the effect of increased 
elasticity on taxation he had to construct a new law of demand, 
more elastic than the original one. He is within his rights in 
supposing, as he does in effect, that the new demand curve passes 
through the point which corresponds to the old price, the price 
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before the change of elasticity and before the tax. But he is not 
within his right when he in effect takes as a type on which to 
build a general argument a law of demand equivalent to a curve 
which not only passes through the point corresponding to the old 
price, but also is coincident with the old demand curve, for a 
considerable tract of price, for nearly the whole extent by which 
the price (before the change of elasticity) was pushed up by the 
tax. For, in general, the new demand curve ought to be con- 
ceived as cutting the old one at the point specified. Whence 
it is deduoible that in general, when the law of elasticity is thus 
raised, there will be some change of price before the tax. This 
preliminary change is the attribute which corresponds to height in 
my apologue. The author has selected an instance which may 
be seen a priori to be favourable to his conclusion. An instance 
selected impartially at random, so to speak, would be very 
unlikely to present the phenomenon of both price and quantity 
unchanged by the change of elasticity. In fact did it indeed 
ever occur to any one, wishing to illustrate what Mill calls the 
increase of the demand in a greater or a less proportion than the 
cheapness,^ to conceive a variant so peculiar as that which forms 
Professor Seligman’s illustration ? 

The following is a more typical example. Let the law of 
demand be originally such that there is demanded : — 

At price, $5 1000 units of commodity. 




. . . . 900 



. . . . 800 



. . . . 650 

6 

475 


the cost being, as before, constant, $2 per unit of commodity. Then, 
as in Professor Seligman’s example, originally the monopolist will 
fix the price at $5. The net profit at that price, as shown in the 
accompanying statement, will be higher than at any other of 
the prices. 

Before the Change op Elasticity. 



Output 

1000 

900 

800 

650 

476 


Price 

5 

6-25 

6-5 

6-76 

6 

Before 

r Price minus cost ... 

3 

3*26 

3-6 

3-76 

4 

the tax. 

\Net profits 

3000 

2925 

2800 

2437-6 

1900 

After 

r Price minus cost ... 

0-3 

0*66 

0-8 

1-06 

1-3 

the tax. 

tNet profits 

300 

496 

640 

682-6 

617 


^ Political Economy, III, ch. xviii. § 6. 
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After the Change of Elasticity. 


Output 1000 

Price 6 

Before /Price minus cost ... 3 

the tax. \Net profits 3000 

After /Price minus cost ... 0*3 

the tax. \Net profits 300 


900 

800 

650 

476 

6,775 

6*05 

6*326 

6*6 

3*776 

4*05 

4*326 

4*6 

3397*5 

3240 

2811*26 

2185 

1*075 

1*35 

1*625 

1*9 

967*5 

1080 

1056*2 

902-6 


Now let a tax of $2*7 per unit be imposed. The resulting 
figures given in the accompanying statement show, as far as a 
discontinuous schedule of this sort can show, that the price will 
now be raised from 5 to 5|, that is by in consequence of the 
tax. Next let us introduce the circumstance of diminished 
elasticity. Understanding that after, as before the change of 
elasticity, 1000 units are demanded at the price 5, let us suppose 
the demand to be tilted up for each higher price in that neigh- 
bourhood. For example, whereas originally an output of 900 
was carried off by a price of 5 let that price now become 5 J X 1*1, 
and let the other prices be increased in the same proportion. Then 
we shall have, after the change of elasticity, the prices specified 
in the second part of the annexed statement, corresponding to the 
original outputs. That is before the tax by the mere fact of 
diminished elasticity the price has been raised from 6 to 6*775. 
Now superadd the tax of 2*7 per unit, as before, and it will appear 
that the rise of price is from $5-775 to $6-05, that is, $-275, con- 
siderably less than the rise of price under the condition of greater 
elasticity, which was *75. 

But of course this manipulation of figures is “ mere palpation,” 
affording no certain warranty of general truth, and rather cal- 
culated to obscure essential points, as in the memorable instance 
of an arithmetical example constructed by J. S. Mill and con- 
demned by Professor Marshall.^ A hundred, perhaps a thousand, 
empirical instances, taken impartially at random, might be 
required in order to elicit by a laborious elimination of chance the 
tendencies which may be discovered at a glance upon inspection 
of a few symbols. 

(4) The next question is whether in general, or with what 
degree of generality, when a specific tax is imposed on a mono- 
polised article, the price will rise. Professor Seligman now admits 
“ that in ordinary cases the monopolist will shift at least a part 
of the burden.” But he ventures stiU to cling to the position ” 
that ” cases may arise in which it will be profitable for the mono- 
polist to bear the burden himself. No part of the tax will be 
shifted to the consumer.” He disputes my position that the tax 

* PrincipUt of Economice, Book VI. oh. iz., note on Bicardo’s doctrine. 

VOi. I. M 
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will affect the consumer, except ‘‘ in two special cases, (1) where 
it is not in the power of the monopolist to increase or limit his 
output at will ; (2) where the monopolist is a sole buyer, and the 
supply of the article bought is perfectly inelastic ; for instance, a 
combination of tenants dealing with landlords ^ incapable of 
combining.” ^ 

“ That these are not the only cases, however,” remarks 
Professor Seligman, “ is clear from the argument in the text.” 
Here is this argument : — It is supposed, as in the example quoted 
on our page, that the monopolist will sell 1000 units at price 
$5, 900 units at price $5^, and so on as stated in the third column 
of the annexed schedule. The cost per unit is supposed to be 
constant, viz. $2. Professor Seligman argues : 

“ His net profits then after a tax of J of a dollar had been 
imposed, would be,” 

At price 6 ... (5 - 2i) X 1000 ... = $2750. 

„ 6i ... (5i - 2i) X 900 ... =» $2700. 

„ ... (5| - 2i) X 825 ... ==$2681*26. 

M (5i-2i)x 760 ... =$2625. 

„ 6 ... (6 --2J)x 700 ... =$2626. 

“ In other words the monopolist will continue to find his greatest 
profits in continuing to charge the original price.” 

He will, I rejoin, if he can only alter the price per saltum, by 
leaps of i doUar. But surely it was not necessary in an article 
on pure theory to notice this obvious limitation, which may fairly 
be relegated to the category of friction. If the monopolist can 
adopt an intermediate price between $5 and I submit that 
he will tend theoretically to do so, for the reasons which I have 
given in one of the papers referred to.® Actually no doubt he 
may not do so, because the gain directly resulting from the change 
may not compensate the incidental disadvantages attending a 
change. This force of friction is well described by Professor 
Seligman, and is aU the more clearly discerned by the mathe- 
matical economist, in that he perceives, as pointed out by Pro- 
fessor KiiutWicksell,^ that when the tax is small the gain must be 
very small, of the second order.® 

' Pure Theory of Taxation, S, II. 91. 

* Assuming, of course, that the landlords have nothing else to do with their 
land but to offer it to tenants. Professor Seligman seems not to accept this 
postulate. He says, “the landowner is not compelled to part with his land; 
but the tenant is compelled to occupy some apartments “ (op. ciL, p. 242). 

* See especially the diagrammatic statement in the review of Professor 
Graziani’s theory (C, II. 399, and III. 92). 

* In the admirable study of the subject in his Finanztheoretieche Unter- 
suchungen, which I had not seen when writing before, in the Economic Journal, 
1897, on this topic. 

* In the symbols which we have employed above, the gain is of the order 
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I don’t know that there remains an 3 dihing worth fighting for 
under this head, I quite admit — I never denied — the efficacy of 
friction. Professor Seligman appears to admit the abstract 
theory when, in a passage which has been already quoted, he 
reasons : “ the producer, who has advanced the tax, will increase 
his price only to that point where the smaller sales are compen- 
sated by the higher price, so that his net profits will still be at the 
maximum ” (p. 204). If any difference of opinion remains, I 
surmise that it relates to the assumed continuity of the demand- 
curve (and other economic functions).^ I have thought it 
legitimate to assume, not only with Professor Marshall, that ‘'the 
demand for a thing is a continuous function,” ^ but also that, like 
the continuous functions which we ordinarily meet with in nature, 
it is not continually changing its character in respect of convexity 
or concavity. * If the gross receipts curve represented by Ss on our 
diagram 2 is concave to the axis of X at the point S correspond- 
ing to maximum net profits, it may be assumed that, in general, 
in the great majority of cases which occur in ordinary practice, 
the curve will retain that character, as we move away from the 
point, for some finite distance. On this ground, it may be 
assumed as generally true that the imposition of a tax will tend to 
raise price. 

In the postulate of continuity lies the answer to the difficulty 
raised by Professor Seligman in the following passage : — 

“ Cournot states that the tax must always be shifted (except 
in the cases mentioned in the preceding note.”) [The cases 
quoted from the article in the Economic Journal, 1897 (S, 
II. 91). Does Cournot make both these exceptions?] “Pro- 
fessor Edgeworth (Economic Journal, VII. p. 405) thinks 
that this is true ‘ in general,’ Later, when hard pressed by 
Professor Graziani, he seeks to maintain his position by assuming 
‘ that the change of price is small,’ ‘ by taking Ap 8 ufjp.ciently 
small ’ (Economic Journal, VIII. p. 235). But is it fair to 
assume that a small change of price is ‘ more general ’ than a 
great one ? And would Professor Edgeworth’s elaborate formulae 
all hold good, if the change of price were substantial ? (p. 276). 

Certainly, the formulae hold good for substantial changes of 

; upon which, however, it may bo remarked (I) that Aa;, though in general of 
the same order, may bo sometimes much larger than t», (2) that rAa; though small 
in relation to the gross receipts may be considerable in relation to the net profits, 

^ Cp. Professor Seligman op. cU. p. 278 (note) ; “ The error of Professor 
Edgeworth seems to consist in the assumption that the demand curve is con- 
tinuous.” 

* Preface to Principles of Economics, 

* See below, H- 389. 
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price as long as the conditions of a maximum continue to be 
fulfilled, that is, presumably for some finite distance.* On the 
page following that which Professor Seligman has quoted, there 
is given an illustration, in which, as the tax is increased, the price 
will continue to rise up to the point where the monopolist’s profits 
vanish. The rise of price attending increase of taxation may be 
interrupted when the demand curve (or some other function 
involved) changes its character in respect of concavity. Professor 
Seligman ’s own example affords a good instance. Taking the 
figures quoted above, with the omission of the tax, we have 
the subjoined data for the gross receipts curve. It will be seen 

4 



ABODE 

Output 1000 900 825 750 700 

Price 6 6*25 6-5 6-76 6 

Gross receipts 5000 4725 4537-6 4312-6 4200 

Differences of ordinates ... 276 187-6 225-0 112-6 

Differences of co-ordinates 100 75 76 60 

Slope 2-75 2-5 3 2 25 


that as the price is lowered from 6 labelled E to 5 labelled A, 
the output of course being concomitantly increased, the gross 
receipts continually increase. But the rate of this increase is 
not continuous. It is less rapid from E to D than from D to (7, 
and from G to B than from B to A, The simplest continuous 
curve corresponding to the data would presumably be of the form 
indicated by the sinuous line in the annexed diagram. The reader 
will be so good as to substitute in imagination a curve of this kind, 
instead of the gross-receipts ciurve 8sy in our diagram 2, on a 
former page. By the reasoning there given, or referred to, it 
♦ Op, below, p. 167. 



PEOFESSOR SELIOMAN ON THE THEORY OF MONOPOLY 105 


appears that, with the imposition, and gradual increase from zero, 
of a specific tax, the output will decrease, and the price will increase, 
as long as the curve is concave, say up to the point j. At that 
point the sort of index which we may conceive moving along the 
curve, stops. It may stop some time at j ; or it may almost 
immediately fly over to the next crest, between D and 0. It 
cannot descend to C (the law of cost being supposed constant, 
$2 per unit) unless the curve is very unusually complicated. It 
will continue to move on to the point k, where the curve again 
changes its curvature, after which another jump may sooner or 
later ensue. 

Because the mathematical investigation advances by tentative 
steps it is not precluded from going in the direction of the rise of 
price as far as any other method, provided that the conditions of 
a maximum are secured. Without that condition, the calculus is 
helpless : it ‘‘ fears to tread ” where the ground is insecure ; 
contrasted in that respect with other methods, but not to its 
disadvantage. 

(5) Professor Seligman draws out his arrays of figures for 
another pitched battle on the question whether “ a tax on mono- 
poly gross receipts must raise prices ; maintaining that, 
“ although it is generally true that a tax on monopoly gross 
receipts will raise prices, this conclusion not necessarily follows.’* 
From the mathematical point of view the distinction between 
this case and the preceding is unimportant, with respect to the 
purpose in hand ; as appears from Cournot’s analysis. ^ Suppose 
with Professor Seligman that a tax of 10 per cent, is imposed on 
gross receipts, then the amount which the monopolist seeks to 
maximise is y'V gross receipts — total cost ; or, yV (gross receipts — 

total cost). Accordingly, the change of price consequent on 
the tax will be the same as if, instead of the tax ad valorem^ there 
had been an increase of the total cost by 11*1 per cent. The 
effect of such an increase of cost on price is identical with that of 
a specific tax in the case of constant returns, and of the same 
general character in the case of varying cost : as may be seen 
from our diagram 2, by observing that any point on the cost curve 
is pushed upwards as before, not now to the extent of a certain 
proportion of the abscissa, but to the extent of i^th of the ordinate. 
The same theoretical necessity, the same practical reservations, 
apply to the fifth as to the fourth issue. 

Let us pause after these five rounds. I have noticed some 
half-a-dozen other instances in which my distinguished opponent’s 
^ Principes McUhimatiquea, Art. 41, ch. vi. 
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conclusions are diametrically opposed to those which are deducible 
by mathematical reasoning. But I think it best to confine the 
present discussion to issues which have been already raised; 
respecting which a difference of conclusion may fairly be ascribed 
to the difference of method rather than a mere slip on either side. 

II. I go on therefore to consider some general refiections on the 
mathematical method which the author has prefaced to the 
discussion of particular theorems.^ 

Here is one of these reflections. 

(1) “ The mathematical study of the pure theory often 
assumes a simplicity of condition which does not actually exist ; 
it purposely neglects the all-important element of friction and 
constructs hypotheses irrespective of their agreement with the 
facts of actual life ” (p. 173). 

I quite admit that mathematical reasoning — ^like all abstract 
reasoning — has its abuses, as well as its uses. I only enter a 
caveat against its being supposed that this remark is particularly 
relevant to the present discussion. The abstract questions which 
are at issue are understood in the same sense by both parties ; 
there is no reason to suppose any difference of opinion as to the 
value of the right conclusions. What the impartial spectator has 
to consider is whether the party that dispenses with mathematical 
reasoning obtains the true answers. To cry out Ne sutor super 
crepidam does not prove that it is possible to make good shoes 
without the proper tools. 

Again Professor Seligman remarks : 

(2) ‘‘ The chief advantage of the mathematical method is 
seen in the use of diagrams where an intricate point which involves 
the simultaneous consideration of several causes can be illustrated 
with greater brevity and clearness than in any other way. But 
when we proceed from diagrams to the higher algebra, the use of 
the mathematical method sometimes leads to refined calculations 
of more importance to the mathematician than to the economist, 
and of little perceptible use in solving any practical economic 
problems ” (p. 173). 

This unqualified preference of diagram to symbol appears to 
me to be exaggerated. When the causes to be simultaneously 
considered are numerous, diagrams are apt to become helpless. 
Thus in order to treat our first question diagrammatically, it 
would have been necessary to resort to solid geometry. And, as 
there are only three dimensions of space, even solid geometry 


^ Op cit. pp. 172-3. 
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would be inadequate to illustrate the problem of three classes of 
fares. Even with respect to the other issues, where we are con- 
cerned with only one commodity, the use of symbols appears to 
me to have some advantage. I propose to illustrate this state- 
ment by restating in symbolic language, specially addressed to the 
mathematical reader, solutions of the four problems — (2) to (6) 
inclusive — which have already been treated otherwise. 

Let us begin with Cournot,^ by considering an indefinitely 
small tax or addition to taxation, i in his notation, or, as we might 
say. At. It follows from Cournot’s reasoning that the increment 
of the price consequent on an increment of taxation may be 
expressed in terms of the following quantities : (1) the price, say 
p ; (2) the rate at which the total cost increases with the product, 
say c ; (3) the rate at which the increase of the total cost attending 
an increment of product increases with the increase of product, say 
c' ; (4) the “ elasticity,” * or rate at which the amount demanded 
diminishes as the price is increased, say e\ and (6) the rate at 
which the “ elasticity ” increases with the increase of price, say e' . 
Substituting these symbols in Cournot’s expression for the change 
of price consequent on a tax (in his Art. 38, or rather in the 
expression which he gives for the change of price consequent on 
an increase in the cost of production equivalent to a specific 
tax in his equation (4), Art. 31) we have, mvtatis mutandis - 
I — 2e c'e^ — e{p — c)}Ap — — eAt. 

Whence ^ ^ 1 j j - r^- 

At 2e + c e (p — c) 

To apply now this formula to the problems in hand. We see 
at once that to a (positive) increment of taxation corresponds an 
increase of price. This proposition holds good alike for specific 
and ad valorem taxes — our (4) and (5) (compare Cournot, Art. 41). 
And what is true of an indefinitely small increase of taxation, is 
true of a finite increase, so long as the denominator in the ex- 
pression for continues positive; that is, I think we may say 

“ in general ” — in the long run of cases — to some finite distance 
from the point at which we started, as shown by Cournot, Art. 32. 

^ Principes MatMmatiques, ch. vi. Art. 38. 

* As announced above (p. 167), inverted commas are applied to elasticity in 
the popular sense corresponding to Cournot’s F'{p)f when it becomes important 
to distinguish that sense from the strict definition corresponding to Cournot s 
F'{p)pJP{p). The distinction becomes significant when the second differential 
coefficient makes its appearance (see P* 394)* 

* It will be observed that his F'{p) is identical with our — e, his with our 
— c e, his0'(L>) with our c, his <I>"(D) with our c\ his F'' (p) with our — e'. 
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As he says, this method of demonstration should be borne in 
mind, as it will be frequently recurred to.” Bearing it in mind 
with respect to the remaining problems above designated, (2) 

and (3), we need only examine how ^ is affected by the incidents 

in question, namely, variations in the law of cost, and variations 
in the ‘‘ elasticity.” 

Considering the formula above given, we see that both the 
numerator and the denominator ^ of the expression for ^ being 

essentially positive, must decrease with the increase (and 

increase with the decrease) of c\ other things being the same. 
The only other relevant things are e, e\ 'p and c. And the only 
significant question is whether we have any reason to think that 
any of these quantities is likely to be greater or smaller when c' 
is greater, in general in the long run of cases. I submit we have 
no ground for thinking that there is any correlci>tion between c' 
and any of those variables. Accordingly in the long run the rise 
of price consequent on any assigned increase of taxation is likely 
to be greater the smaller c' is. A particular case of this proposition 
is that the rise oi price is likely to be greater when c! is negative 
than when c is positive : in other words, higher when the law of 
increasing, than when the law of diminishing, returns prevails. 
That is, understanding those laws as I have defined them. There 
is no direct connexion between increasing and diminishing returns 
in the other sense. But the proposition which has been enunciated 
is true also in the second sense so far as the attribute, which forms 
the first definition, is apt to be attended with the attribute which 
forms the second definition ^ — that is, possibly, very far. 

We com© lastly to problem (3). How is affected by the 

increase or decrease of e ? It is quite a relief, after the monotony 
of contradiction, to have to admit that I have committed a slip 
at this point. In my former version of the theory ^ in the ex- 
pression for “ the increase of price due to a smaU tax ” correspond- 
ing to the expression for Ap just now written, I put, for the sake 
of simplicity, a single symbol, B, for what I now call — c'e^. And 
that was all right for the immediate purpose in hand. But in 

^ The negative of this denominator being, as pointed out by Coumot, Art 31 
necessarily negative, according to the well-known theory of maxima and 
ncxini met* 

• Cp. above, p, 70. 

• Economic Joubnal, VoL VII., p. 227, note 2. [Omitted from S.] 
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applying the formula to enunciate the effect of a change in e, I 
treated B as constant, ^ forgetting that it involved e. 

The following is, I now think, a more correct statement. In 
any given case it is impossible to say whether the increase of 
elasticity conduces to the increase or the decrease of the efficacy 
of a tax to raise price ; unless we are given not only c' (which may 
be supposed), but also e\ involving the curvature of the demand 
curve, which is not, I think, usually given, ^ even as to sign, much 
less with the quantitative precision which would often be 
necessary for the present purpose. 

But the expression for though perfectly indeterminate for 

any particular case, may afford, I think, a certain presumption for 
the long run. Suppose the sign of c' to be given, the law 

of decreasing returns prevailing. Then in the long run of cases — 
while e' is now positive, now negative in sign, now large, now 
small in absolute quantity — for a majority of those cases an 
increase of e would be attended with an increase in the denominator 

of the above-written expression for or rather what it becomes 

when both numerator and denominator are divided by c, and, 
therefore, a decrease of the ratio under consideration. Con- 
versely, when the law of increasing returns prevails, c' being 
negative, an increase of elasticity is likely to be attended with 
an increase in the efficacy of taxation to raise price. 

To the extent of the former clause I have to retract my original 
statement. But I am still able to affirm universally, without 
reference to the law of cost, the contradictory of Professor 
Seligman’s theory that “ the greater the elasticity of demand the 
more favourable — other things being equal — will be the position 
of the consumer ” ; if the situation of the consumer is tested, as 
it ought to be, not so much by the rise of price as by the loss of 
consumers^ surplus. Employing the proper criterion of the 
consumers’ welfare, we may affirm, ‘‘ the greater the elasticity of 
demand the more z^/jfavourable — other things being equal — will 
be the situation of the consumer.” ® 


^ Economio Journal, VoL VII., p. 228, note 4 continued from p. 227. 

“ As to this unknown element, see E, L, p. 136, and II. 394. 

* The lo88 of con8umer8’ 8urplu8 consequent on raising the price from p to 
p -f Ap is approximately (cp. E, pp. 117, 132) xAp; where x is the product, 
which, by Cournot’s equation (3) of ch. v. == e(p— c). Therefore the loes of con- 
8uiner8^ 8urplu8 


- e(p-c)Ap = 

KP jap 2«+c'c»+e'(p-c) 2 (p-c) 

e +0 +® • 

This expression for the lo88 of consumers’ surplus is always positive, both ths 
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For the purpose of obtaining propositions in Probabilities, as 
the preceding may be described, I submit that symbols seem to 
have an advantage even over diagrams — not to speak of numerical 
illustrations. Thus it may be objected to our diagrammatic 
proof ^ of proposition (2) that some a priori knowledge derived 
from analysis is required to guarantee the legitimacy of our 
supposition that the law of cost only is varied, other things being 
preserved constant. A diagrammatic proof of proposition (3) 
would be even more precarious. 

(3) One more of Professor Seligman’s general reflections : — 

“ It may even be doubted whether the mathematical method 
has independently discovered any important principle susceptible 
of practical application that could not have been also expressed 
in everyday language.” 

Those who have followed the preceding discussion may be 
disposed to admit that, if the mathematical method does not 
itself discover important practical principles, it may at least be 
usefully employed to test the principles which a distinguished 
practical economist regards as important. If it is worth his 
while to employ some pages of economic analysis and numerical 
examples in endeavouring to prove those principles, it is worth 
our while to employ some lines of symbol in endeavouring to 
disprove them.* The negations are often also affirmations, 
but not very confident ones. It is as if an opponent 
should prophesy that the last week of April or May would 
be the coldest part of the month. The reply is that what 
we know about the matter points in a contrary direction : 
there is a constant cause making for greater heat — namely, 
the position of the earth relatively to the sun — in the latter 
part of each month ; though doubtless that tendency may be 
counteracted by unpredictable vicissitudes of weather. What if 
the more abstract part of political economy, like the more sublime 
part of astronomy — that which contemplates the mechanism 


numerator ( = £^rx -r e) and the denominator (for the reason given in note 1 to 
p. 168) being positive. The loss is in the long run greater the greater c is, since 
2 

one term of the denominator - becomes less as e becomes greater; while the 

other term of the denominator which involves e may be treated as inoperative 
(if not diminishing), on an average, in the long run of all possible values (positive 
and negative) of e', in our ignorance of e'. Thus the loss of consumers’ surplus 
is likely to be greater the greater the elasticity. 

^ Above, p. 166. 

♦ There are here omitted some sentences referring to the second edition of 
Shifting and Incidence^ but less pertinent to the third edition. 
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of the heavenly bodies external to our system — ^were not at 
present susceptible of direct practical application, the mathematical 
theory of economics might still confer a benefit analogous to that 
which the mathematical theory of astronomy conferred when it 
discredited the pernicious pretensions of the astrologers. There 
are those who think that even of the received economic analysis 
the most important function is negative. Thus Mr. Leslie 
Stephen : — 

“ Political economy, as I venture to think, has been especially 
valuable in what I have called its negative aspect. It has been 
more efficient in dispersing sophistries than in constructing 
permanent theories. Economic writers have exploded many 
absurd systems. They have so far cleared the way for an 
application of sounder methods. But the complexity of the 
problem is so great. . . ^ 

The sort of sophistry which has been eradicated from the 
general field of economics by the received organon finds a still 
virgin soil in the nooks and corners of which the cultivation 
requires the implements of mathematics. 

The trenchancy of this criticism is not inconsistent with the 
diffidence which is proper to an inexact science, and the respect 
which is due to a high authority. For on the one hand, the 
region of hypothetically abstract theory, to which this polemic is 
confined, forms the one territory of economics in which issues may 
be fought out without compromise, there being a right 
diametrically opposed to the wrong. And on the other hand, 
it is no discredit to the ablest combatant, when he is unprovided 
with the proper weapons, to succumb. 


Lije of Fawcett, p. 149. 
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(G) 

RAILWAY RATES 

[This article, which was published in the Economic 
JouRNATi, 1912, as the second section of the series announced 
as “ Contributions to the Theory of Railway Rates,’’ deals 
with some leading problems in Railway Economics. The 
function of discrimination is investigated on the lines of 
Dupuit. There comes up for reconsideration the vexed question 
of the relation between through fares lowered by competition 
and fares to intermediate localities which are subject to monopoly. 
The discrepancy in this matter between expert practice and 
abstract theory is explained by the circumstance that the theory 
may be too abstract, not taking into account the monopolist’s 
concern for interests in the distant future. The monopoly 
also may be not pure, but mixed with competition or altruistic 
motives. A return to the subject is promised; but this is one 
of the promises which were swallowed up by the War]. 


The classical economists rather anathematised than analysed 
monopoly.^ It was reserved for Cournot to cultivate this neg- 
lected branch of economics; gathering the first-fruits of the 
mathematical method. Cournot and his mathematical successors 
have fully discussed what may be called the leading case : that 
of a monopolist dealing with a whole class of mutually competi- 
tive customers at one and the same price. Some acquaintance 
with the laws governing this comparatively simple case is here 
presumed. My contributions are directed to a subject less 
generally studied, ^ the case in which the monopolist discriminates 
between different classes of customers. I build upon the founda- 
tions laid by Dupuit. ^ 

^ For instance, Adam Smith’s dictum, “ The price of monopoly is upon every 
occasion the highest which can be got ” {Wealth of Nations ^ Book I. chap, vii.), 
J. S. Mill’s dictum, “ Monopoly value docs not depend on any peculiar principle, 
but is a mere variety of the ordinary case of demand and supply ” {Political 
Economy, Book III. chap. ii. § 6), seem wanting in precision. 

* See his epoch-making papers, De la mesure de VutiliU des travaux publics and 
De V influence des piages sur VutiliU in the Annales des Fonts et Chauss4es, 1844 
and 1849, which will be found among the periodical publications in the library of 
the British Museum. Some extracts from Dupuit’s papers are given in my article 
in the Economic Jouenal, September, 1910. 
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The corner-stone of this building is formed by a conception 
which Dupuit introduced under the designation rente des 
ache tours ” ; the money-measure of the benefit accruing to pur- 
chasers from obtaining articles which they purchase at a certain 
price, while they would have been willing to give more for those 
articles rather than go without them altogether. The sum 
of money designated by the term in question may, I think, 
be an object of science as well as the sum designated by the 
more familiar term 'price. The monetary equivalent of total 
utility may be as objective as the monetary equivalent of final 
utility. It should be observed, too, that often the Rente des 
Acheteurs with which we are here concerned does not consist 
only of Consumers' Surplus in the phrase adopted by the second 
founder of the theory, but also of a certain Producers' Surplus 
which consists of money, and does not require, like Consumers* 
Surplus for the most part, to be evaluated by an unusual or 
hypothetical transaction. Thus, if a railway lowers the rate for 
carriage of coal to a residential and manufacturing town (depend- 
ent on that railway for its supply of coal), not only will there be 
a gain of Consumers’ Surplus to those who use coal for domestic 
purposes, but also the manufacturers becoming able to extend 
their use of coal in various directions will presumably secure a 
greater surplus of money profit, I propose to subsume the two 
kinds of advantage which may accrue to the purchasers of 
monopolised services under the title “ Customers’ Benefit.” 

The theory which I attempt to construct is based mainly on 
the first principle of pure economics, the prevalence of self- 
interest. In the words of Professor Cohn, comparing the different 
motives by which railway managers are actuated, ” by far 
the weightiest are assuredly the egoistic motives.” ^ In the 
words of another high authority, ^ “ the constant effort of every 
railway company [is] to secure the volume of traffic and to 
maintain the fares that will jointly yield maximum net profit.” 
‘‘ The main purpose of the railway manager is to secure present 
or prospective profit for the stockholders.” ® But while reason- 
ing from this premiss, I do not forget that a concrete railway 
company is far from being a perfect monopoly ; and I will point 

^ “ Weitaus die wichtigsten sind allerdings die egoistischen.” Engliache 
Eiaerthahnen, vol. ii. p. 398, and context adducing evidence that “ das Eigennutz ” 
is the predominant motive. 

* Johnson and Huebner, Railway Traffic and Rate«t p. 227. The words relate 
to passenger traffic, but may safely be generalised. Compare the context, p. 216. 
A qualffioation of this assumption, made by the distinguished writers, wiU be 
noticed in the sequel. * Op. cit., p. 228. 
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out how the deductions from the abstract principle require to be 
modified by other considerations. 

(1) Discrimination due to differences in demand. — The most 
characteristic case of discrimination resulting from monopoly 
occurs when different charges are made for like commodities 
solely on account of differences in value to the purchaser, and 
quite irrespectively of differences in cost to the producer. Ex- 
amples of this case too familiar to require citation occur through- 
out the wide fields of railway practice ^ designated by the terms 
Classification and Local Discrimination. 

To explore the consequences to the customers of such dis- 
crimination, let us at first suppose that no very great difference 
of rates — ^no “ wrench in commercial conditions ’’ in the phrase of 
an experienced railway manager ^ — is caused by the introduction 
of the discrimination. Let us further provisionally assume that 
the company’s interest in the two kinds of traffic — say through 
traffic and local traffic — is not very unequal. We have then the 
typical case which I have discussed at length in a former paper.® 
It is there shown that the perfectly self-interested monopolist 
tends to exploit the customers in such wise that their last state 
will be worse than their state prior to discrimination. But, as 
it is further shown — by an extension of a theorem pointed out by 
Dupuit and applied by M. Colson — the monopolist has not much 
interest in pushing his exploitation up to and beyond the limit 
at which discrimination begins to be detrimental to the customers 
as a whole. For a small consideration the monopolist can 
probably be induced to adopt a set of prices such that the cus- 
tomers as a whole — as well as the monopolist himself — may be 
gainers through discrimination.^ If he does not insist on extract- 
ing the uttermost farthing, discrimination will result in an increase 
of Customers’ Benefit.® 

' As shown by all intelligent writers on the economics of transportation, with 
particular lucidity by Hadley and Acworth. 

* E. P. Ripley in the context of a passage quoted in the sequel. 

* A'p'plications of Probabilities to Economics ^ II. 407. 

* The instances of discrimination alleged by Schipfer in his interesting study 
on the passenger service of Prussian railways ( V olkwirtschajtliche Studien^ Berlin ; 
Heft 209) as detrimental to the public — ^for instance, between “ return ” and 
ordinary fares — are hardly relevant here, so far as the allegation rests on the differ- 
ence in the value of money to different classes of the community. This is a 
consideration not taken into account here. 

* This last proposition is a new corollary, which the mathematical reader will 
have no difficulty in deducing from the theory given in the paper of 1910; upon 
the assumption not only that the coefficients o, S* 7 , etc., pertaining to the demand 
curves [loc. cit, p. 459, note), are small, but also that the monopolist takes no 
account of amounts (of profit) less than what correspond to the squares of those 
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As we leave the limiting case in which the receipts prior to 
discrimination are nearly equal and the discrepancy in prices 
produced by discrimination is inconsiderable, the probability in 
favour of the conclusions enounced becomes weaker. ^ The lamp 
of Probability is dimmest when the inequality between the 
original demands is considerable, but not immense. Penetrating 
this obscure central region we emerge into daylight 2 as we 
approach a new limit characterised by the extreme inequality of 
the receipts prior to discrimination. One class has now so small 
a demand, in the absence of discrimination, that the alteration 
of its price does not sensibly alfect the other class constituting the 
bulk of the customers (prior to discrimination). There are two 
varieties of this extreme case ; the rate fixed for the exceptional 
class may be either raised or lowered. An example of the first 
variety would occur if millionaires were treated as corvSable d 
discretion^ in Mr. Ac worth’s phrase. But probably in the man- 
agement of railway traffic this variety is much rarer than the 
converse one in which rates are lowered for outlying classes. 
This category includes the cases in which judicious managers 
“ create traffic ” ® excursion business, handled at reduced 
fares,” in contrast to “ the regular business at standard fares,” ^ 
“ extra traffic that will not move without special conditions.” ® 
Here we may place walking and cycling tickets, week-end, and 
“ long-date week-end ” tickets,® special terms offered to pas- 
sengers on the occasions of exhibitions, football matches, etc. ; 
with like discrimination in favour of producers. Now in all such 
cases there is a pure gain of Customers’ Benefit ; since by hypo- 
thesis the position of the bulk of the customers is unaltered, while 


email magnitudes. The corollary, it may bo observed, is true independently of 
the form of the demand-function, since in the expansion of those functions the 
terms involving higher powers than the second may be neglected. 

^ Loc. cit. 

* TheoreticaUy the light does not return until we have crossed the new limit 
into an outlying region occupied by customers who have no demand at the original 
(undiscriminated) price. But practically it may be often assumed that the very 
small demand of a special class will not have a sensible effect on the rates fixed 
with regard to the demand of the majority. 

^ See the lively directions for creating traffic quoted by Johnson and Huebner, 
Railway Traffic and Rates, Vol. II. p. 197. 

* Loc, cit., p, 221. ® Loc. cit., p. 189. 

® Many such instances are given by H. Marriott, The Fixing of Rates and Fares, 
chap. vi. Perhaps some of the instances are not quite at (or beyond) the limit 
imder consideration. Thus, the demand for week-end journeys might well be so 
great and of such a nature that, if special week-end fares were to be abolished 
and a uniform fare adopted, that undiscriminated charge would be — practically, 
as well as theoretically — lower than the present standard fare. 
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the remainder are enabled to purchase a commodity of which the 
price was previously preventive. 

(2) Discrimination due to dijferences in cost. — ^An equally 
simple and perhaps more familiar case arises when two classes 
of customers ^ between whom it is proposed to discriminate 
have the same demand for a commodity which it costs more to 
supply to one than to the other. For instance, the two classes may 
be the residents in two localities, whose dispositions with respect 
to local journeys are identical ; but the operating expenses ^ may 
be greater — say on account of the steepness of the gradients — in 
one place than the other. The reader will rightly presume, 
though probably for the wrong reason,^ that when the price of 
the two services is not constrained to be uniform, the price of 
the service which it costs more to supply wUl (theoretically) be 
higher. But preconceptions will be of little avail to answer the 
question whether under the circumstances the customers as a 
whole will be benefited by the discrimination. The Ricardian 
doctrinaire will presume that prices proportional to costs of 
production form the best possible arrangement. The undis- 
ciplined Socialist may presume that equal charges for classes 
whose wants are identical are productive of maximum satisfac- 
tion. But both these contrary presumptions are incorrect. 
The first thesis is only approximately true ; the second is false.^ 

(3) Discrimination due to differences in both demand and 
cost. — ^Now let us compound the two preceding simple cases. 
For instance, the discrimination between first- and third-class 
passengers’ fares (in England) is, I suppose, based partly on the 
different requirements of the passengers, and partly on difference 
in the cost of equipment. In this case the same line of cleavage 
separates the classes which are discriminated in respect of demand 
and in respect of cost.® More generally, it may be conceived 
that the two classes differing in one of those respects, for instance, 
the residents in the two localities for which the cost of carriage 

^ It may be well to repeat here the advertisement which I gave at the outset of 
the cognate paper in the Economic Journal for 1910 “ I shall for convenience 

of enunciation confine my statements to the variety in which only two species are 
discriminated; but the propositions thus enunciated are readily adapted to any 
finite number of species.” 

* The general expenses are not relevant to the present theory. 

* On the strength of Hicardian premisses inappropriate to the present inquiry 
which relates to pure monopoly. The true reason is to be found in Cournot’s 
theory concerning the efiect of a rise in cost of production on the price of a 
monopolised commodity. 

* For proof of these and following statements see the paper on the Application 

of Probabilities, Section VI., C, below, p. 387, et $eq. « Loc, cU, 
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was different, have a uniform demand only on an average ; each 
class capable of being broken up into species, such as travellers 
by fast and by slow trains. We may then employ first one of 
the above propositions, then the other, to obtain conclusions 
analogous to those which have been enounced. 

It remains to notice the modifications of the simple proposi- 
tions which arise when we introduce correlation ^ both of demand 
and cost. For instance, the demand on the part of passengers for 
first-class and that for third-class accommodation are rival. The 
demands for the carriage of the passengers themselves and for 
the carriage of their luggage (where, as in Prussia, a separate 
charge is made for luggage) are presumably complementary. In 
the case of special tickets for “ parties ^ we have an instance of 
complementary demand^ so far as the desire of each for the trip 
is heightened by the pleasure of company ; and of joint cost so far 
as the largeness of the party enables the economies of production 
on a large scale to be realised.® But it will not be necessary 
to examine in detail the variety of cases which are constituted 
by these complications. The subject is particularly open to the 
remark which Mill quotes from Montesquieu : “ II ne faut pas 
tellement 6puiser une chose qu’on ne laisse rien k faire au lecteur.’* 
The reader is invited to ascertain for himself, with the aid of the 
notes in the former paper,^ that the propositions above proved 
for the simpler cases of demand and supply may be extended to 
cases complicated by Joint Demand and Cost; the probability 
becoming more a priori and of less practical service as the com- 
plications increase. The mathematical reader will have no 
difficulty in making these generalisations if he bears in mind the 
essential characteristics of our theory, namely, (1) that monopoly 
profit is at a maximum ^ (before and after discrimination), and 
accordingly that the data must be such as to fulfil the usual 
criteria of a maximum ; (2) that the coefficients which determine 
the extent of the discrimination are, at least, initially small ; ® 

^ The term is defined and divided, S, II. 72, 73, 

■ For instances of such arrangements, see the passages of Johnson and Hueb- 
ner’s Railway Traffic and Rates , referred to above, p. 175. 

* See, as to the relation of Joint Cost and Increasing Returns, passages 
referred to in the Index. 

^ See P‘ 423, et seq. The treatment of Correlated Cost is exemplified below, 
p. 184, note. Cp. S, II. 

* In accordance with the fundamental premiss postulated above, p. 173. 

* Relatively small (such as the coefficients a, )8, etc., employed in the note to 
p. 174, above); partly in accordance with the practice of railway managers 
(alluded to below, p. 190), but principally in virtue of a method of reasoning 
introduced by Cournot and largely applicable in mathematical economics; 
as to which see Index s.v. Differentials and Finite Differences. 

VOL. I. N 
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(3) that the usual postulates of a 'priori probabilities ^ are granted ; 
in particular, it is assumed that if two quantities P and Q take 
on from time to time different values (ranging through tracts of 
the same order of magnitude), such that P is always positive, 
Q as often positive as negative, then (under the circumstances 
characterising the class of problems with which we are dealing) 
the sum P Q is probably positive. 

With reference to the complex cases, it may be well perhaps 
to explain what is implied in my use of the evasive term Joint 
Cost. When it is said in the present context that two dis- 
criminated commodities have a joint cost, it is meant that when 
the production of one is increased by an amount such as that 
which results from the discrimination contemplated, ^ then the 
increased production of the other commodity becomes less costly. 
It is true that most of our examples seem to imply Joint Cost on 
a different scale. Thus, the two parts of the same railway which 
were instanced in our second subsection would, no doubt, have 
a joint cost in virtue of the initial expenses of the railway. But 
we might equally have supposed two distinct railways, owned by 
the same company, similar as to the requisites of customers, 
differing only in that the cost of haulage is greater on one of them 
than in the other. So with respect to our first problem we might 
suppose two separate lines (owned by the same company) on one 
of which lime destined for agricultural purposes, on the other lime 
destined for architectural purposes is hauled, at different rates, 
though the cost (per ton) of haulage is the same. 

It thus appears that the distinction drawn by Professor 
Taussig ^ between the discrimination resulting from Joint Cost 

^ [Aa to a priori Probabilities, see passages referred to in Index.] In the 
case specified in the text it is assumed that the frequency with which P and Q 
assume different values in the long run (between certain limits) is approximately 
uniform, in accordance with common experience as to the behaviour of statistical 
quantities (the sort of assumption approved by Karl Pearson, Orammar of Sciencet 
p. 146, 2nd edition). 

The argument in the text may be illustrated by the following transaction ; — 
Two digits are taken from mathematical tables at random, or from the expansion 
of such a constant as 1(1) give you a number of shillings equal to the first 
digit, and (2), according as the first digit is odd or even, either I give you or you 
give me a number of shillings equal to the second digit. In the long run, formed 
by a series of such trials, you would stand to gain. The proposition remains 
true when the ranges of the two elements are different; for instance, one of the 
two component digits being excluded from the values 8 and 9. But the proposi- 
tion is of course less useful when the order of the constantly positive element 
is small compared with the element of inconstant sign. 

* As to the propriety of specifying the magnitude of the “ dose ” considered 
with reference to Joint Cost, and generally Laws of Return, see C, above, p. 66, 
et passim. 

» Quarterly Journal of Economics (1891); reprinted in Ripley’s Railway 
Problems (p. 140, et seq.). 
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and that which results from Monopoly, however important in 
general, is not particularly relevant to the benefit accruing to 
customers which we have in view. This sort of benefit may be 
obtained from discrimination without Joint Cost in a regime of 
Monopoly, and with Joint Cost in a regime either of Monopoly 
or of Competition. Our withers are un wrung by the observation 
that “ people constantly confuse the principle of joint cost with 
monopoly. To charge what the traffic will bear under the 
former principle is for the public interest, to charge what it will 
bear under the latter principle is against the public interest.*’ ^ 
The public interest which most writers outside the school of the 
Fonts et Chaussies connect with joint cost and discrimination of 
price is the circumstance that but for such discrimination the 
production is apt to be unprofitable and therefore impossible. ^ 
But the public interest which I here, after Dupuit, emphasise, 
is one quite distinct from that familiar advantage. It is some- 
times, indeed, superadded thereto, but it often exists independ- 
ently. It consists in minimising through discrimination that 
loss { 2 }erte seche in M. Colson’s phrase) of customers’ benefit which 
is apt to result from unitary price. Doubtless competitive joint- 
cost is more in the public interest than monopolistic joint-cost, 
other things being the same. But other things are likely not 
to be the same, since monopoly is more favourable to discrimina- 
tion.^ 

(4) Chavges in demand. — Having now considered the in- 
fluence of demand and cost as determining discrimination, let us 
go on to consider changes in those factors.* The question arises 
how will a change in the demand for one of the commodities 
discriminated affect the result of discrimination. The change 
may be supposed, with sufficient generality, to occur after the 
introduction of discrimination. The commodities which we have 
hitherto considered may be likened to two horses of different 
mettle at first yoked together and constrained to go at one and 
the same rate ; afterwards unyoked and free to go each at its own 
pace. The question now arises, if, after the separation, one of 
the steeds be either spurred or reined, what will be the effect on 

^ Taussig, Principles of Economics^ Vol. 11. p. 496. Cp. our subsection 7, below. 

* As in the “ oyster-case ” which Principal Hadley has made classic; referred 
to above, C, p. 93. 

® As to the possibility of monopoly being better for the customer than com- 
petition, see D, p, 101, et seq.^ and p. 406 seq. 

^ The relation between the following two subsections and the preceding three 
may be illustrated by the relation between § 2 and § 6 of Mill’s chapter on Inters 
national V allies ^ dealing respectively with the level of values resulting from 
the opening of trade, and the change in the level resulting from a variation of the 
data. 
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the rate of the other ? The metaphor suggests the true answer, 
namely, nil, in the absence of special relations, whether of rivalry 
or sympathy. Thus, if a Company has been free to adopt the 
rates that are most profitable at different distances (say, arbi- 
trarily tapering rates), then should a fall in the demand for 
through traffic occur, through the construction of a competitive 
line passing through a distant point, that circumstance 'per se 
will not theoretically affect the fares for shorter distances. They 
had already been fixed at the amounts supposed to be most profit- 
able ; to alter them on account of some loss occurring elsewhere 
would mean but an additional loss of profit. 

This deduction from abstract theory is at variance with the 
judgment of experts. 

Thus, the experienced Albert Fink testifies that a hard-and- 
fast tariff (preventing discrimination) “ would have the effect 
that they would have to increase their charges upon such 
portions of the road as they could control themselves.’’ (Report 
of the Hepburn Commission, Vol. I. p. 68.) 

So in the classical pages of C. F. Adams we read : — 

“ At one point ” rates became almost literally nominal ; 
residents “ at other points would be charged every penny that 
they could be made to pay without being drawn off the railroad 
and back to the highway.” {Railroads, 1878, p. 123.) 

The high authority of Professor W. Z. Ripley may be quoted 
in favour of the prevalent doctrine : — 

In the constant pressure for reduced rates in order to widen 
markets, it is not unnatural that the intermediate points, less com- 
petitive probably, should be made to contribute an undue share 
to the fixed sum of joint costs.” {Political Science Quarterly, 
Vol. XX.; 1906; Railway Problems, p. 489.) 

And, again. Professor Ripley speaks of “ the danger of 
local rates . . . being actually enhanced, or at least prevented 
from reduction because of an unduly low level of competitive 
rates at more distant points.” {Quarterly Journal of Economics, 
1909, p. 481.) 

To the same effect the acute H. Turner Newcomb : — 

To these stations the relation of the railway is that of a 
monopoly, and from them the latter can and will . . . recoup all 
losses that may be sustained,” {Railway Economics, p. 47.) 

“ Competition at terminal points impels most railways to 
charge relatively high rates at intermediate points, the traffic of 
which cannot be directed to other lines.” {Op. cit.) 

How strongly this doctrine of recoupment recommends itself 
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to enlightened common -sense appears from its continual recur- 
rence in the reports and decisions of the Inter-State Commerce 
Commission. For example : — 

‘‘ The greater the departure from the direct line, the greater 
would commonly be the necessity for lower rates on through 
traffic, and the greater the liability to have the charges on the 
local traffic increased to make the carriage of through traffic 
possible.” (Quoted from the Decisions of the Inter-State Com- 
merce Commission, Vol. I., by Hugo Meyer, Regulation of Railway 
Rates, p. 355.) 

Through rates must not be so low as to burden other business 
with part of the cost.” {Inter-State Commerce Commission, 
Third Annual Report, p. 126.) 

If the rate is too low upon one article, in the end other 
articles pay too high a rate.” (Quoted by Ripley, Railway 
Problems, p. 466.) 

And who pays for this loss [occasioned by a roundabout 
service to competitive points] ? “ Ultimately the intermediate 

points.” {I.C.C. Annual Report, Vol. XI., p. 45.) 

A similar contradiction between abstract theory and expert 
judgment may be noticed with respect to the practice of giving 
free passes to passengers. Theoretically, if from a homo- 
geneous ^ body of customers some are selected to pay for their 
journeys by some service to the general interests of the company, 
that variation of the terms for certain passengers does not primd 
facie affect the rate for the other passengers; what was before 
the rate affording maximum profit still fulfils that condition.* 
But this theory is not in accordance with common opinion. Thus, 
the Cullom Commission complain {inter alia) : — 

^ If, as it is sometimes objected, the favoured persons belong to the wealthier 
classes (and so have a higher effective demand for passenger service) — “ men of 
wealth and prominence who rode at the expense of others less able to pay ” 
{I.C.C. Annual Report,'Vo\. III. p. 11) — then the discrimination would tend to lower 
the fares of the other passengers (by the theory of our subsection 1). 

To continue our equine metaphor, we have (1) in the case of homogeneous 
demand a horse of like mettle with others running abreast of them at the same 
pace without any constraining yoke. The removal of such a one to be employed 
elsewhere does not tend to alter the general pace. But (2) if the steed removed 
is one of higher mottle, which ran at the same rate as others only through constraint, 
the removal of such a one tends to lower the general rate. 

* One of the few writers whom I have found on my side in this matter is 
Marshall Kirkman, who enounces what I consider the (provisionally) true doctrine 
in his Basis of Railway Rates, p. 38 : — “ Making of a low rate never has the effect 
to raise another rate. Each is independent.” But I do not claim the alliance 
of a writer who holds that the charges “ for railway service are governed by the 
same laws that fix the prices of other necessaries ” — “ fish or flour ” (p. 26), 
what we may term God’s natural laws.” 
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** That the cost of the passenger service is largely increased by 
this abuse '' [the granting of passes]. (P. 801, quoted by the 
Elkins Commission.) 

So A. B. Stickney : — 

“ To charge one person two prices for the sake of carrying 
another free [seemed outrageous]. {Railway Prohlems, ch. viii.) 

So the Inter-State Commerce Commission : — 

“ Favoured persons have been furnished free transportation 
at the expense of the general public by higher general charges 
to reimburse for gratuitous carriage.” (Annual Report, III 

p. 12.) 

These antinomies between abstract reasoning and common 
opinion appear to be due principally, but perhaps not altogether, 
to the admitted inadequacy of the premiss stated at the outset, 
and so far employed without correction, the prevalence of 
perfect and perfectly self-interested monopoly.^ 

It remains under this head to consider the special cases in 
which there is a correlation, a sympathy, or rivalry,^ either in 
respect of production or demand, between the commodities for 
one of which the demand is changed. Thus, a fall in the demand 
for through traffic (owing to competition at a distant point), not 
met by a lowering of through rates, might be followed by a 
shrinkage of the through traffic, with a loss of the economies 
attending production on a large scale that would involve a rise of 
the fares for shorter distances. To exemplify correlation of 
demand (between the commodities for one of which the demand 
is altered), suppose that in a country where a separate charge is 
made for passengers’ luggage the demand for travel increases 
(without any decrease in the amount of luggage required on each 
journey) ; then the demand for the carriage of luggage would be 
increased, and therefore presumably the charge for carrying 
l^iggage might be raised. 

The last conclusion requires some qualification, for it is one 
of the paradoxes of Monopoly as contrasted with Competition 
that a rise in demand, even under monopoly without discrimina- 
tion, as shown in another paper, ^ is not necessarily attended 
with a rise in price. It is thus not exactly true to say with 
Ricardo that commodities which are monopolised rise in price 
in proportion to the eagerness of the buyers to purchase them.” 

^ Cp. Bubsectiona 0, 7, and 8 below. 

“ The cases illustrated above, p. 177. 

“ Above, p. 144. 

* Principles, ch. xxx. 
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This paradox has not any important, or rather not any recherche^ 
analogy under the head of cost.^ 

(5) Changes in cost . — The antithesis between theory and 
common opinion recurs when we consider the case in which the 
cost of transportation is changed for one of the discriminated 
services. In the absence of correlations there is no reason why 
the rate for the other service should be altered. Thus, if Govern- 
ment should compel railways to carry particular classes — say 
soldiers or workmen — at unprofitable rates, yet, supposing that 
the railway was previously free to fix discriminating rates at its 
discretion, the other classes of customers need not suffer. Be- 
cause the Government smites the Railway on one cheek, is that 
any reason why the Railway should smite itself on the other cheek 
by altering fares arranged to yield maximum profit ? But such 
is not the received opinion, which is thus well expressed by 
Mr. Pratt : 

“ If workmen are to be regarded as a privileged class who 
must be carried to and from their occupations at fares or under 
conditions which do not pay a railway company, then it is obvious 
that the difference must be made up either by other classes of 
travellers, or by the general body of the traders.” {Railways 
ayid their Rates, p. 41.) 

So far supposing that there is no correlation between the 
discriminated services. Now let there be such a relation; and 
first, let there be a rivalry of demand as for first-class and third- 
class passenger service. In such a case, as I have shown at length 
in other papers,^ a rise in the cost of one service may not only 
not cause a rise, but may cause a fall in the charge for the other 
service. The proposition is principally important as giving a 
shock to the obstinate convictions of the half -taught, who persist 
in transferring to a regime of pure monopoly the lessons which 
they learnt in their youth when competition held, in the books 
at least, undivided sway. 

A similar interest attaches to a corresponding case of correla- 
tions between costs. For instance, suppose that goods and 
passenger services are so related, on a crowded line, that if the 
one is increased the other becomes more costly. Let the cost of 
the passenger service be increased by any cause not directly 
affecting the goods traffic. The Ricardian will rightly presume 

^ The analogue is the truism that an increase in the total cost of producing each 
amount of a commodity [Cournot’s (p{x) as distinguished from his is not 

necessarily attended with a rise of price in a regime of pure monopoly. 

* Above, E, p. 132; F, p. 149. 
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that the charge for passenger service will tend to rise. But he 
is likely to have a wrong opinion on the question whether 
the customers of the railway as a whole may be benefited by 
the change. By a parity of reasoning with that employed in the 
case of correlated demand, it may be shown that the increase 
in the cost of one service may quite possibly be attended with an 
increase of Customers’ Benefit — more beneficial to the shippers 
and consumers of the goods than it is detrimental to the passen- 
gers. The proposition has some affinity to Dr. Marshall’s cele- 
brated paradox as to the conditions of maximum satisfaction.^ 
Both theories conduce to the same purpose, to awaken old- 
fashioned dogmatists from their optimistic slumbers. But the 
analogy is not close, as appears from the observation that inelas- 
ticity of demand for the commodity of which the cost is raised is 
not a condition favourable to the effect here considered. ^ 


^ Principles of Economics, Book V. ch. xii. 

* The general truth may conveniently be conveyed by way of a particular 
example. In a notation similar to that employed in an earlier paper (above, E, p. 
132) let Pi, P 2 t>o the prices of the two commodities referred respectively to the 
prices at the point of equilibrium ; lot x y be the corresponding, similarly measured, 
amounts of commodity. Lot the laws of demand (not now correlated) be 
expressed by the equations ; 

Pi = I + a; - §x2; - |y + 

Let the (now correlated) cost of producing tho quantities x and y, say K 
= C lx Ixy + ly 

(where (7 is a coeflficient representing general expenses, which, with reference to 
the present operations, may be treated as constant). The values of x and y 
for which the profit of monopoly (xp^ -f yp^ — K) is a maximum are then as 
they ought to bo, each unity. 

Now let the (total) cost of production be increased by an expense proportioned 
to the amount produced of one commodity, say the additional expense tx, where 
T is small. By the method explained in a former paper it will be found that the 
resulting increments of x and y are approximately. 


Ax = - 


The corresponding increment of Customers’ Benefit is 

— Api(x -f- Jax) — Apj(y + |Ay) 

= - A*(l - m + + ayii - A)(l + JAJ/) 

Substituting for Ax and Ay the values above found and neglecting quantities of 
the second order, wo have for the increment of Customers’ Benefit '5r, that is, a 
positive quantity. [A smaller (positive) value was before inaccurately given.] 
More generally put for the increment of Customers’ Benefit (approximately) 

— (xApi + yApj) ; 

where Apj = (there being no correlation of demand). 

By reasoning of parity with that before employed (E, p. 131) 




where V as before is the monopolist gain, P* is necessarily positive, 


dxy 


(PK 

dxdy 
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(6) Future interests , — ‘‘ So far we have supposed the owner 
of a monopoly to fix the price of his commodity with exclusive 
reference to the immediate net revenue which he can derive from 
it,** I use Dr. MarshalFs words ^ to mark the transition to 
cases in which the monopolist may alter his price “ with a view 
to the future development of his business.” The development 
of his own business by developing the business of his customers, 
at a sacrifice of present to future profit, is more readily practised 
by the monopolist than by the entrepreneur in a regime of com- 
petition, as the monopolist has an assurance that the fruits of 
his sacrifice will not be snatched by a competitor. With this 
view intelligent railway managers often fix rates lower than those 
which would afford maximum profit in the present. To encourage 
future traffic “ a railroad operating in a new territory may for a 
time offer to carry freights at rates which barely cover expenses.” ^ 
They may even “ haul materials at a loss.” ^ Coal, hay, grain, 
are sometimes carried at less than the total expenses.” ^ Freight 
is sometimes carried at a loss to get some other freight that will 
pay more.® The consilience between the interest of the monopolist 
and his customers, which was before seen to be approximate, 
seems now to be complete. There is presented an optimistic 
view of dynamical discrimination comparable to Bishop Butler’s 
doctrine that rational self-love and universal benevolence are 
nearly coincident in this life and completely when account is 
taken of the future. 

It is true, indeed, that in the words of an able writer, “ traders* 
and railways* interests are in the long run coincident.” ® But 
the traders of whom this is true are supposed to continue cus- 
tomers of the railways during the long run.’ But the railways 
prevent many traders from having a long run. In the words of 
the Hepburn Commission, “ in a speculative attempt to increase 


where K is the total cost of production. In order that the increment to 

Customers’ Benefit may be positive, — f >0. 

^ dx dy^ ^ dy dxdy 

Whence ^since and are both negative^ Xdy must be positive. That 
is, the production must be complementary (joint). Both prices cannot fall ; since 

^ Principles, sixth ed., p. 486. 

* Johnson and Huebner, Railway Traffic and Rates, Vol. II. p. 317. 

* Op, cit,, p. 366. * Op, cit, 

® Hepburn Commission, p. 2894. « Economic Journal, Vol. XIX. p. 477. 

’ The inadequacy of this supposition is strikingly illustrated by Frank Norris’s 
story Octopus, But the exploitation of Dyke and other customers of the grasping 
Railway involved an element of fraud not here contemplated — typical of common 
cheats rather than common carriers. 
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business they favour one shipper at the expense of another.’’ ^ 
A witness admits to having “ acted as a fostering mother ” to one 
customer but not so to another — “ a small concern.” ^ “A 
railroad has the life and death of the manufacturer in his hands,” 
as Professor Ripley has said; ^ and in the United States it has 
exercised that power unscrupulously, has ruined some in order to 
build up others. The American railway manager has fostered 
or frozen-out manufacturers, has brought on or kept back cities 
at his arbitrary discretion, like the ruthless agent of transporta- 
tion in the nether world who, discriminating between passengers 
across the Styx, 

“ Nunc hos, nunc accipit illos, 

Aat alios longe submotos arcet.” * 

It is tenable, indeed, that even in Monopoly, as certainly in 
Competition, laissez faire is less detrimental than at first sight 
appears, Thus, perhaps, Professor Hugo Meyer is right when 
he affirms that if railway managers had had a free hand to estab- 
lish “ basing points ” in Australia, they would have brought about 
that very decentralisation which has been vainly aimed at by 
governmental regulation.® Perhaps he has rightly described some 
evils attending unrestrained discrimination as but ‘‘ growing 
pains.” 

Postponing the difficult questions just suggested, I have to 
add here one dark trait to the picture of dynamical discrimina- 
tion. The immunity from vicarious suffering which was claimed 
on statical grounds ® is not equally tenable dynamically. Static- 
ally, it may be unthinkable that because through traffic has 
become less profitable, therefore the profit of local traffic should 
be diminished by an alteration of rates. But dynamically, if 
the loss of immediate profit has disturbed the balance of present 
and future advantage, it is quite conceivable that local customers 
who were before spared for future development should now be 
sacrificed to present exigencies. 

(7) Action of competition . — Several corrections of our provi- 
sional conclusions are required by the incompleteness of our first 
principle — the prevalence of perfect and perfectly self-interested 
monopoly. Firstly, Monopoly is seldom perfect. In spite of agree - 

' Report, p. 64. * Loc. at, p. 62. 

® Report of the Industrial Commission, Vol. XIX. 

* “ Quo discrimine,” on what principle of discrimination, was the natural 
inquiry of an intelligent visitor ; and the answer left him pondering and pitying 
the victims of discrimination under their hard, not to say unjust, fate (sortem 
iniquam). — Aeneid, Book VI. 

* Regulation oj Railway Rates, p. 301, • Above, p. 180, 
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merits and consolidations,^ railways are apt to compete for the 
carriage of goods and persons, whether by the offer of lower rates 
or higher accommodation. Then there is the so-called “ competi- 
tion of markets,” ^ when the customers of different railways 
compete against each other in one and the same market. Each 
railway in order to preserve and increase its custom must 
moderate its charges for carriage to the common market; just 
as an intelligent trade union will not demand a rise of wages so 
great as to make the competition of the employers in a foreign 
market impossible. I must leave it to railway experts to evaluate 
the extent to which these kinds of competition are effective. My 
analysis resembles Mr. Asquith’s Coal Bill in not having any 
figures inserted. It is safe to say with Professor Johnson, “ The 
railways are only partial monopolies.” 

As some kinds of competition prevent railways from exploit- 
ing their customers, so another kind of competition tends to 
prevent railways from being exploited by Governments or cus- 
tomers acting in combination.^ This is the competition between 
different industries for the funds of investors. In virtue of this 
competition the profits of railways (and like industries tend to 
be on a level with all the industries that are run by Companies. 
This is certainly an appropriate conception ; but to what extent 
it excludes the conception of monopoly I do not feel competent to 
determine. Professor Taussig has assumed, provisionally at least, 
and for the sake of argument, that “ a railroad’s business is carried 
on under the circumstances of free competition.” ® Mr. Harry 
Turner Newcomb may be mentioned as having expressed the 
conception with peculiar clearness.® It must be admitted that a 
railway company is analogous to, or rather identical with, a 
capitalist seeking the most profitable investment. But it is to be 
remembered that the equation of profits which is deduced from 
this Ricardian principle is true only over “ long periods.” But 
there is reason to think that in concerns of such magnitude as 
railways the relatively “ short period ” is absolutely long. It is 

' The degree of unification prevailing between American railways is well shown 
in the fifth chapter of Emory Johnson’s American Railway Transportation. 

* Johnson, op. cit.y p. 65. W. Z. Ripley, “ Local Discrimination,” Quarterly 
Journal of Economics, Vol. XXIII. p. 489 et passim. 

® There is latterly much complaint that manufacturers, combined in the form 
of “ trusts,” impose hard terms on carriers. 

^ It is hoped that the reader of these pages will throughout retain in his 
memory what was stated at the outset (Economic Journal, Vol. XXI. p. 346) that 
“ railways ” are here used os typical of the larger class of industries which have 
been described as “ public works.” 

® Quarterly Journal of Economics, 1891, reprinted in Ripley’s Railway Problems 
(p. 146). « Railway Economics, pp. 75, 78 et passim. 
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safe to say with Mr. Maurice Clark, “ In the case of railroads, 
whatever may be the ultimate tendencies, there is undoubtedly 
over long periods a wide divorcing, not only of unit price from 
unit cost, but also of total return from total cost.’’ ^ During the 
continuance of that divorce the theory of monopoly which has 
been propounded is applicable. 

To the extent to which the Ricardian conception of normal 
profits in the long run is appropriate, no exception can be taken 
to dicta above cited ^ purporting that a loss by a rate at one 
point tends to be recouped by a rise in rates at other points. 
This is, indeed, Ricardo’s central doctrine that capitalists finding 
profits below the natural level back out of an industry in such 
wise that, supply being contracted, prices rise and the diminished 
numbers in the business thereby obtain adequate profits. How 
far this theory is from the facts of the railway business judicent 
peritiores. It may be remarked that the doctrine of recoup- 
ment comes with more grace from an author like Mr. Pratt,^ who 
demands independence for the railways, than from those who 
demand that railways should be regulated, as being monopolies, 
with respect to actions which presuppose competition.^ 

The qualification of monopoly by competition is, as we have 
seen, not an unmixed advantage. Not only are certain benefits 
of discrimination likely to be impaired, but also certain immuni- 
ties from the pressure * of raised cost. But these benefits may 

^ Standards of Eeaaonableness, ® Above, p. 180, et seq. • Loc, cit. 

* The dicta of tho Inter-State Commerce Commission in this matter of recoup- 
ment are not entirely, I think, defensible upon the grounds explained in Subsec- 
tion 6, above. 

* The immimities here ascribed to monopoly are of two kinds. Firstly, 
when the raised cost which we may designate as a tax is very small, it is probable 
that tho monopolist will not raise tho price at all, tho gain thereby obtainable 
not compensating for tho trouble to himself and the disturbance to his market 
which the readjustment of price would occasion (op. S. II. 350 and Economic 
Journal, 1922, p. 439). Secondly, if ho does raise the price to the point of maxi- 
mum advantage, tho rise will probably bo less than what it would be in a regime 
of competition. For let the equation connecting x the amount demanded with 
p the price be £C == F(p). Then if a tax of t per unit of commodity is 
imposed, we have for Ap the consequent rise of price 

Ap - T F'{p)l{2F'{p)) -I- F"{p) 

1 1 

^ M -f i F"{p)iF'{py 

In our ignorance of the sign of F"{p), whether the demand-curve is concave 
or convex (while we know that F'{p) is always negative), we are justified in 
assuming that Ap hovers about \r. It is therefore probably less than t, what it 
would have been in the regime of competition. Of course Ap may be greater 
than T, as Cournot has pointed out. 
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well be insignificant in comparison with the advantage attending 
the limitation of the monopolist’s power to exploit his customers. 
The reader may be assisted in apprehending the nature of the 
limitation and the extent of the advantage by a reference to 
another paper. ^ The conceptions there introduced seem appro- 
priate to the position of one who enjoys a monopolistic power 
of discrimination, but is deterred from using it unreservedly by 
the prospect of competition. He may be regarded as aiming at 
his own maximum profit subject to the condition^ that his cus- 
tomers obtain a certain amount of benefit, namely, as much as, 
or perhaps a little more than, his competitors may offer. From 
this point of view we may discern more clearly than is usual the 
transition from the bad sense of the phrase “ charging what the 
traffic will bear,” to the good sense, sometimes awkwardly 
enough described as “ not charging what the traffic will not bear.” 
The entrepreneur in both cases discriminates prices and adjusts all 
manner of complicated variables to the end of securing maximum 
profit ; but the maximum is in the one case absolute, and in the 
other case subject to a condition which the variables must fulfil. 

To secure this beneficial result a small leaven of competition 
will suffice; for a reason that has been already explained, and 
that will be referred to again in connection with the following 
second limitation of the abstract theory. 

(7) Altruistic motives . — The second modification of the 
originally assumed self-interested monopoly relates to the 
adjective. “ Here and there better motives than egoism rule,” 
as Professor Cohn witnesses in the context of the passage which 
we cited as affirming the prevalence of self-interest.^ So Pro- 
fessors Johnson and Huebner, after defining the “ main pur- 
pose ” of railway managers to be that which we have so far 
assumed, added : — 

“ It would be as unjust as inaccurate to say that philanthropical 
and social motives are not also influential.” ^ 

More explicitly they observe : — 

“ The railway official . . . may no longer, nor does he, con- 
sider himself merely as the officer of a private business corporation. 
He realises that he holds a dual position as the servant of a 
corporation and as the manager of a public service.” ^ 

To the same effect the vigorous railway-president, E. P. 
Ripley, who certainly has not been influenced by any bias in 
favour of governmental regulation : — 

‘ II. 407, et eeq, Aa to the position of the partial monopolist, cp, S, II. 97. 

* Above, p. 173. * In the context of the passage quoted above, p, 173, 

^ Op. cit. p. 76. 
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“It is needful . . . that railway managers shall see and 
frankly concede that they are quasi-public servants, owing a 
different and a higher duty to the public than almost any other 
business men.” ^ 

When asked, in the course of his examination by the Inter- 
State Commerce Commission, whether he would increase a 
discriminating rate to any extent, provided it were profitable, 
say by 200 per cent., he replied : — 

“ The advance would be too great of itself. It would be too 
great a shock to my sense of propriety — a shock to my sense 
of justice.” ^ 

Doubtless in the case of companies as of individuals, it is 
difficult to disentangle altruistic from egoistic motives. It is 
sufficiently accurate to say, with the wise Albert Fink : — 

“ Enlightened self-interest ” [dictates the exercise of power] 
“ reasonably and in a spirit of liberality.” ® 

There is also to be noticed the regard for public opinion which 
comes to much the same practically as regard for public welfare. 
Among many symptoms may be mentioned the importance 
attached by railway men to the proportion between profits and 
capitalisation. Theoretically, a Railway Company is concerned 
to maximise the absolute amount of profits in the present (and 
future) without reference to the amount of capital invested in the 
past. Theoretically there is nothing paradoxical about President 
E. P. Ripley’s trenchant dictum that the making of freight “ has 
not, never did have, never ought to have any relation to the 
capitalisation of railroads.” ^ But the opinion of the public, and, 
accordingly, the practice of the railways, is different.^ 

So far as altruistic motives act the doctrine of recoupment 
above noticed is less open to criticism. If a railway from motives 
of liberality has refrained from charging all that some parts of 
the traffic will bear, it is intelligible that when straitened at other 
points the Management should retract its liberality. As Mr. 
Pratt says, “ when a railway company gets an inadequate return 
from one department, it is much less likely to make generous 
concessions in another.” ® 

' “ The Railroads and the People,” Atlantic Monthly ^ Jan. 1911. 

’ Report, 3600, p. 361. 

® Hepburn Commission, Vol. V. Exhibits, p. 87. 

* Quoted with disapproval by the Inter-State Commerce Commission Report, 
3500, p. 349. 

* On this controversial topic Johnson and Huebner express themselves with 
their usual moderation. 

* See the context of the passage cited above. 
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The altruistic motive need not be strong in order to be effec- 
tive. An “ exiguum clinamen ” ^ from the direction of egoistic 
purpose may result in a considerable benefit to the customers. 
For by the theory of maxima a small decrement of profit from 
its maximum is apt to be attended with relatively large changes 
in variables connected therewith, in particular Customers’ 
Benefit. 2 

Other corrections besides the two main ones that have now 
been indicated are required to adapt the rigid outline of abstract 
theory to human life. But these may be deferred. 

^ Lucretius, Book II. * See p. 407 et scq., and Index, s.v. Maximum. 
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MONEY 

(H) 

MEASUREMENT OF CHANGE IN VALUE OF MONEY 

[This article consists of two papers, the first and third of three 
Memoranda which were presented to the British Association for 
the Advancement of Science in the years 1887, 1888, 1889 respec- 
tively. The three were prepared by the present writer acting 
as Secretary of a Committee appointed for the purpose of investi- 
gating the best methods of ascertaining and measuring Variations 
in the Value of the Monetary Standard. The second Memorandum 
dealing with a special aspect of the subject is reprinted as a 
separate Article, the second of the present section. The first 
and third Memoranda being in pari materia are here put together. 
The collocation of an originally somewhat diffuse disquisition 
with afterthoughts which occurred two years later does not form 
a model of order and unity. The composition is like the “ scene 
of man,’^ according to Pope, “ a mighty maze ’’ ; but that it is 
** not without a plan ” may appear from the following risumi. 

The “ natural method of calculating a measure of change,'’ in the 
phrase of Mr. Flux {Journal of the Statistical Society ^ 1921, p. 176), 
is to determine the change in the money value of the articles 
consumed by the population under consideration. This standard 
is considered in the first section of the first Memorandum. The 
simplest form of this standard is “ the comparative money-cost 
of a fixed schedule of articles ” (Flux, loc, cit, Cp, N, below, 
p. 396). The most refined form of this standard^ compares 
the amounts of money required to procure the same aatis-^ 
faction at different epochs {Gp, Sidgwick, Political Economy^ 
Book I., ch. ii. § 3; Bowley, Journal of the Statistical Society^ 
1921, p. 351). Over against this Consumption-Standard is the 
Production- or Labour-Standard, which compares the amounts 
of money procured by the same ‘‘ Real Cost " in the sense of 

effort-and-sacrifice. This standard is propounded in the last 
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section of the third Memorandum. Quantity of labour may not 
be a very distinct idea ; as Adam Smith says, “ the greater part of 
people understand better what is meant by a quantity of a par- 
ticular commodity.” There is, however, a very distinct difference 
between this and the first standard. Thus, if gold prices fall 
through increased production of commodities, as perhaps in the 
eighties of last century, according to the first standard there 
may appear a serious appreciation demanding correction ; accord- 
ing to the second standard there may be no change in the “ real 
value ” (Marshall and Ricardo) of money, gold is behaving very 
well. These two standards may be regarded as species of a genus 
which may be described as subjective, or personal, in contrast 
with objective standards which are less directly adapted to 
definite human purposes. Such is the character of the “ Indefinite 
Standard ” consisting of a mere average, as propounded in Section 

VIII. of the first Memorandum, where it will be observed that 
some hypothesis involving sporadic dispersion of prices — before 
(with respect to standards of the first genus) repeatedly stated 
not to be implied — is now for the first time introduced. This 
may be considered as the first species of the objective genus. A 
second species is presented when we consider not only the fact 
of an average change in prices, but also as its cause the change 
in the relative quantity (and velocity) of circulation. This 
species may be identified with the second method of the third 
Memorandum; connected in 1889 with the name of Foxwell, 
and subsequently elaborated by Professor Irving Fisher. Within 
this species there is a variety which not only connects the change 
in prices with change in the quantity of circulation, but also 
considers as the cause of that cause change in the quantity of 
gold, or other primary money on which the circulation (cheques 
and notes) is based. The indefinite standard may also be divided 
into species of which one is irrespective of the quantities of com- 
modities, the other takes account of quantities. The second 
species includes the variety just now mentioned (second part of 
Section IX., First Memorandum), and more generally cases in 
which the conditions of a perfect market are not realised in such 
wise as to render the first species appropriate (first part of Section 

IX. ). A cross-division of the indefinite standard is formed by the 
use of different averages; in particular the Arithmetic Mean, 
the Median, the Geometric Mean and the Mode, the familiar 
four to which the character of objective and not directly adapted 
to special purposes principally appertains. 

The genus index-number of prices may be defined so as to 
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include the measurement of differences between different places 
in the value of money (p. 290). 

Another cross-division of the genus is formed by the limitation 
of the population or district to which the computations refer. 
The index-numbers examined on Sections III.-V. of the third 
Memorandum may perhaps be considered as thus referring to a 
particular interest, foreign trade. 

Or these, like several of the remaining sections, may be con- 
sidered as dealing with imperfect measures, symptoms and 
indications of one or other of the index-numbers above defined. 
Section III. of the first Memorandum is thus related to the 
Consumption-Standard of Section II. Section IV. and V. of 
the first Memorandum may be subordinated to the Production- 
Standard of Section VII., third Memorandum. Section I. of 
the second Memorandum bears a similar relation to Section VI. 
Section I. of the second Memorandum might also be treated as 
an imperfect substitute for Section II. of that Memorandum (an 
abridgment in which account is not taken of the pull upon 
currency exercised by the repeated sale of a commodity). It 
is a question whether the Capital Standard proposed by Professor 
Nicholson should be treated as subsidiary or as a new substantive 
index-number. 

There is finally an index-number subordinated not to one or 
other of the ends defined, but to several of them; adapted to 
secure the maximum of utility, regard being had to the different 
kinds of advantage described in the different sections. Such is 
the purport of the “ mixed modes ” in Section X. of the first 
Memorandum corresponding to Professor Wesley Mitcheirs 
‘‘ general purpose ” index-number (see N, below, p. 387). 

It may be asked, How does the indefinite standard enter into 
a compound of this sort ? The answer that it contributes the 
important attribute of a “ true mean ” (Section VIII., First 
Memorandum, p. 233), a “ good average ’’ (Journal of the Statistical 
Society, 1923, p. 572). Such is the purport of that compromise 
between the principles of the Consumption-Standard and the 
more objective species which the British Association Committee 
seemed to sanction (Section X. of First Memorandum). The 
weighted Arithmetic Mean prescribed by the Committee would 
be proper in the absence of any hypothesis as to the dispersion 
of the data. But the formula may be used with more con- 
fidence when the hypothesis of sporadic distribution is known to 
be realised. 

For further elucidations of the Memoranda the reader is 
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referred to two papers dealing with hostile criticism, viz. The 
doctrine of Index-numbers according to Mr. Correa Walsh, Economic 
Journal, 1923, and the Calculation of Index-numbers by Mr. 
Correa Walsh, ‘‘ Journal of the Statistical Society,” 1923. Mr. 
Walsh makes a rejoinder in The Quarterly Journal of Economics, 
May, 1924.] 
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Introductory Synopsis. 

The object of this paper is to define the meaning, and measure 
the magnitude, of variations in the value of money. It is sup- 
posed that the prices of commodities (including services), and 
also the quantities purchased, at two epochs are given. It is 
required to combine these data into a formula representing the 
appreciation or depreciation of money. 

It will appear that beneath the apparent unity of a single 
question there is discoverable upon a close view a plurality of 
distinct problems. Many different branches have been traced, 
and the number might be largely increased if every bifurcation 
were followed out to its logical end. But it is not to be supposed 
that the innumerable ramifications which a formal logic might 
be able to distinguish would all repay cultivation. The most 
rigorous analysis may be content with a dozen distinct cases; 
and for the purpose of an introductory summary these may be 
reduced under a still smaller number of headings. 

To one taking a general view of the subject there stand out 
four main types, four modes of measurement distinct in idea 
and definition, though occasionally coincident in practice. The 
first sort of measure is based upon the change in the prices of 
finished products, the object being to find, or rather show how 
to find at any future time, a ratio or Unit such that the creditor 
in the future receiving as many Units as he at present receives 
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pounds may derive as much advantage in the way of consumption 
then as now. The second sort of measure is based upon all the 
articles which trade deals with, the object being to find a Unit 
such that the debtor in the future, paying as many Units as at 
present pounds, may not be more hampered in his business then 
than now. There is thirdly the measure of that appreciation 
which it is the object of bimetallism and similar projects to 
correct ? The fourth sort of measure is required not so much 
for any particular practical object as for the more general purposes 
of Monetary science, to interpret the past and forecast the future. 

Let us add a few words on each of these methods separately, 
to explain more clearly either the means adopted or the end 
proposed, or how far those means are conducive to that end. 

(1) The general principle of the first method may be embodied 
in slightly different rules, of which the following two may claim 
to be the best, (a) In order to ascertain the change in the value 
of money between two epochs, find the national ^ expenditure 
per head upon finished products or articles of consumption 
(including unproductive services) at each epoch. The ratio of 
the new to the old expenditure is the required measure of depre- 
ciation, or Unit. Otherwise {^) thus (the general principle 
being interpreted somewhat differently) : Find the quantities 
of each article consumed at the two epochs, and take the mean 
of each couple. Multiply each of these mean items by the old 
price of the corresponding article and add together these amounts. 
Proceed similarly with the new prices. The ratio of the latter 
sum to the former is the required Unit. There are other formulse, 
in all more than half a dozen. But there is not much to choose, 
among them. And the exercise of a choice may exceed the powers 
and province of the writer.^ 

The advantages of rendering money a steady measure of 
value -in-use would be considerable wherever there may be 
violent fluctuations of general retail prices.^ Such oscillation 
in the purchasing power of money intensifies the ups and downs 
of Fortune — so trying both to the sentient and the moral nature 
of man. The disturbance superadded by a bad currency might 
be annulled by a corrected standard. The honest labourer 
would not be cheated of his reward by miscalculations of the value 

^ See below p. 223; and p. 213. 

* To choose between the first of the rules just given and the second is beyond 
the scope of this paper. 

• The advantages of a “ Tabular Standard of Value ” have been pointed out by 
many writers. See Jevons, Currency and Finance^ p. 122, and the references given 
in the note. 
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of currency. Those who had laid out their lives upon the faith 
of a fixed income would not be disappointed of their just hopes. 
The provision for the widow and the orphan would be more secure. 
The endowments of learning would preserve that constancy of 
competence which is favourable to the cultivation of the liberal 
arts. 

These great advantages seem capable of being largely realised. 
For it is shown by statistics, such as those of Engel ^ and the Massa- 
chusetts Labour Reports,^ that there is considerable constancy 
in the budgets of family expenditure. Thus in Massachusetts in 
1885 the average workman spent out of 100 dollars 29-5 upon 
groceries, 19*7 upon provisions, 4-3 upon fuel, and so on. Suppose 
a Unit or corrected dollar continually equivalent to the amounts 
of groceries, provisions, fuel, etc., which in 1885 were respectively 
purchased for *295, *197, and *043. There is reason to believe 
that such a Unit would afford a tolerably constant sum of satis- 
faction to the Massachusetts working family. But we cannot 
expect an equally perfect measure, when we construct a Unit, 
not for a class, but a nation.^ 

(2) The desirability of prescribing separately for different 
interests is even more strongly brought before us when we con- 
sider the second of the methods above defined. It purports 
to be a sliding scale for general use, adapted to all trades. But 
what fits all indiscriminately cannot fit many exactly. We 
may say of such a project what Steuart says of a certain “ ideal 
standard,” that it is “ acting like the tyrant who adjusted every 
man's length to that of his own bed, cutting from the length 
of those who were taller than himself, and racking and stretching 
the limbs of such as he found to be of a lower stature.” It would 
not be unreasonable, however, to construct beds of different sizes, 
adapted to the average height of markedly different classes of 
persons, say little boys and men. Similarly, when average 
prices have largely varied, a scale sliding with the average varia- 
tion, however imperfectly fitted to particular trades, may be 
suitable to industry as a whole. The illustration shows the spirit 
in which our calculation should be performed. What should 

' Volkswirtschaftliche Zeitfragcy Heft 24. Inst. Natl, de Statistique, N. 5. 

* For 1885. See also Young, Labor in Europe and America. 

* Professor Foxwell writes : “I think it would also for many purposes be 
extremely convenient to have an index-number, or numbers, indicating the altered 
purchasing power of selected amounts of consumers’ incomes, estimated in the 
corrected standard. I mean that having first determined, by our principal 
standard, the corrected value of £1 for the given year, we should then find the 
alteration in the purchasing power of the now standard £1 for different incomes ; 
e. g. for incomes of £50, £100, £200, £600, £1,000, and £10,000.” 
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we think of an upholsterer who, having to construct different 
types of bed, should invoke the aid of the British Association 
Anthropometric Committee nicely to determine Vhomme moyen 
for different ages ? The labours of that committee would not 
be more misspent than ours, if we attempted in framing a universal 
sliding scale to determine the ideally best weight for each item 
entering into the combination. Almost any combination of the 
more important articles of trade is likely to be equally imperfect 
and equally serviceable (see p. 228 ). 

The advantages aimed at by this method may be presented 
under two aspects. That steady secular decline of prices which, 
according to many eminent writers, is a cause of the depression 
of trade, might be corrected. The advantages offered by bimetal- 
lists would be attained. There might be also another benefit 
which not even bimetallists venture to promise. The sudden 
violent oscillations in general prices, occasioned by the derange- 
ment of credit, would be arrested. For, as the supply of money to 
meet debts became deficient, the demand for money to meet 
debts would proportionately dwindle; the amount of debts 
in “ standard ” currency inversely varying with the value of 
metallic money. ^ The hunger for gold would be less felt just 
as the means of satisfying it were less abundant. Heretofore 
a contraction of currency has acted like an atmospheric depression 
in the physical world. The drain and rush of the medium has 
produced a storm. But in the new commercial Cosmos, equili- 
brium between debts and currency being continually preserved, 
the stormy winds of Panic will have ceased to blow. Hitherto 
the relation between liabilities and currency has been that of a 
continent to the ever-changing level of the sea. Each ampler 
tidal wave has rendered harbours unserviceable, and dislocated 
trade, and strewn the shore with wrecks. But the latest invention 
of science is a sort of floating dock, which shall rise with the flood 
and sink with the ebb, so that the argosies of commerce may be 
safely landed, whatever the level of the transporting medium. 

These are fascinating images, ideal possibilities, which the 
sober thinker may entertain while he is conscious how remote 
and uncertain is the realisation; how numerous the difficulties 
and objections. Perhaps the new organisation of the money 
market would develop new varieties of roguery. Certainly 
complications would arise between liabilities to the foreigner 

^ This action is well exemplified in the plan proposed by William Cross, that 
the standard should vary per saltum ; a correction being made as often, say, as 
money was appreciated (or depreciated) by 3 per cent. 
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expressed in gold, and engagements with the home trader expressed 
in the adjusted currency. It is alleged, too, that the business of 
banking would be impeded. In fine, the common sense of busi- 
ness men appears opposed to the scheme ; and, on the question 
what is at present practicable and what not, the opinion of 
practical men, even unsupported by reasons, is conclusive. 

(3) The third inquiry is. What is the appreciation (or depre- 
ciation) which it is the object of bimetallism and similar projects 
to correct ? What is that mean (or function) of prices which the 
bimetallist would desire to keep constant ? Of course, if prices 
varied all in much the same ratio, like the lengths of shadows 
with the advancing day, the answer would be very simple. That 
ratio is the required measure. But suppose that one large cate- 
gory of prices is pretty uniformly elevated, while another is en 
bloc depressed; we desiderate a measure which, like the two 
preceding, may be independent of the particular h 5 rpothesis 
that there has been a uniform average price -variation all over 
the field of industry.* 

It is to be observed that the Unit required for this purpose 
cannot be restricted to a particular geographical or industrial 
area. Rather the averaging must be extended over the whole 
system of countries in monetary communication — that is, over 
the greater part of the civilised and uncivilised world. 

(4) When we consider the next type, the fourth definition 
of our problem, there once more is pressed upon us the expediency 
of limiting the area of markets over which our measurement is 
to extend. It may be doubted whether a standard based upon 
the variation of all prices indiscriminately would — abstracted 
from some definite particular purpose such as those contemplated 
in the preceding paragraphs — be of much scientific use. It would 
be like taking the mean barometric pressure over a large continent. 
It is more useful to observe the variation of pressure at particular 
stations, in order to predict what changes will be propagated 
to neighbouring regions, what storms are coming. Suppose, 
for the sake of illustration, that at any station the reading of a 
single barometer was not sufficient to give the true pressure; 
that each instrument was liable to a proper disturbance over 
and above the general atmospheric change. The heat or cold, 
for example, of different situations might cause a misleading 

* I have omitted two sentences identifying the desiderated Mean with one 
of the two preceding or some cross between them. Rather, the formula which 
the writer is here feeling after is to be identified with the Currency Standard 
defined in Section 2 of the Third Memorandum (below p, 261, et aeq.). 
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expansion or contraction of the mercury. On such a supposition 
it might be proper, in order to measure the pressure at any station, 
to take a mean between the readings of several barometers. 
Upon well-known hydrostatical principles, no particular import- 
ance, other things being equal, would attach to the reading of the 
barometer which contained a particularly large mass of mercury. 

These conceptions appear appropriate to our problem. We 
should demarcate a certain region of industry, and estimate in 
terms of that special group of articles an index-number indicative 
of changes which are likely to become general. The zone of 
observation most suitable to our purpose would probably be 
as it were the coast-line of trade, those articles of world-commerce 
which are most sensitive to changes propagated from abroad. 
In taking such a mean of observations the “ weights ” are not 
necessarily proportioned to the masses of commodity. Primd 
facie and in the abstract pepper may afford as good an index as 
cotton (see p. 243 and context). The writer has given rules for 
taking the mean of these observations. But he is aware how 
difficult it is to define the proper zones ; how hardly susceptible 
of perfection is the science of monetary meteorology. 

Contemplating all these types we discern a property common 
to most of them, the desirability of treating separately selected 
interests, rather than operating upon all commodities indis- 
criminately. To construct such partial measures does not seem 
to be the business of this Committee, or at least this Memorandum. 
We may, however, hope that our theoretical diagnosis of different 
purposes may be of use to those who undertake the more practical 
task of prescribing for different interests. 

Section I. 

Description and Division of the Problem. 

The business of this Committee is to measure a fact, not to 
speculate about its causes or consequences. Should a fall in 
the value of money have occurred we need not trace that pheno- 
menon to its sources. Whether it takes its rise on the side of 
the precious metals or of commodities — whether, in Dr. Johnson’s 
phrase, it is the pence that are few or the eggs that are many — 
it is not our part to determine. The consequences of the change 
are equally outside our province. It is open to us to hold with 
Hume that, when prices are rising owing to the influx of money, 
“ everything takes a new face; labour and industry gain life.” 
With Ceneral Walker we may predicate the converse attributes 
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of falling prices. Or we may accept Professor Marshall’s ^ 
qualified, or Mill’s^ negative, statement of those effects. We 
have to leave speculation and apply ourselves to measurement. 

But, while we are not called upon to decide such controverted 
questions, we cannot be as indifferent to the decision as might 
at first sight have appeared. For it is only in the simpler kinds 
of measurement that the metretic art can be entirely divorced 
from theory about its subject-matter. To measure the height 
of a man we do not require a knowledge of anthropology. We may 
even ascertain the mean stature of a nation without much special 
knowledge. But difficulties arise when we have to do not with 
one attribute, such as height^ but with two (or more) attributes : 
for instance, the masses and velocities of a system of bodies. 
Take the simple case of a number of heavy particles at rest, and 
suppose that different velocities are imparted to the different 
particles between two given epochs. It would not be very easy 
for one coming fresh to the study of mechanics so to define his 
confused general idea of the change of motion which had occurred 
as to be able to express it in terms of the data : namely, the 
masses, say Mj, Mg, etc., Mn, and the imparted velocities (which, 
in order to minimise difficulties, wo will suppose all in the same 
direction) V^, Vg, etc., Vn. It is plausible to say that the problem 
is purely statistical, that we seek a merely objective result. 
The difficulty is that any combination — at least, any symmetrical 
combination — of the data is in a sense objective. We must call 
in mechanical science to determine what combinations are worth 
forming and what are insignificant. Consider the two combinations 
Ml Vi2 + Ma Va^ + etc. -f M„ Vn^ and Mj^ Vj + Ma^ V 2 + etc. +Mn2 Vn. 
Prima facie, these are both equally “ objective,” and they 
seem equally simple. But while the former (the expression of 
energy) constitutes a spell for opening all the secret chambers 
of Nature, the latter could only be significant on some very 
peculiar hypothesis, for some very out-of-the-way purpose. 

Similarly, in the problem before us we have to combine two 
sets of data, the prices of different articles and the quantities 
thereof. Indeed, our problem is rather more complicated. We 
may have to take account of a third attribute, the quality or 
species of wares ; to consider, for instance, whether the price and 
quantity of labour or of materials shall enter pari passu and sym- 
metrically into that combination of our data which we desiderate. 

In order to discover the principle on which this combination 

^ Third Report on Industrial Depression, Appendix C, Vol. II. p. 422. 

* Political Economy, Book III, chap. xiii. § 4. 
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is to be effected, we may be led into the most perplexed regions 
of monetary science. We are brought against the question, 
What is the relation between the amount of money in a country 
and the general scale of prices? — the question which has been 
called by a distinguished authority ^ “ one upon which the most 
contradictory opinions have been expressed by economists of 
reputation.*’ And even where there are no fundamental differ- 
ences of theory, yet practice may vary according to the practical 
end in view. Some may aim at the construction of a tabular 
standard, adapted only to contracts extending over a long period 
of time ; others may desiderate a more flexible standard, which 
may mitigate the effects not only of the secular, but also of the 
more ^ transient variations in the value of money ; others may 
seek only an index of the future course of prices — a sort of 
monetary barometer. 

There are therefore many methods — not one method — of 
“ measuring and ascertaining variations in the value of money.” 
The path which we have to investigate has many bifurcations. 
To decide at each turn which is the right direction is either impos- 
sible, or at least presumptuous. It is impossible when both ways 
are right, directed to different but equally legitimate ends. And, 
even where there must be a right and wrong, it is not becoming 
here to pronounce upon points controverted by high authorities. 
The course adopted is to trace separately the alternative paths, 
indicating the difference without expressing a preference. 

In this memorandum it is proposed to distinguish the various 
cases of the general problem, and to construct the formula appro- 
priate to each case. The numerical determination of the quanti- 
ties which enter into the formulae — both the compilation of the 
proper figures from explicit statistics, and, where these are wanting, 
the more speculative arts of inferring unknown prices and amounts 
from imperfect data and indirect indications — these parts of 
the subject are not treated by the present writer. They may be 
considered in a future Report of the Committee and in separate 
memoranda contributed by other members. 

The delicate subdivisions of the subject are exhibited in the 
annexed diagram by means of a regular logical tree,^ In examining 
this tree of knowledge we shall give priority to the branches 

^ General Walker in hia Money. 

* As Professor Marshall hopes; Contemporary Review t March 1887. 

* As logical ajid genealogical trees for the most part, like the trees in the poet 
Parnell’s Hermit ^ “ depending grow,” it may be as well to point out to the reader 
that our tree, like those cultivated by some of the earlier logicians, is trained 
upwards. 
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on the left. As soon as we have reached the definition of each 
ultimate species we shall add its properties — the treatment 
adapted to that particular case. We shall not only trace out 
the form of each branch, but also gather the fruit at its extremity, 
before we go on to the branch nearest on the right. 

The whole subject is first divided according as the method 
adopted is (A) irrespective of any hypothesis as to the cause of 
the price movements or (a) is based on some such theory. Defer- 
ring the treatment of the latter case (a) we proceed to divide 
the former according as (A B) the practical purpose in view is 
to construct a standard or “ Unit ” for deferred payments, or 
(A b) some other purpose. Postponing the latter case, we may 
complete the definition of the former by explaining that the Unit 
(a term borrowed from Professor Marshall’s recent article in the 
Contemporary Review), as used here in a general sense, means a 
sum of money estimated to be equivalent at present (or at some 
future time) to what a Unit of money, say a pound, was worth 
at some past time : in such wise that it may be just or expedient 
for debtors to pay, and creditors to receive, as many Units now 
(and from time to time) as they contracted to pay and receive 
pounds at the initial epoch. The general idea of a Unit may be 
specialised according as it is required that (A B C) the Unit should 
constantly be equivalent to the same quantity of valuables, or 
(A B c) that it should not represent a constant purchasing power, 
but one varying with the means of debtors, after the manner of a 
sliding scale. Lastly the kinds and quantities of the valuables 
entering into the Unit may either (A B C D) correspond to the 
items of national consumption, or (A B C d) may be selected on 
some other principle. In this arrangement priority does not 
import any preference. 


Section II. 

DeterminuHon of a Standard for Deferred Payments ; based upon 
the items of national consumption ; calculated to afford to 
the consumer a constant value-in-use ; no hypothesis being 
made as to the causes of the change in prices, (ABC D.) 

According to this arrangement, the first case for which we 
have to prescribe is where, apart from any hypothesis as to the 
cause of the movement of prices, we want to construct a Unit 
adapted to deferred payments, and where it is required that the 
Unit should be constantly equivalent to the same amount of 
valuables, the kinds and proportions of the valuables corresponding 
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to the items of the national expenditure. Upon reflection it 
will be foimd that the last attribute involves, or is deduced 
from, some such condition as the following — that the advantage 
which an average person derives from the expenditure of a Unit 
should be constant.^ * 

From this condition, owing to the unequal consumption ^ 
of different individuals it follows that the precision of our calcula- 
tion cannot be great. That is to say, we cannot be certain that 
between considerable limits some other ratio than the one which 
we have chosen would not bo as good as the one which we have 
chosen. 

It may bo worth adding that even if we could suppose that 
all commodities were consumed in the same proportions by all 



individuals, yet the mere difference in the size of fortunes and of 
debts would introduce an inaccuracy. To show this let us first 
suppose that all fortunes would be equal but for the payment 
of debts ; and let us represent the average amounts of commodities 
consumed by the height of the columns in the annexed diagram, 
the divisions of the horizontal line being equal. Now suppose 
a person, from being a consumer of the average amount of each 
article, becomes debtor to the extent of a certain sum, expressed 
in Units ® of tabular standard. Theoretically he would retrench 
something of his expenditure on each article, contracting as it 
were the margin of final 'utility. He might thus fall back upon 

1 Cp. Horton, Silver and Qold, chap. iv. “ In the average annual consumption 
of provisions ... we should have at least fixed a definite portion of utility. . . . 
By enlarging the sphere of consumption on which to base the average ... wo 
still more nearly attain a measure of the value of Money.” 

♦ Cp. references to Sidgwick and Bowley given above, p, 196, 

• Cp, Professor Marshall, Industrial Conference, 

* The term Unit is hero employed in the sense proposed by Professor Marshall, 
Contemporary Review t March 1887. 
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the curve instead of the original boundary. And if his 

debt increased he might have to fall back upon an interior frontier, 
the next isohedonCy as we might call this family of curves. Con- 
versely, in the case of a creditor. Now, in order that our standard 
should be applicable to debts of various sizes it is virtually assumed 
that the ratio HHi : H'H'i is the same as HiHg : H'iH'2, and 
so on for other columns and curves. But this assumption is 
without evidence, or rather contrary to evidence. Or, if it be 
held sufficient that the standard should represent the utility 
corresponding to the average debt, still even for this purpose 
our method of determining the proportions (by the totals consumed) 
is arbitrary. A fortiori when we admit all kinds of inequalities 
of fortune and other irregularities. Thus it may plausibly be 
contended in virtue of the analogies of Fechner’s law that, where 
the total wealth of a people has increased, an equal quantity of 
utility is represented by a larger quantity of wealth.^ In this 

^ The standard defined in this section, the Consumption Standard as it may 
be called, appears to be particularly appropriate to the case in which National 
Wealth is regarded as a constant quantity. Otherwise there is apt to arise a 
divergence between two attributes which wo have hitherto assumed to be con- 
joined, namely, the condition that the Unit should be constantly equivalent 
to the same quantity of valuables, and that it should afford, on an average at 
least, the same quantity of value-in-use, the same “ Final Utility.” For, accord- 
ing to the Law of Diminishing Utility (expounded by Laplace, Jevons, and others), 
the same increment of means tends to afford a smaller increment of advantage 
when the fortune to which addition (or from which subtraction) is made is ampler. 
If, then. National Wealth increasing, the average fortune becomes larger, the 
Unit which is equivalent to the same quantity of things will no longer correspond 
to the same quantity of advantage. The average scale of living being higher, 
the same amount of goods will not appear of the same importance to the average 
consumer [see Recent Writings on Index-numbers ^ below, J.] Accordingly, in 
such a cose we must make a choice between the following two conditions 
for the definition of our Standard or Unit. The first condition is that 
the Unit should constantly be equivalent to the same quantity of valuables. 
Or since^ agreeably to the views here adopted, quantity of valuables cannot 
be in general defined irrespective of subjective considerations, it might be 
more philosophical to lay down os the first condition that the Unit should 
constantly afford the same quantity of utility ; abstracting the change of National 
W ecUthy supposing that the fortune of the average consumer remained constant. 
The alternative condition is that the utility afforded should bo constant, that 
circumstance not being abstracted. As a matter of nomenclature, it seems better 
to restrict the symbol C, the term Consumption Standard, to the former definition. 
The latter arrangement may be regarded as a variety of the genua sliding -scale, 
designated by c. 

Dr. Julius Lehr, in the important contribution to our subject made in his 
Beitrdge zur Statistik der Reise (Frankfort, 1885), seems to assume the proposition 
that the utility derived from wealth at both the compared epochs is the same; 
or at least that the final utility at each epoch is the same, or rather a quantity of the 
same order. For he takes as the measure of the importance of an article the 
number of Oenusseinheiten afforded by its consumption. Now, Dr. Lehr’s 
Oenusaeinheit and Jevons’ Final Utility are quantities of the same dimension. 
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case Method A B c D (explained below) might be the legitimate 
deduction from the principle on which we here suppose method 
A B C D to depend. 

It is important to realise how loose is the character of the 
calculation even under the most favourable conditions. To 
expend meticulous care in determining our weights when our 
balance is thus rough is nugatory. It is taking care of the ponce 
and leaving the pounds to take care of themselves, a course 
dictated rather by proverbial than practical wisdom. 

It follows from the condition above stated that the frequent 
resale of an article (such as cotton) forms no reason (with 
reference to the purpose of Section III) why it should be 
counted more than once. Nor should materials, as distinguished 
from finished products, be counted, or only as representative of 
finished products. Upon the same principle the price of stipendi- 
ary labour ^ (domestic wages and many professional payments) 
enters in as an independent item ; but the price of industrial 
labour (ordinary wages) only as representative, and in the absence, 
of the finished products. 

A hundredweight of diamonds, say, affords so many times more Oenuaseinheiten 
than a hundredweight of iron, as tho Final Utility of the former is greater than 
the Final Utility of the latter. To determine tlie number of Oenusseinheiten 
conferred by (the objective unit, e. g. hundredweight, of) each species of article, 
Dr. Lehr in effect takes the mean of the Final Utilities at each epoch. Now he 
who takes a mean assumes that tho quantities of which ho takes a mean are of 
the same order. 

^ The exclusion of “ services ” as distinguished from material commodities 
has been maintained on the ground that so-called “ unproductive ” labourers 
are paid out of the proceeds of productive industry. Tho money which we expend 
on singers and dancers fmds its way to butchers and bakers. To include in tho 
National Inventory tho outlay on Singing and Dancing as well as tho total 
expenditure on Bread and Meat is therefore to count tho same portion of wealth 
twice over. And no doubt this remark is relevant, where the object is to measure 
tho quantity of Wealth defined as something material. But for the present purpose 
would it not be theoretically as reasonable to omit Broad and Meat and base 
our standard exclusively upon the price of theatrical entertainments and such 
like, upon the ground that what wo pay to tho butcher and baker finds its way 
to tho Music Halls which they frequent ? “ No,” it may bo replied, ‘‘ for a good 

part of their income must be expended on material nocossitios.” Well, but by 
parity a good part of the wages of ” unproductive ” labour may be expended 
on immaterial utilities. What is earned by teaching literature may be spent 
in tickets for the opera. Theoretically it is as arbitrary to exclude altogether 
immaterial utilities as it would bo to include nothing but them. The difiterence 
between the two errors is only one of degree and practical importance. As a 
matter of fact in tho existing world, of the two defective methods tho less imperfect 
is that which includes material, and excludes immaterial, utilities. But the 
converse might be true in some happy island, where the material necessities of 
life were obtained almost for nothing, and the principal monetary transactions 
trere constituted by the exchange of mutual services. 
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In constructing the formula for combining the quantities and 
prices thus defined, we may first distinguish the abstract and 
ideally simple case in which exactly the same quantity of each 
article is consumed at the two epochs. In this case the method 
of procedure is that indicated by Professor Sidgwick in his 
Political EconoTny (Book I. chap. ii. § 3) : “ Summing up the 
amounts of money paid for the things consumed ^ at the old and 
the new prices respectively,” and [to find the value of the Unit 
at the later epoch] dividing the latter sum by the former. 

A difficulty arises when we introduce the concrete circumstance 
that the quantities consumed at the two epochs are not the same. 
We might distinguish two grades of this deflection from the abstract 
ideal : (I) where the interval of time between two revisions being 
very small the variations in the amounts consumed are slight, 
differentials^ we might call them ; and (II) integral or considerable 
changes which occur in the course of a long interval of time. 

I. The method of procedure in the first case may thus be 
symbolised : Let a, fi, y, etc., be the quantities of commodities 
consumed ^ at the initial epoch, and a\ y\ etc., at a subsequent 

epoch ; it is assumed that - ^ = etc. = 1 nearlv. And 

a p y 


similarly for a second subsequent epoch ^ ^ = 1 nearly. 

Upon these assumptions several methods of determining the 
Unit present themselves. Let us designate the prices at the 
initial epoch by Tpy Vv ^ subsequent epoch 

Pa,Vp'^Py\ etc. Then, 

(1) We may take the type which first presents itself upon 
Professor Sidgwick’s view of the problem, viz. — 


d" etc. 

-f etc. 

This method is (in effect) adopted by Mr. Sauerbeck for years 
earlier than 186G-77 {Journal of the Statistical Society, 1866, 
pp. 595-613). 

The method is also exemplified by IVIr. Giffen’s retrospective 
estimate of the change in the value of money between 1873 (and 
1883), and earlier years (Report on Prices of Exports and Imports, 
1885, Table V.). 


^ Agreeably to this definition the prices on which tlie Consumption Standard 
is based should theoretically be the prices paid by consumers — retail prices. 
For this purpose wholesale prices are to be employed only in the absence of the 
proper statistics, as an index of prices paid for the finished products — a very 
imperfect index, as Dr. Scharling, in his excellent paper on retail prices, and 
other authorities have shown. 
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(2) The next type, also given by Professor Sidgwick,^ is the 
converse of the first, viz. — 

~t~ P ' v'p H" ^ tc. 
a' Pa + ^'p^ + etc. 

This method is exemplified by Mr. Giffen in his Table IV. 
(Reports 1881, 1885), by Mr. Mulhall, and by Mr. Sauerbeck (for 
years after period 1867-77), {Journal of the Statistical Society ^ 
1886, p. 595). 

(3) The third type is a mean between the first two, viz. — 

^ ap\ + fip'p + etc. , a'p'^ + P'p'^ 

^ ap. + ^pf + etc. ' “ a'p. + ji'p^ + etc. ‘ 

Professor Sidgwick has suggested and remarked upon this 
procedure in a note. It has been noticed also by Drobisch. 

(4) The next type is also a mean : — 

' (a + a^) p, + i iP + P') pp -1- etcT ' 

suggested independently by Professor Marshall and the present 
writer. 

(5) The next type is one adopted by Mr. Palgrave : — 

a'p'a X + P'p'fl X + etc. 

«'p'a -h P'p'a -h etc. 

(6) The sixth type is that which Mr. Giflen has employed in his 
Table III. Put and ^pa for the quantity and price of the first 
commodity in 1875 (or other year selected as representative). 
Then for the increase in the value of money in the year whose 
symbols are a', p'a, as compared with year a, p^, write : — 





+ /to + etc. 


The expression for what we have called the Unit is found by 
adding unity to the above ^substituting for 

(7) Next we may place the formula of Drobisch, of which the 
principle is to compare the price at different epochs of an objective 
unit, such as a hundredweight, supposed to be made up of all 
sorts of articles in the proportion in which they enter into national 


^ Seo the passage above referred to. 



214 


MONEY 


consumption. In our notation the formula (for what is here called 
the unit) becomes 

^ + PPfi + etc. 

«'+/?' + etc. ‘ a + /? + etc. 

(8) Last, but not least, either in respect of bulk or of theoretic 
weight, occurs the formula of Dr. Julius Lehr (referred to above, 
p. 211), of which the principle is to compare the price at different 
epochs of a pleasure-unit, or unit of final utility. The formula 
may be thus conveyed in our notation The mean “ Genussein- 

heit,” or final utiliiy, of the first commodity is — Of 

apa 4- a,'p'a 

such units these came into consumption, a at the first epoch, and 
a‘ at the second. Now sum up all the Gemisseinlieiten for all 
the commodities which came into consumption at the initial 
epoch, and divide the national expenditure (ap^ + + etc.) 

by the sum of Geiuisseinheileu. Thus you have the average 
price at the initial epoch of a Oenussehiheit ; say Similarly 
determine Pg fhc posterior epoch. Then -f P^ is the 
required unit.^ 

Of these methods it may be remarked that the first four seem 
to liave an advantage over the remaining two, in that the former 
make no assumption as to the extent of the change of price, while 
the latter proceed on tlie supposition that those changes are 
small. The fifth method seems to assume that we may write for 
V'a Pa (1 4- Zl4), where the second powers of A\ are negligible. 
And similarly in the sixth method we must be allowed to write 
for (1 4 - /d*), where X X etc., are 

negligible. No doubt, when wc grant the steadiness of the 

With regard to tho formula proposed by Dr. X#ohr, tho present writer agrees 
with tho criticism oxpix'ssed by Professor Lexis in a recent number of Conrad’s 
Jahrbucfi. Tho received formula) and Dr. Lehr's formula are equal ns touching 
their theoretical validity; but tho former (including our A 13 c D) have the 
advantage of practical simplicity. 

Dr. Lehr’s treatment of tho variables ns distinguished from the formula also 
calls for remark. 11 is object being to discover liow fur tho power of money to 
purchase Oenusscinheiten has varied, it is not quito clear u liy ho should insist on 
including wages, tho wages of ordinary industrial or productive labour as well as 
of stipoiidiary services, among tho data. Do wo not take sullicient account of 
productive labour when wo take account of tho finishod products? Either, but 
not both, these items should figure in the expression of our Unit. 

One more remark soorna called for in justice to the reader whom our notice of 
this work may have attracted. He must not be discouraged by the opening 
paragraphs, which are both extremely obscure and not directly relevant to our 
present purpose. The general reader is advisod to begin at p. 10 (“ Dor begrifi 
Durohachnittpreis ”), or even at p. 28 (“ Daa Verfahren zur Emiittelunz des 
Oeldproises,” eto.). 
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proportions etc,, we can hardly refuse this additional 

postulate. 

The first four methods are all equally good if our fundamental 
hypothesis is strictly true. Where, as in fact, the hypothesis is 
only hypothetically true, the third and fourth methods, being of 
the nature of means, are apt to minimise error. 

On the whole, the fourth method may appear the best; 
abstracting the difficulty of obtaining the proper numerical data, 
which is beyond the scope of this paper. 

The seventh method is exposed to the objection (noticed by 
Dr. Lehr) that services cannot be weighed by hundredweights. 
Dr. Lehr’s own formula is objectionable chiefly on account of its 
bulkiness. 

It might bo a good plan to take the mean of the numerical 
results of all the methods that are equally entitled to confidence 
( ? the third, fourth, seventh, eighth, and — in the absence of violent 
price-variations— the fifth and seventh). We might thus obtain 
not only a better result, but also the opportunity of forming an 
opinion upon the error incident to the calculation : by how much 
it is likely, and by how much it is unlikely, that the result should 
be wide of the mark. 

There are some other concrete circumstances which may entail 
some modifications of the general rule : ( 1 ) Unless the interval 
between the revisions of the units bo very short indeed we must 
suppose that the unit is employed at times when, owing to the 
movements of prices (since revision), it has ceased to be exact. ^ 
Ideally it might be best, instead of p'p, etc., present prices, 
to take for each article the mean of its present price and its prices 
in the proximate future for all the period that the unit has to 
function unrevised. But of course wo cannot know the future 
prices, and therefore w^e must be content with taking present 
prices (or it may be means of the present and the immediate past) 
as the best representatives of the ideally preferable mean* Now, 
considering the fluctuations of each price between two periods of 
revision, we see by the theory of errors that the price which 
fluctuates least is (ceteris paribus) the best representative of the 
mean price. And accordingly, in the combination of the different 

^ This obvious circumstance is explained at some length by Held in Conrad’s 
Jahrbuch for 1871. 

♦ It is interesting to observe that even in this section where no hypothesis 
securing sporadic dispersion of the prices {at any the same time) has been enter- 
tained, there still intrudes the principle of sampling (cp. Journal of the Statistical 
Society, 1923, p. 681, par. 2, sub finem. 
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indications of change in the value of money, there is a prima facie 
presumption that peculiar weight should be assigned to those 
indications which are peculiarly accurate. 

But the validity of this principle turns upon very nice con- 
siderations. Where we have several measurements of one and 
the same thing it is indisputable that more weight attaches to 
the less fluctuating measures. This is true not only in the case 
of a real objective measurable, such as the distance between two 
points, but also where the quaesitum is a subjective mean, such 
as Vhomme moyen. If, as in a case mentioned by Dr. Baxter,^ 
we have two sets of measurements of heights of American citizens, 
the one executed with the utmost precision, the other rough- 
and-ready, then, in order to obtain the best value for the mean 
height of the American man, it would be best to affect those 
careless measurements with inferior weight. 

But it may be otherwise when we are seeking not a single mean, 
but the sum of two or more. If we have to determine the distance 
from Dover to York via London, and we have very good measure- 
ments for the first distance, and very bad for the second, the best 
that we can do, though bad may be the best, is to add together 
without qualification the two means. So if we have to determine 
the income of a nation consisting, say, of two classes, upper and 
lower, for one of which the returns arc very accurate, for the other 
very loose, still the best combination of data which is available 
is the simple addition of the two estimates.^ 

Yet again, if we have several estimates of such a compound 
mean as has been supposed, the principle of weight may again 
make its appearance. Suppose that, as Laplace proposes ® 
(in the case of birth-rates), it were the practice to ascertain the 
statistics of “ a great empire by way of sample. Let observa- 
tions be taken on several villages or districts, consisting each of 
an upper, middle, and lower class. In combining these observa- 
tions so as to obtain the mean income for the empire, it would 
be proper to assign less weight to those localities where the returns 
were obtained in a more summary fashion, by a less accurate 
method. Further, although each estimate might not be based 
upon all the classes in each district, but only on a miscellaneous 
selection from them, still if we could divide such estimates into 
two classes, contrasted in respect of accuracy and differentiated 

^ United States Sanitary Commission. 

* Supposing, of course, no wrong animus mensurandi or constant error in one 
direction, such as that of underrating income. 

* TMorie Aruxlytique, liv. II, cap. 
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by no other attribute, the best method of combination would be a 
weighted mean. 

To apply these principles : (1) if, like Jevons, we content 
ourselves with taking samples of commodities rather than all 
commodities — a perfectly legitimate procedure, and justified alike 
by the theory of Laplace and the practice of statisticians, c. g. 
Jevons in his enumeration of sovereigns — then undoubtedly, the 
principles of inverse probability becoming applicable to this mode 
of measurement, greater weight should attach to the less fluctuat- 
ing species of returns. It might indeed be a nice question how 
much the principle of quantity should be cut into by the considera- 
tion of fluctuation. Thus, if we took Mr. Giffen’s ^ statistics of the 
variation in the prices of exports and imports as a sample (or part 
of one) of the change in the purchasing power of money, cotton 
perhaps, on account of its unique importance in respect of quantity, 
stands out by itself, and ought to receive full weight. But if we 
have several articles of about the same importance in respect 
of quantity but differing in fluctuation, a higher combination- 
weight should be assigned to the less fluctuating mass of value. 

(2) A similar principle should govern our procedure, if we had 
to base our calculation upon returns relating not to the whole 
population, but only to specimens thereof. Suppose, for instance, 
it was sought to determine the change in the value of money in 
China, and that statistics could only be obtained for certain 
representative localities. If we make a complete enumeration 
of commodities we ought to take account of all articles, without 
regarding whether they are consumed in the same proportions or 
in different proportions by different persons. But if we proceed 
by way of sample, then we ought to assign special weight to those 
articles which, as Engel’s law and the American labour statistics 
have established, are consumed in nearly equal proportions by 
each household throughout a large class of the community. Less 
weight should attach to those articles, the “ sundries ” of the 
statistics referred to, which appear more fitfully in the household 
budgets. How far in England we have to proceed by way of 
samples afforded by certain markets and certain commodities 
is a question not to be decided in this Memorandum. The differ- 
ence upon which these distinctions turn is that which the writer, 
in treating of the theory of errors, has drawn between simple 
induction and inverse probability (see “ Observations and 
Statistics,” Camb. Phil. Trans., 1885). 

(3) A more obvious ground of selection is that some articles 

^ Pari. Papers, 1881-35. 
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(however large their money value) interest only a comparatively 
few (rich) persons. Accordingly, in constructing a standard 
adapted to the general requirements of the community, we ought 
upon utilitarian principles to treat the variations in the price of 
that class of articles as of comparatively little account.^ 

It may be doubted whether the practical worth of these 
subordinate modifications corresponds to their theoretic interest. 
For to assign less importance to some of the data on the ground 
of a deficiency of weight which is not susceptible of numerical 
evaluation is a practice which, though countenanced by the 
example of physicists in their reduction of observations, is apt to 
diminish confidence in sociological calculations. For the sake 
of a little additional accuracy it may not be worth while incurring 
the suspicion of cookery : — 

Denique sit quidvis, simplex dumtaxat et unum. 

II. We come now to the case where, the interval between the 
compared epochs being considerable, the quantities consumed at 
the two epochs are materially different, and the ratio of the 
quantity consumed at one epoch to the quantity consumed at the 
other is no longer even approximately the same for the different 
commodities. The difficulties presented by this case, which 
seemed to defy science, have been triumphed over by Professor 
Marshall. 2 The incommensurable proportions of the dissimilar 
expenditures he manages to compare by means of a series of the 
intercalated intermediate forms presented by the changing 
national inventory. Equating each term of this series to its 

^ Another modification which might be suggested is that less weight should 
be attached to those commodities of which the price -variations affect the general 
public and a particular class in different senses — a fall, for instance, benefiting 
the consumer, but ruining the producer. It will be found, however, a difficult 
and endless task to carry out this principle. For what commodities would be 
excepted from it ? Imports perhaps, in so far as it is the foreign producer chiefly 
who is damaged by the fall and benefited by the rise of those prices. But with 
regard to the home industries, in order that the interest of the producer and the 
consumer should vary in opposite directions, we must suppose an equilibrium 
of profits to be transmitted from trade to trade, according to Bicardian principles, 
with a rapidity that is not supposable. 

But not only is the working of the proposed principle difficult, but also it is 
incorrect ; here, in this section, where our object is that the imit should afford a 
constant quantity of valuables to the average consumer, without reference 
to the number of units which the different classes of consumers have to spend. 
To tamper with certain items of expenditure, such as wages of Domestic Service, 
on the ground that these transactions belong to distribution, as distinguished 
from exchange, is virtually to introduce the principle of the sliding scale, to 
substitute the attribute c for C. 

The exclusion of “ unproductive ’* labour has been maintained on other 
grounds considered in note to p. 211. 

* Contemporary Review, March 1887. 
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predecessor and its successor, he brings the first term into relation 
with the last term. Though the final and initial shapes of the 
U nit cannot even approximately be superposed, yet its content of 
utility is preserved constant. It is true that at each step of this 
process some deviation may occur. At each act of weighing 
something may fall out of the balance. But something may fall 
in also. And thus, in the absence of a constant bias towards 
error in one direction, there is reason to believe that — except for 
very long deferred payments — the result will be as accurate as 
that which is attainable under more favourable conditions. 



Fig. 2. 

Professor Marshall’s method may thus be illustrated Let us 
with Cournot represent ratios by logarithms, and logarithms by 
linear distance. But, unlike Cournot, let us take account, not 
only of the price, but also of the quantity of each article. Let 
the distance of the dot a from the abscissa represent the price of 
the first commodity, and the size of the dot the quantity con- 
sumed (per unit of time). Let the abscissa represent time. At 
the initial epoch, corresponding to the origin, the purchasing 
power of money, the denominator of the sought unit, is repre- 
sented by Oc, where c is the centre of gravity of the system 
initially. Now, if, during the interval 0 Tj, only money and 
prices were affected, other things being constant, the required 
(numerator of the) Unit would be where c\ is the centre 

of gravity of the system in its new position. But other things 
are not constant. There occur variations, not only in the relative 
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positions of the particles, but also in their masses (as shown by 
the varying size of the dots). Also new particles enter the system 
(e. g. at the time Tj), and old ones drop out. Thus the true 
centre of gravity at the time, is not c\ but c^. This point 
can be found at that time ; but it is not available for our first 
edition of a tabular standard. The second edition at the time 
Tg is similarly obtained by comparing Tgc'g, the height of the 
apparent centre of gravity at the later epoch, with T^Ci, the 
height of the real centre at the earlier epoch. If we join 
the points cc'^c^g, etc., we have the locus of apparent unit hugging 
the corrected curve cCiCg. 

At every step there is incurred an error, say a “ probable 
error,” zlw, and accordingly what may be called an improbable 
error (about 4cAu).^ These errors being presumably independent, 
without bias in excess or defect, it follows, from the theory of 
errors, that the total error incurred in the course of n steps is 
sfnAu, It is a nice question how frequent the revisions of the 
standard should be, in order that this error may be minimised. 
Let At he that interval of time within which there cannot possibly 
or probably occur a change of sign in Au^ owing to a variation in 
those disturbances of the economic fabric which cause our standard 
to be inaccurate. Then it is expedient that the revisions shall 
take place as often as, but not oftener than, once in every such 
short interval. This condition points to the frequent revisals ^ 
contemplated by Professor Marshall. 

It may be observed that Professor MarshalFs solution is largely 
applicable to a problem kindred to ours, but which we have not 
supposed to be comprehended in the question set to us ; namely, 
to measure differences in the value of money between different 
places. For instance, if the economic habits of the peoples of 
the Austrian empire varied by gentle gradations along a line 
trending from north-west to south, very much as the vital statistics 
of- the empire are shown by Hain (in his important work on “ Das 
Oesterreichische Eeich ”) to vary gradually, then it might be 
possible, so to speak, to carry the equation of utility from Bohemia 
along to the Military Frontier. It is otherwise where natural 
and political barriers produce discontinuity ; for instance, in the 
case of the United Kingdom compared with the United States.® 

^ The reader, according to his habits of thought, may regard u as standing 
either for the sought unit or the utility which it is required to keep constant. 

* Contemporary Review, March 1887. 

® It is difficult to understand the rationale of the method by which it is 
proposed in the Massachusetts Labour Report for 1884 to bring together for 
comparison the purchasing power of wages in England and the United States. 
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Section III. 

Determination of a Standard for Deferred Payments ; not based 
upon the items of national consumption ; calculated to afford 
to the consumer a constant value-in-use ; no hypothesis being 
made as to the causes of the change in prices. (A B C d.) 

We come next to the case where the items which enter into 
our Unit are not copied from the statistics of national expenditure, 
but are selected on some other principle. Although the rule in 
this case is different, the ground of the rule will be found to be much 
the same, namely, the desirability that the advantage derived from 
the expenditure of a unit should be as far as possible constant. 
To those who admit the utilitarian character of the problem (as 
defined by the attributes ABC) it will appear evident that a 
formula other than the direct solution can only recommend itself 
as being a workable approximation thereto. 

Among methods which may seem to have a claim to that 
character we may distinguish the three following : — 

(1) There is first what may be called polymetallism ^ the Unit 
based upon the price of an aggregate of specified quantities of 
specified metals ; and not only metals but other substances which 
possess an attribute ascribed to the precious metals, peculiar 
fixity of value. 

(2) Next we place the index numbers of the Economist, the 
simple average of a number of prices, especially if, as Mr. Bourne 
has pointed out, care be taken to exclude the repetition of the 
same article in different forms. 

(3) Another foundation may be afforded by a basis which 
Professor Nicholson {aliud agens, or at least not confining himself 
to the purpose specified in the present section) has lately laid 
down in the able and highly original paper which he has contributed 
to the March number of the J ournal of the Statistical Society. The 
new basis may be described as (the value of) the “ total mass of 
purchasable ‘ things,’ ” (“ the aggregate of purchasable com- 
modities in the widest sense ” of the term). We shall sometimes, 
for the sake of brevity, describe Professor Nicholson’s invention 
as the capital standard. 

Of these secondary methods the first and second at least have 
some advantage in respect of convenience over the direct solution. 
It is quite possible that their disadvantage in respect of inaccuracy 
should not be very great. The error which we incur by taking 
some sample commodities instead of all the items of national 
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expenditure might be not worth correcting in view of another 
error with which our calculation is unavoidably affected. This is 
the error incident to the misfit between the consumption of the 
individual and that of the community. As, however, individuals 
resemble each other considerably in respect of consumption, there 
is reason to believe that this species of defect is not so important 
here as in the following section, where we are concerned with 
income derived from production. 


Section IV. 

Determination of a Standard for Deferred Payments ; based upon 
the items of national consumption ; calculated to afford to the 
consumer a value-in-use, varying with the national affluence, 
after the manner of a sliding scale ; no hypothesis being made 
as to the causes of the change in prices. (A B c D.) 

We now abandon the idea of a fixed standard, and attempt to 
construct a sliding scale.'^ We have hitherto supposed that the 
average man in paying or receiving a Unit should give or take the 
same quantity of wealth. But is it just, is it expedient, that, 
when the national wealth is increasing, the creditor should demand, 
the debtor pay, a constant quantity, or quantity proportioned to 
the increase of general prosperity ? Probably most persons would 
answer in favour of the former alternative. ^ But they might be 
embarrassed if the principle were extended to the case of declining 
prosperity. Would it seriously be proposed that, if money were 
depreciated by the decrease of goods other than money, the debtor 
should pay an ever-increasing amount of currency ? This seems 
to be one of those questions of la haute politique which it is not 
our business to decide. 

If it is judged desirable that the Unit should represent a 
quantity of wealth varying with the national affluence, a simple 

^ The idea of a sliding scale may not seem at first sight to be suggested by the 
question set to us. It will be found, however, to bo implicit in much that is 
written on our subject by the ablest writers — those, for instance, who, in estimat- 
ing the depreciation of money, dwell upon the fact that the style of living expected 
in each class of life, the Lehensanspriiche, have become heightened ; those, again, 
who, without entertaining an hypothesis such as that which forms the definition 
of our section a, still insist on including among the constituents of the Unit 
industrial, as distinguished from stipendiary wages, and material in addition 
to finished products, and exports and imports, without reference to the amount of 
home consumption ; in fine, those who would exclude wages of domestic servants, 
rents, and generally distribution as distinguished from exchange on the grounds 
specified in note to p. 211. 

* Cf. Poulett Scrope, Political Economy, (ed. 1833), p. 410. 
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method of eJffeoting that condition is to put for the Unit the ratio 
of the national expenditure on articles of consumption at the later 
epoch to the corresponding expenditure at the earlier epoch. 
Employing the same notation as before, we have now the formula 

o!'p\ P'p' ^ ^ 

+ to + etc. 


If it is judged desirable to compare not the absolute expenditure, 
but the amount relative to the number of the population, we ought 

N 

to multiply the above written expression by the factor N and 


N' representing the number of the population and the earlier and 
later epochs respectively. 

This method appears to the writer to deserve more attention 
than it has received. The result would probably be much the 
same (in the case of short intervals at least) as for the more 
familiar formula. But the construction would be simpler as not 
requiring a mean to be taken ^ between the quantities consumed 
at different epochs, and the philosophic basis would be free from 
the difficulty which besets the equation of utility. 


Section V. 

Determination of a Standard for Deferred Payments ; based upon 
the amount of national income or upon prices which affect the 
income of any class ; varying with such income or prices y after 
the manner of a sliding scale ; no hypothesis being made as to 
the causes of the change in prices. (A B c d E.) 

Another method of accommodating debt to the resources of 
the debtor is to take income as our sliding scale.^ The received 
estimates of national income may be employed for this purpose. 
In this case the Unit might be in effect an assigned proportion of 
the national income per head of the population. 

It should be observed that this standard, revised at most once 
a year, would not be adapted to the more transient fluctuations 

' See above, pp. 212, 213. 

* The principle of the sliding scale may be contrasted with the “ Consumption 
standard ” in two distinguishable cases — (1) First, we may suppose national 
wealth, the average income, to increase (or decrease) ceteris 'paribua. In this case 
the proper items on which the sliding scale Unit should be based appear to consist 
of the expenditure on finished products (our A B c D). (2) Secondly, distribution 
may be supposed to vary. To adjust the Unit to this variation we have to take 
account of wages and other distributional transactions; also of materials as 
affecting the incomes of certain classes 
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of industry. Accordingly it might be worth while to consider 
whether we could derive a more flexible measure of income from 
the prices of certain articles.* Let us begin with a simple case — 
an importer of articles of consumption, say of the species a, who 
might be considered as paid by commission on the amount of his 
dealing. His income then varies with the price of a in the ratio 

— . In the interest of this class exclusively the unit ought to be 
Or, if we suppose several such dealers, we have the weighted 

Pa 

mean - (assuming that the quantities have not 

^Va + /5p/3 + etc. ' 

materially varied between two revisions, and that the “ commis- 
sion ” of all the dealers may be regarded as the same). 

Consider next residential rent and stipendiary wages. The 
incomes of certain classes vary directly with these payments ; yet, as 
these incomes are not, like the preceding, equal to a small fraction, 
but to the entire volume, of the transactions in question, it will 
not be easy to combine these data with the preceding into a 
properly weighted mean. 

Again, when we take in ordinary wages and industrial rent, 
we are met by the fact that, while the income of some classes 
varies directly with these amounts, the interest of another class, 
entrepreneurs, varies inversely — not indeed in exact inverse ratio, 
but in an opposite direction to the same quantities. Again, the 
materials of one manufacturer are frequently the finished products 
of another. Accordingly the price of such articles constitutes a 
very bad measure of the income of all the parties concerned. 

It follows from these considerations that from an examination 
of prices we can obtain at most a very rough and precarious 
indication of the variation of resources. Such a method would be 
related to the more exact calculation of income very much as our 
method A B C d was related to A B C D. 

At the same time, when we consider the purpose of our sliding 
scale — to mitigate the evil of industrial fluctuations — it may be 
doubted whether this end is not realised nearly as well by a rough- 
and-ready method as by the most exact calculation. For a 
standard based upon the vicissitudes of all cannot well be adapted 
to the vicissitudes of each. The fit is at best so bad that it is 

*** It may well be doubted whether the proposed method of measuring income 
— which has some aflfinity to the method pursued in the Census of Production 
(190)— is better adapted than other methods to measure fluctuations of income. 
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not made much worse by some additional imperfections of 
measurement. 

The character and worth of such a mean variation of price as 
we here desiderate might be illustrated by an imaginary example 
of another sort of mean, one obtained by taking the average 
temperature for the same day over a period of years. We have 
known old ladies who each year discontinued and resumed fires 
on the same days of the year. Suppose that they had affected 
even greater precision, and had burned each day a quantity of 
fuel based upon the mean temperature for that day averaged over 
a period of years. It is clear that in a climate like ours those 
who adopted this arrangement would some days suffer from too 
great heat and other days from too great cold. The arrange- 
ment would be so very defective that it would not be sensibly 
deteriorated by some imperfections in the method of averaging 
the temperatures. Suppose, for instance, that in the different 
years the thermometrical measurements had been effected with 
different degrees of completeness. For the earlier years there 
might be (for a given day) only sample readings of the thermo- 
meter, made two or three times a day. For the later period 
there might be a more continuous record of temperature. Theo- 
retically, in combining such data more weight should be given to 
the more complete measurements. But practically for the purpose 
in view such elaboration would be nugatory. 

To look at the matter more closely, let us suppose with 
sufficient accuracy that the income of a particular class of pro- 
ducers depends mainly on the prices of a certain group of articles, 
so that it would be convenient for that particular class that the 
standard for deferred payment should be regulated by the move- 
ment of those particular prices. Roughly speaking, the desidera- 
tum for that class is that the unit should bo proportioned to 

some mean of those prices ; say ^ > where p and n are 

prices of products and agents of production respectively. But 
in fact the unit must be based on the prices (and quantities) of 
all kinds of articles. In view of the considerations touched in 
the text the ideally best combination of prices must be a com- 
plicated function, say of the form By an 

approximation admitted in mathematics, this expression may be 

written where the weights a, 6, etc., are not 

o>Va + opb + etc. tD » > > 

(like our old friends a, /S) quantities, but coefficients deduced 

VOL. I. Q 
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from the quantities by the solution of a stupendous utilitarian 
problem. The varying relations between the quantities of 
things consumed or “ used up in manufacture, and the income 
of different classes — such as the importers and manufacturers 
of an article — all these complex correlations must be supposed 
duly expressed by the function F and the derived simpler 
form. By an allowable abstraction we may suppose the 
course of industry so uniform that the coefficients a, h, etc., 
remain constant during the interval under consideration. We 
shall now show that for the purpose in hand — to mitigate the 
vicissitudes in each industry — it does not much matter what 
values (within wide limits) we assign to the weights a, 6, etc. As 
announced in the Synopsis, almost any combination of the more 
important articles of trade is likely to be equally imperfect and 
equally serviceable. 

Put for p'a., p'p, etc., the following : Pa(l + F^), pp(l + Ep), 
etc. And let the displacements Ep, etc., be made up of two 
portions, one affecting all articles equally, the other proper to 
each. Call the former e, and let = e + e«, = e + 6^, and 

so on. The unit which would be most desirable in the interest 
of a single class becomes of the form 1 + e + (putting a single 
article as the representative of a small group). Meanwhile the 

general standard is of the form 1 + ^ + + etc. 

® apa + bpp 

The first part of both expressions coincides. But it is only by 

accident that the remainders can be of a piece. For by the theory 

of errors the displacement {Ea) incident to a single article is likely 

to be of an order much greater than almost any mean of the 

proper displacements independently incident to n articles. As 

this proposition turns upon a matter of fact, the independence of 

the proper displacements of several articles, it may be well to 

illustrate it by some actual statistics. In the following example 

(p. 227) afforded by the immense drop of prices during the crisis 

of 1857, e, the common displacement, is considerable. 

In this table the first column contains the percentage decrease 
for each article. The next two columns contain the differences 
between the average decrease (27) and the individual decreases. 
The modulus, or measure of fluctuation, is found to be about 16. 
Hence, by a well-known theorem, the probable error of the sum 
of n differences, n being large, tends to be X 16 x *477 (a 
theorem which does not assume that the differences are grouped 
according to a known curve). Suppose, for instance, n = 9. 
The probable error of the sum of n differences taken at random 
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Percentage Decrease of Prices of Several Articles within a Fortnight, 
November 1867. 

(Based upon “ Commercial Daily List,’* cited by Patterson, Economy of Capital, 

p. 191). 

Differences 




— 

+ 

Squares 


Tallow 

.... 17 

10 

— 

100 


Sugar 

.... 36 

— 

9 

81 


Cotton 

.... 14 

13 

— 

169 


Scotch pig 

.... 16 

11 

— 

121 


Saltpetre 

.... 31 

— 

4 

16 


Rice 

.... 33 

— 

6 

36 


Silk 

.... 33 

. — 

6 

36 


Linseed 

17 

10 

— 

100 


Linseed oil 

.... 20 

7 

— 

49 


Tin 

10 

17 

— 

289 


Tea 

.... 25 

2 

— 

4 


Pimento 

.... 40 

— 

13 

169 


Turmeric 

.... 60 

— 

23 

529 


Shellac 

.... 33 

— 

6 

36 


Jute 

40 

— 

13 

169 


Hemp 

.... 16 

11 

— 

121 


Sums 

.... 431 

79 

80 

2,025 


Means 

.... 27 

10 

10 

127 

= Moan square of error 





254 

= Modulus squared 


should be about 23. This may be illustrated by actually taking 
some batches of nine, say the first nine, tallow to linseed oil, the 
last nine, linseed to hemp, and a central nine. The sum of the 
first set of differences is — 51 + 25 = — 26. The sum of the 
second set of differences is — 47 + 55 — 8. The sum of a third 
set, from Scotch pig to pimento, is — 58 + 29 = — 29 ; while if 
we put out the Scotch pig and take in turmeric we obtain + 5. 
These observed results are very consonant with the theory that 
the probable error is 23. Hence the probable error of the mean 
of nine differences is 2^. Meanwhile the probable error of any 
single difference may be found by observing that the “ quartiles,’* 
in Mr. Galton’s phrase, occur on the one side between — 10 and 
— 11, and on the other side between + 6 and + 9, giving a 
probable error of, say, 9. Or we may proceed more hypothetic- 
ally, and, assuming that the grouping (of the differences) is 
conformable to the ^ normal type, find the probable error (*477 x 
modulus) about 8. Thus the displacement of the single article is 
seen to exceed the mean displacement of several articles in about 
the degree required by theory. 

We have taken the simple (arithmetical) mean. But much 
the same would be true if we had taken any weighted mean * of 
all prices, in particular the ideally best, whose weights are apa, 

^ The probability-curve [normal law of error]. 

* Within limits ; as shown in the Second Memorandum. 
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hpfi, etc. (provided at least those coefficients are not extremely 
unequal). The deviation of the particular standard from the 
general standard is apt to be so considerable that it does not 
much matter by what system of weights we determine the general 
standard. The unit best in the indivdual interest is as we have 
seen above (p. 226), 1 -f- e + The unit in the general interest 

is of the form 1 + € + (putting A = and 

similarly B). The deviation of the former from the latter is of 

the form * Now, if etc., be on an 

average of the order e, then by the theory of errors their weighted 
mean, the latter part of the expression just written, will be of 

I J52 ll 

the order e ^ ^ etc ) ’ expression which tends to 

zero as the number of the coefficients is increased. The unavoid- 
able discrepancy between the particular and general interest is 
therefore not likely to be much diminished by a more exact 
calculation of weights when those weights are numerous. — Q.E.D. 

Take, for example, the statistics above cited, where there are 
only sixteen items, and let us suppose the weights so disparate 
as the cardinal numbers 1, 2, ... 16. If we based our unit on 
the simple arithmetic mean, we have e = *27, and for the Unit 
1*27. Now this Unit^ as applied to each particular interest, is 
apt to be out by about -1, or 10 per cent. In the tallow interest, 
for instance, 1-17 would have been the best unit ; if we legislated 
exclusively in the sugar interest the unit would be 1*36. Let 
us see now how these misfits would have been mended by a 
more elaborate adjustment of the standard. The expression 

— - becomes when u4 = 1, 5 = 2, etc., about *3. 
A n -jr etc. 

The correction then upon the arithmetic mean -27 would be of 
the order -3 x •! (e being of the order *1),^ that is, *03, or 3 per 
cent. This theorem may be verified by actually assigning the 
weights 1, 2, 3, etc., to the percentages above cited. The weighted 

mean 1 X 17 + 2 x 36 + 3 X 14 + etc. + 16 X 16 

1 + 2 + 3 + etc. + 16 — 28 8. If 

we reverse the order of importance, and, beginning at the bottom 
of the list, assign a weight 1 to hemp, 2 to jute, 3 to shellac, etc., 
we obtain for the weighted mean 25*6. The difference in each 


1 Assuming that each of the articles (tallow, sugar, etc.) is subject to the 
same law of fluctuation, we may conclude (from an examination of the table) 
that the average error for any article ia 10 per cent. 
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case between the simple and weighted mean is even less than 
theory predicts. Suppose the corrected unit becomes 1*25, the 
tallow interest will now be out by eight per cent, instead of ten 
per cent, from the standard best for them exclusively — no very 
great gain, and partly (by hypothesis of course, not wholly) ^ 
balanced by the loss of the sugar interest, who are now more out 
than before. A fortiori when the number of articles is greater 
than sixteen. 

The general conclusion is that for the purpose in hand it 
is not much matter what sort of mean we take ; provided that 
the weights assigned to the different articles are not very 
unequal, and provided that there is no reason to think that the 
ideally best system of weights would be very unequal. The test 
that factors A, B, etc., are not sensibly unequal is the condition 
that + etc. {A + i? + etc.) should be small ; which 

is true enough within very wide limits (e. g. in the case of sixteen 
weights being respectively 1, 2, 3, etc., 16), When there are a 
few relatively very large interests, such as possibly in England 
cotton, iron, and ordinary wages, then in constructing our general 
sliding-scale we should pay special attention to those interests ; 
though from the considerations mentioned above (p. 204) we are 
not entitled to assume that the weight to be attached to (the 
price-variation for) each interest is directly proportioned to the 
magnitude of the transactions. 

It will be observed that this reasoning turns upon the unique 
interest of particular groups of persons in the prices of particular 
articles, on the circumstance of division of labour} The conclusion 
as to the worth of our result is therefore not equally applicable 
to what may be called the consumption (A B C) as distinguished 
from the production (A B c) standard. For the rest the latter 
calculation resembles the former in being amenable to similar 
secondary modifications (see above, p. 217). For instance, upon 
the third of the principles referred to a variation of wages ought 
to affect the IJyiit more than an equal variation of profits as 
concerning a greater number of persons. 

* If we suppose the weights 1,2, . . . 10 to constitute the ideally best system, 
that which affords the maximum sum total of advantage to all. 

* Compare the remarks of Von Jacob cited by Mr. Horton in his admirable 
chapter on the Standard of Desiderata ; Silver and Gold, p. 39 
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Section VI. 

Determination of a Standard for Deferred Payments ; based upon 
the amount of national capital ; varying with such amount, 
after the manner of a sliding scale ; no hypothesis being made 
as to the causes of the change in prices. (A B c d e.) 

The next category is distinguished by the condition that the 
basis of the required sliding scale is capital rather than income. 
This Unit might be specially adapted to certain debts; for 
instance, in estimating the capital (but not the interest) of sums 
raised upon mortgage of fixed capital. It is interesting to inquire 
what sort of weight should be assigned to wages for the purpose 
here defined. May we measure the importance of wages as a 
means for paying off capital by the lump sum which the wage- 
earner is able to raise upon the prospect of his earnings by way 
of insurance 1 

With reference to this most important application of Professor 
Nicholson’s method, it may be proper here to introduce a remark 
which is applicable also to other uses of that method. When its 
originator is met with the difficulty that articles do not increase 
uniformly, he argues that the change in the purchasing power 
of the standard is found by dividing the value of the new inventory 
at the old prices by its value at the new.” And he is understood 
to regard this method as preferable to the converse method, 
dividing the value of the old inventory at the old prices by its 
value at the new. His reasoning turns upon the postulate, 
“ Let the total value of the new inventory (consisting of different 
quantities of the old items) reckoned at the old prices be v-^ and 
the total value of the old inventory, also at old prices, be \ 

then ~ is the measure of the increase in the quantity of wealth.” 

In this passage read for “ old prices ” new prices, for read w^, 
and for w^ a new symbol and you will have a postulate 
no less true, or no more arbitrary. According to the substituted 
principle, “ the measure of the increase in the quantity of wealth ” 

is ^ ; which being multiplied by by parity of reasoning with 

W2 

that employed by the author on the page referred to, gives for 
the “ measure of the new purchasing power compared with the 

W TjU 

old ” ^ which being interpreted means dividing 

the old inventory at the old prices by the value of the same 
inventory at the new prices. 
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Observing that the “ change in the purchasing power of the 
standard ” is the reciprocal of what we have elsewhere called the 
Unit, we see that the two methods just reached correspond to 
the formulae (2) and (1) of our section AB CD (above, p. 212), 
It is important to point out that neither of these solutions is 
afore nor after the other. ^ Otherwise there might be an objection 
to the use of a symmetrical mean between the two, such as has 
been recommended. 


Section VII 

Definitioyi of the Appreciation [or Depreciation] which it is the 
object of Bimetallism and similar projects to correct ; no 
hypothesis being made as to the causes of the change in prices. 

The variation in the value of money which wo have been 
hitherto considering is that which is corrigible by the adoption of 
a “ Unit ” for deferred payments. For different purposes different 
formulae are appropriate. The purpose next in importance to 
the construction of a Unit (if not indeed, as some think, prior in 
importance and the main scope of the task set to us) is to correct 
the instability of trade, to restore the level of prices by augmenting 
the quantity of legal-tender currency, whether by Bimetallism 
or the increase ^ of paper-money. 

Now, if we might assume all prices diminished uniformly, like 
the shadows of objects as the sun advances from the east, the 
problem would be very simple. It is an intelligible proposition 
that the status quo might be restored by an elevation of the 
objects all round. And the significance of the proposition need 
not be impaired if we suppose the objects waving and oscillating, 
and some of them depressed, others elevated in random fashion 
between the two epochs at which the shadow -lengths are observed. 
But we are not entitled here to make an assumption, which is 
the characteristic of the following section. We must rather seek a 
rule available even in the case in which one large category of objects 
may be considerably and uniformly elevated, another depressed ; 

^ The question whether it is easier to got j^resent quantities at old prices 
than old quantities at new prices does not come within the scope of this 
memorandum. 

* E. g. By introducing £1 notes in England, or according to some more 
daring plan, such as those proposed by Professor Marshall {Contemporary Review 
March 1887, note near end), Faucher {Jahrbuch Jiir Ocaeizgebiing, 1868), and 
others. 
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where the variations do not present any true mean or normal 
type. Our formula should be irrespective of such an hypothesis 
here equally as in the previous sections.* 

The operation of augmenting the currency proper to the 
present section, as contrasted with the method of making 
contracts in Units, presents the following four distinguishing 
characteristics : — 

(1) The infusion of money is not adapted to correct the more 
transient fluctuations of prices due to the oscillations of credit ; 
whereas our Producers’ Unit — including commodities other than 
finished products — is specially adapted to the correction of transient 
fluctuations.** 

(2) The operation of the proposed remedy requires time. The 
detection of the evil — the secular as distinguished from the tidal 
variation of price-level — also requires time. It follows that the 
epochs which are to be compared in respect of purchasing power 
are separated by a considerable interval. Hence the calculation 
of a Unit to express change in the purchasing power of money 
must be of the less exact sort, which might be distinguished as 
integral, 

(3) Again, the area which is affected by the augmentation of 
currency is very extensive, at least when (as in the case of 
Bimetallism) the added circulation consists of precious metal. 
Accordingly, the appreciation which is to be corrected by that 
remedy must relate to a very wide area, the whole system of 
states in monetary communication; that is, the greater part of 
the civilised and uncivilised world. Now, the larger and more 
diversified the public to which there is applied any regulation 
based upon the mean requirements of the average man, the less 
perfectly is that type or norm likely to be adapted to the require- 
ments of the individual. The correction of appreciation, which 
may be effected by the infusion of metallic money, is therefore 
likely to be of less benefit than that which attends the method of 
contracting in Units. 

(4) Moreover, in the latter case the measure of the evil and 
of the remedy is the same. The same calculation which gives 
the appreciation assigns the Unit in terms of which debts are to 
be paid. But it is not so where the remedy is the augmentation 
of legal -tender money. The extent of the evil (the appreciation) 
having been found, the extent of the remedy is still to seek. 

* Here, and in the context, there are omitted sentences identifying the desired 
ormula with conceptions already defined. 

** But see note added to Section V above, p. 224. 
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For it is a very naive ^ conception that, in order to increase 
prices all round in a certain ratio, it is necessary and sufficient to 
increase the quantity of legal-tender money in that ratio. 

These imperfections of the method under consideration may 
be thus summed up : (1) It cannot even aim at certain objects 
which are within the range of the alternative method. (2) The 
objects which it does aim at are not sighted so clearly ; its shots 
are apt to be very wide of the mark. (3) The advantage of 
hitting the mark, the prize to be won, the quarry to be brought 
down, is not so considerable as in the case of the alternative 
method. (4) Lastly, in the one case we shoot point-blank; 
having discovered the position of the object, we have the direction 
in which we ought to aim. But in the other case the trajectory 
has yet to be calculated, in virtue of which, being given the 
position of the object, wc can deduce the direction of our aim.* 


Section VIII. 

Determination of an Index irrespective of the quantities of com- 
modities ; upon the hypothesis that there is a numerous group 
of articles whose prices vary after the manner of a perfect 
market, with changes affecting the supply of money, (a F.) 

So far we have made no supposition as to the cause of the 
phenomenon which is under measurement. As far as we have 
been concerned there might have been a number of heterogeneous 
causes, or, what is even more unfavourable to calculation, a few 
great causes; as if one large class of prices were heightened 
according to the law of diminishing returns, while other prices, 
also forming a large class, were lowered by increased division of 
labour, and others by improved means of transport. We are 
now to entertain an hypothesis, namely, that there is an effect 
capable of being discovered and worth discovering, due to ^ 
“ causes which operate upon all goods whatever,” or at least 
upon a considerable group of goods; for instance, the increased 

^ See below, Section IX. 

* There is here omitted as not particularly appropriate here an elaborate 
metaphor designed to illustrate the significance of an hypothesis implying the 
presence of a true mean or good average. Suffice it to repeat “ if one great group 
of commodities varies pretty uniformly in one direction, and another in a 
different direction (or even in the same direction, but in a markedly different 
degree), then the task of restoring the level of prices can no longer be regarded as 
a purely objective quoesitum, a currency problem. 

* Mill, Political Economy, Book. III. chap. viii. § 2. 
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quantity, or efficiency, of legal-tender money, or the improvement 
of money-saving expedients.^ 

The simplest hypothesis of this sort is the proposition in the 
text-books that prices vary inversely with the quantity of money, 
other things being equal. But we are not restricted to the 
“ Quantity Theory.” ^ It is sufficient for our purpose that there 
should be a circle of commodities, including money, such that 
the equilibrium of exchange between them should continually 
be readjusted by a comparatively frictionless play of market- 
forces. That this condition does hold approximately with respect 
to a large group of articles is shown in the case of Austria by 
Dr, Kraemer in his important work on Austrian Paper-money. 
From the statistics given in his Chapter III. there can be no 
doubt that a change in the “ valuta ” of currency does enter 
into, and might be extricated from, the prices of a certain set of 
commodities. The following articles may be instanced as par- 
ticularly sensitive : — Wooly spirits, rape-seed, undressed leather, 
and, in general, articles of foreign trade. These observations are 
supported by the copious statistics adduced by Herska, Bela 
Foldes, and others. The only question is whether we ought not 
to regard all commodities, rather than only some commodities, 
as varying with the agio. No doubt it is a delicate question, 
and only to be decided by the proper mathematical methods of 
statistics, whether it is possible to extricate a mean variation in 
the value of money from the changes of particular prices. It 
seems to be so in the case of Austria. In the case of the United 
States, if we could accept the law laid down by Mr. Delmar as to 
the propagation of a change in price, we could not hope for a 
sufficiently large group to afford a real average. But the statistics 
adduced by Hock, in his history of the finance of the United 
States, show conclusively that in correspondence with the con- 
dition of the inconvertible currency and the state of credit there 
did extend pretty uniform waves of disturbance over a part, if 
not indeed the whole, of American industry. 

The proposition which has been proved for inconvertible 
currency is shown to be true for metallic money — as regards, at 
least, a certain zone of industry — by the index numbers of the 
Economist, the statistics adduced by Soetbeer, Laspeyres, and 
others. 

' A good enumeration of causes that are apt to cause a general variation 
of prices in the case of Inconvertible currency is made by Bela Fbldes in the 
Jahrbuecher fur Natl. Oekonomie, 1882 . 

* The discussions in Section IX will show how far the writer is from regarding 
this theory as generally applicable. 
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Assuming, then, that there is, or may be, over a certain 
region of the industrial world a mean disturbance of the sort 
described, it would be a significant operation to take the average 
of all the relative prices, irrespective of the quantities of the 
corresponding commodities. We should thus obtain a mean eleva- 
tion or depression which may be described as a figure such that, 
if we took any ware at random, that figure ^ would be more 
likely than any other to be equal to the relative price of the 
selected ware. A similar typical mean of human heights (irre- 
spective of other attributes) has proved a useful implement of 
statistical induction in the hands of Mr. Galton, Dr. Charles 
Roberts, and others. 

A more exact illustration is afforded by the following physical 
analogies. Suppose it were required to measure the force of 
gravitation in the neighbourhood of a mountain. Our data might 
consist of a set of pendulums, all disturbed from the vertical by 
the attraction of the mountain, and each further subject to 
proper disturbances. The displacement from the vertical con- 
stituting the required measurement might be found by taking a 
mean of the displacements suffered by all the pendulums. Now, 
from what loe know of the action of gravity ^ there is no reason to 
think that the displacement of a larger mass gives in general a 
better measure of the common disturbing agency, the gravitation 
force, than a smaller mass does. Hence, in taking the mean of 
the displacements, there is no propriety in assigning more import- 
ance to the displacement of the more massive pendulum. If we 
do assign preferential importance, it should be on other grounds, 
namely, that the proper disturbances of some pendulums are apt 
to be less serious than those of others. The combination weights 
(or “ multiplier weights,’’ in Sir G. Airy’s phrase) determined by 
such considerations must be carefully distinguished from the 
“ weight ” in the ordinary sense. The pendulum weightiest in 
the former sense might be lightest in the latter sense. Another 
caution is to distinguish the present investigation from that 
whose object is the displacement of the centre of gravity of the 
system, 2 a queesitum which docs not presuppose any common 
disturbing agency. 

Again the problem special to this section has been likened to 
the problem of discovering the proper motion of the solar system 
by means of the apparent movements of the stars. Let us 

^ In short, the greatest ordinate of the curve of price-variations. 

* Analogous to the calculation of Units in our earlier unhypo the tical 
sections. 
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suppose, for the sake of illustration, that the line in which the 
solar system moves has been asceitained. The only questions 
are in which direction of that line, positive or negative, say 
towards or from a certain star in Hercules, and at what rate, we 
are moving ; how far we have moved between two given epochs. 
Now, if wo take several groups of stars at random, say (as in 
fact is done) some groups in the northern hemisphere, and others 
in the southern, and for each of these groups we take the mean 
of the apparent motion of the stars along the given line ; then, if 
the mean resultant is much the same ^ for every group, we may 
be reasonably certain that the phenomenon is due to a common 
cause, which is doubtless no other than the proper motion of the 
solar system. Suppose, however, that the motions of the stars 
did not conform to what may be called a true mean. Suppose 
that what Mr. Proctor calls “ star-drift ’’ was prevalent on a 
much greater scale than he has found to be the case ; that the 
Milky Way, together with other zones, moved off en hloc in one 
direction, while the Great Bear carried off another half of the 
heavenly host in the opposite direction. In this case we should 
no longer be able to detect the motion proper to the solar system. 
The peculiar grip which a plurality of independent events affords 
to the calculus of probabilities now becomes wanting. 

It is to bo observed that, in assigning importance to the 
different indications given by the apparent motions, the criterion 
is not the mass of the star, but its ‘‘ weight ^ in the sense of 
affording a better measure of the queesitum, the motion of the 
solar system. 

Similarly, in the problem before us it must be cither given by 
previous experience (as in the case of our first illustration), or 
discoverable from the data themselves (as in our second illustra- 
tion), that there is a true mean; that one set of commodities, 
such as the products of extractive labour, has not risen en hloc, 
while another set, as manufactures, has fallen. Without that 
condition we cannot follow Jevons in reasoning by the principles 
of probabilities that gold has been depreciated (or appreciated) 
to a certain extent. With that condition we may follow Jevons 
in taking a mean of price-variations, irrespective of the quantities 
of the commodities. 

The problem before us may be thus defined. Given a number 

^ If it be asked what extent of difference between the means of different 
groups is to be expected and may be regarded as insignificant, the answer is 
supplied by the mathematical Theory of Errors. See the writer’s paper on 
Methods of Statistics. 

“ Depending on considerations not here relevant. 
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of observations consisting each of the ratio between the new 
price and the old price of an article, to find the mean of these 
observations — the objective or quasi-objective mean — as distin- 
guished from those combinations in the preceding sections which 
were prescribed by considerations of utility. The problem as 
thus conceived belongs to that higher branch of the calculus of 
probabilities which may be called the doctrine of errors. Upon 
the theory of errors are based two kinds of problem; of which 
the first is exemplified by the method of determining the true 
position of a star from a number of separately erroneous observa- 
tions, the second, by the method of constructing the typical 
stature of a people, Vhomme moyen, from the measurement of a 
great number of individuals. To which of these analogies — the 
more, or the less, “ objective ” species of mean — our case most 
corresponds is a nice inquiry, varying with the shades of hypo- 
thesis.^ Upon either view the practical rules for extricating the 
mean are much the same. They may be arranged under two 
headings, relating (1) to the form in which the given observations 
are to be combined ; and (2) the relative importance to be assigned 
to the different observations. 

(1) As to the first point the general rule is that in the absence 
of special presumptions to the contrary an arithmetical mean (or 
linear function) of the given measurements is the proper com- 
bination. ^ That is to say, if the different measurements are 
rg, etc., each purporting to represent one and the same object, in 
our case the appreciation or depreciation of money, the proper 
combination of these data is — 

+_ 52^2 . 

where the factors etc., are weights, such that if is 

greater than then contributes more to the result than fg- 

This general presumption in favour of the arithmetic mean 
may, however, be rebutted by specific evidence in favour of 
some other mean, and it is here submitted that in the case of 
prices there does exist such specific evidence in favour of the 
geometric mean. 

It appears that prices group themselves about a mean, not 

^ Consider the illustrations given below at p. 247. 

* The ground of this presumption is partly that the arithmetic mean is one 
of the simplest methods of combination ; partly that it is specially adapted to a 
species of observation which is very extensive in rerum naturd, which may be 
said to be always tending to be realised, the exponential law of error, or 
probability-curve* 
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according to a symmetrical curve like that which corresponds 
to ^ the arithmetic mean, but according to an unsymmetrical 
curve like ^ that which corresponds to the geometric mean. 
Before adducing the empirical proof of this proposition it may be 
well to consider what a priori grounds we might have for preferring 
the geometric mean. There are ^ those who consider that the 
mere accumulation of agreeing experiences can seldom suffice, 
without some antecedent probability, to establish an inductive 
conclusion. 

It has been shown by Mr. Galton and others that the geometric 
mean is adapted to a particular species ^ of observations, which 
may be described as estimates. For instance, the estimates which 
different persons (or the same person at different times) might 
make of a certain weight would be likely to err more in excess 
than in defect of the true objective weight, and in such wise as 
to render the geometric mean of such a series of estimates the 
proper method of reduction. This law of prizing may well extend 
to prices. The fluctuating estimates which from time to time a 
person might make of the ^ utility of an object, as measured by the 
quantity of some other object, e. g. money, might well fluctuate 
according to the law which has affinities to the geometric mean. 
So far then as changes in price might depend upon fluctuations 
in demand,® there is something to be said in favour of our 
proposition. 

Again, there exists a simple reason why prices are apt to 
deviate much more in excess than in defect : namely, that a 
price may rise to any amount, but cannot sink below zero.® 

Lastly, the supposed tacit combination which everywhere 

^ The probability-curve [normal law of errorj. 

- The curve described by Dr. Macalistor in his paper on The Law of the 
Geometric Mean in the Philosophical Transactions, 1879. 

^ G. C. Lewis as quoted by Dr. Bain in his Logic. 

* Wherever the law of Fechner applies. See papers by Mr. Galton and 
Dr. Macalister, Proc. Royal Soc. 1879. 

^ /. e. the “ final utility.” 

® Variations in what is technically called the demand- curve. 

’ As in the annexed diagram. 

** That price should be, in Dr. Venn’s phrase, a “ one-ended phenomenon ” 
may raise a presumption in favour of an asymmetrical grouping, but by no 
means dispenses with empirical verification. For the same presumption exists 
not only in the case of many anthropometrical and other statistics which prove 
to bo symmetrical, but also in cases where there is an asymmetry in the sense 
contrary to the theory, an extension of the lower limits of the representative 
curve. Such are the statistics of barometrical height arranged by Dr. Venn in 
Nature, Sept. 1, 1887; the statistics of eyesight given by Dr. Charles Roberts in 
the Medical Times, Feb. 1885; the grouping of Italian recruits by Signor Perozzo 
in Annali di Siatisiica, 1878, 
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exists between dealers may prevent prices falling as low as from 
time to time they otherwise would according to the play of 
supply and demand. 

There is therefore at any rate no a priori presumption against 
the proposition that price-returns are apt to group themselves in 
an unsymmetrical curve of which the range in excess is greater 
than in defect. In favour of this proposition the following 
empirical evidence is adduced : — 

In the first table are examined the prices of twelve commodities 
during the two periods 1782-1820, 1820-1865. The maximum 
and minimum entry for each series having been noted, it is 
found that the number of entries above the “ middle point,” 
half-way between the maximum and minimum, is in every 
instance less, and in some instances very much less, than half 
the total number of entries in the series. In the twenty -four 
trials there is only one exception to the rule, and in very few 



Fio, 3. 


cases even an approach to an exception. We may presume then 
that the curves are of the lopsided character indicated by the 
accompanying diagram. For the “ median ” [or point having as 
many entries above as below it], which uj^on the supposition of 
symmetry ought to be about coincident with the “ middle point ” 
as above defined, or at any rate as often above as below it — this 
median is in every instance but one (fodder, 1798-1820) below 
the middle point. 

Fig. 3 very well represents the prices of corn during the 
periods 1261-1400, and 1401-1540 given in Professor Rogers’ 
History of Agriculture. The abscissa in the figure represents 
prices, and the ordinate the number of years in which the corre- 
sponding price was enjoyed. It will be found that in both cases 
the maximum elevation, the greatest ordinate of the curve, 
occurs between five and six (shillings). Below that maximum- 
point, in both cases the curve does not sink more than two or 
three shillings (25. 10|d. is the lowest entry), while above that 
point one curve stretches out to 14, the other to 16. There can 
be no doubt about the fulfilment of an unsymmetrical law. 
Further verification of the law may thus be obtained from the 
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earlier series of statistics. Compare the decennial averages (of 
corn prices) given by Professor Rogers with the annual returns 
on which they are based. The “ middle point,” half-way between 
the maximum and minimum of each decade, is in almost every 
case above the average. There are only three exceptions out of 
the fourteen decades, viz., 1271-1281, 1281-1291, 1371-1381; 
and one of these exceptions is not an instance to the contrary, 
the middle point exactly coinciding with the average. 

If the prices are similarly examined by decades for linen 
(Vol. I. p. 593), clouts, and other commodities, it will be found 
that the rule holds, with no exceptions, or trifling ones. Thus 
for clouts there is not a single exception during twelve decades, 
1271-1390. The only exception which Professor Rogers’ statistics 
show is the decade 1391-1400. 

Similar results are presented by the table of price fluctuations 
in the Massachusetts Labour Report ^ 1885, p. 459. Out of seventy- 
eight commodities nine only have the minimum further below the 
average than the maximum is above it. And those exceptions 
are slight in respect of extent, while the exemplifications are often 
marked. 


Examination of Variation of Prices, 1782-1865, 
(See Jevons, Currency and Finance^ Table VIII. p. 144.) 




Mini- 

mum. 

Maxi- 

mum. 

Middle point 
between Max. 
and Min. 

No. of returns 
above middle. 

Median. 

Oriental products | 

Tropical food . . | 

Metals . . . 1 

Iron . . , . 1 

Timber . . . | 

Oils . . . . 1 

Dye materials . | 

Fibres, cotton, 

wool, etc. . 

> 

Cotton 

Corn 

Wheat • • • { 

Fodder . . . | 

1782-1820 

1821-1865 

1782-1820 

1821-1865 

1782-1820 

1821-1865 

1782-1820 

1821-1865 

1782-1820 

1821-1865 

1782-1820 

1821-1865 

1782-1820 

1821-1865 

1782-1820 

1821-1860 

1821-1865 

1782-1820 

1821-1860 

1821-1865 

1782-1820 

1821-1866 

1782-1820 

1821-1805 

1798*-1820 

1821-1866 

65 
30 
60 
34 
89 
71 
67 
36 
64 
62 
81 
76 
64 ! 
30 
88 
61 
61 
67 
21 
21 
99 
92 
81 
78 
118 
166 

107 

80 

102 

65 

169 

123 

139 

114 

633 

137 

166 

121 

157 

98 

214 

121 

129 

204 

63 

128 

252 

176 

231 

161 

308 

260 

86 

65 

81 

49i 

129 

97 

103 

74i 

293| 

99| 

123| 

98 

110| 

63 

161 

86i 

96 

1301 

42 

74J 

176i 

134 

166 

114i 

213 

203 

15 

11 

8 

14 

12 

13 

16 

10 

4 

9 

14 

10 

10 

7 

4 

17 

12 

2 

9 

4 

9 

18 

12 

18 

12 (out of 23) 
20 

84 

45 

65 

48 

113 

87 

99 

65 

116 

90 

106 

90 

98 

36 

130 

78 

88 

87 

33 

36 

134 

128 

131 
113 
214 
199 


♦ Return previous to 1798 wanting. 



MEASUREMENT OF CHANGE IN THE VALUE OF MONEY 241 


The next statistics present not time fluctuations, but place 
fluctuations. In the Illinois Statistics of Labour Report, vol. iii. 
p. 340, are given the prices of thirty-eight articles in 34 different ^ 
towns. Examining the series of prices for each article, we find 
that there is fulfilled in almost every case the law that the 
maximum is further from the average than the minimum is. 
Most of the exceptions are very slight, and disappear if we take 
in the penultimate the observations penemaximum and pene- 
minimum. The only real exceptions are mackerel, fresh fish, 
cheese, butter, and crackers, five articles out of thirty-eight. 
The odds against such a phenomenon occurring by accident are 
hundreds of thousands to one. 

Lastly, let us take price returns for the same time and locality, 
but for different articles. 

This table is extracted from Jevons’ table of Proportional 
Variation of Prices, Currency and Finance, p. 144. The “ median ” 
is the point which has as many observations above as below it. 
Where, as in the majority of the rows above, the number of entries 
is even twelve, namely 12, the point half-way between the sixth 
and seventh has been taken as the median. The sixth and 
seventh being in almost every case close together, there is 
very little of arbitrariness in this procedure. The fact that 
the maximum is in every case further from the median than the 
minimum shows the lopsided character of the price-curves. The 
median has been used instead of the arithmetic mean only for 
convenience of calculation. Much the same conclusions would 
evidently have followed from the use of the arithmetic mean. 



Oriental Products. 

Tropical Food. 

Metals. 

1 

Iron. j 

Timber. 

1 

0 ; 

i 

>> 

p 

Fibres. 

0 

s 

Com. 

1 

Fodder. 

j 

Min. 

1 

1 Distance from Med 
to Max. compared 

1 with Distance from 
j Mim 

1783 

I, 01 

87 

- 100 

97 

108 

94 

n 


102 

127 

no 

— 

127 

87 

102 

+ 

1791 

89 

! 70^ 

10(1 

92 

85 

82 

77 

90 

64 

112 

99 


112 

64 

85 

+ 

1801 

80 

73 

139 

139 

167 

134 i 

108 

142 

114 

232 

222 

244 

244 

1 73 

139 1 

+ 

1811 

74 

GO 

118 

106 

381 

136 

107 

149 

60 

167 

178 

308 

381 

00 

148-5 j 

+ 

1821 

68 

63 

101 

82 

116 

89 

74 

112 

63 

iTo 

114 

182 

182 

53 

ns 

+ 

1831 

49 

48 1 

80 

63 

104 

90 

49 

87 

33 

160 

ri?5 

109 

199 

33 

88-5 


1841 

51 

53 : 

90 

61 

113 

97 

40 

88 

37 

Ho 

131 

227 

227 

40 

89 

+ 

1851 

36 


73 

36 

68 

90 


77 

27 

g's 

78 

163 

163 

27 

77-5 

+ 

1861 

36 

38 

88 

37 

69 

111 

32 

96 

39 

TT& 

“'j 

213 

213 

32 

78-5 

+ 


^ For some few of the towns more than one price is quoted. 

VOL. I. 
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as the writer has verified for the years 1801, 1821, 1831, 1851. 
The figures in each row overlined and underlined respectively are 
the penemaximum and peneminimum. If we compare the 
distances between each of these and the median the series of signs 

is found to become 4“H — h"!"* The exceptional 

year is 1821. If we examine the arithmetic mean for that year 
the exception still exists, but in a less marked degree. 

Such a curve is well represented by the equation 

XsJ TT * 

where A is a constant corresponding to the dispersion, or ecar/, 
of the curve (see Dr. Macalister’s paper “ On the Law of the 
Geometric Mean” Froc. Roy, Soc,, 1879), and compare the 
present writer’s “ Observations and Statistics ” (Cam, Phil 
Trans.f p. 149). Hence, given a number of observations deviating 
from the mean about which they are grouped, each according to a 
law of the general form above stated, the most probable value of 
the mean deduced from these observations will be the weighted 
geometric mean give by the equation 

log X = ^1 + ^ 2 log + etc, hr, log Jty, 

^1 “b h^ etc. -|~ h ’ 

where a; is the sought mean, etc., are the given observations, 
and Ai, Ag, etc., are the weights, of which more hereafter. 

It must be remembered, however, that there may be other 
means adapted to represent the bias which has been observed, in 
particular what may be called the unsymmetrical probability- 
curve, elsewhere described by the present writer (Lond. Phil, Mag,, 
April 1886). Nor, again, is it to be supposed that all statistics 
of prices are grouped unsymmetrically. Where the entries are 
average prices based on a great number of items it is agreeable 
both to ^ theory and the writer’s observations tliat the normal 
symmetrical “ probability ’’-curve will set in. It will be found 
difficult, for instance, to trace evidence of lopsidedness in the five- 
year averages given by Soetbeer.^ 

The evidence adduced appears to afford a reasonable presump- 
tion that the required method of combination is some form other 
than the arithmetic mean, of the general character of the geometric 
mean. Those who have followed Jevons’ investigations will be 

^ See in Methods of Statistics the statement of the proposition that the average 
of a large number of returns obeying individually any law of grouping tends to 
conform to the probability -curve. 

* Materialen, pp. 99-1 i4. 
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familiar with the proposal that the logarithm of the required mean 
or general percentage should be equated to the arithmetic mean 
of the logarithms of the percentages special to each article. To 
which it is now to be added that this arithmetic mean need not 
be simple, but may be weighted in the sense above indicated 
(p. 242) ; e. g.— 


log X — 


log ^2 + 

w^-\- w^-\- etc. 


What then are these weights to be ? is our second inquiry. 

(2) The theory of errors supplies the following rules — of which 
the first two have been already implied in our statement of the 
problem — (a) In the first place no weight should be attached 
to a class of observations known to be affected with what is called 
a constant error, or uniform bias in one direction. It is supposed 
of course that only the fact, but not the amount, of the error is 
known; otherwise it would be possible to get rid of it. In our 
case this rule dictates to reject all prices which are not amenable 
to that play of a perfect market whose change of level we have 
to investigate. The writer is far from pretending that this 
region of permeability can at present be marked off with pre- 
cision. However, a rough delimitation may be effected by 
researches like Dr. Kraemcr’s. 

Assuming then that we have selected a set of percentages 
which may be regarded as accidental deviations from a common 
mean, on what principle should more importance be attached to 
one indication of change rather than another? The second 
(y0) maxim which we have to apply is that the observations should 
be independent. This condition excludes the prices of the same 
commodity at different stages of production, since these prices 
are closely interdependent. Or, if we must take account that 
at each stage some fresh cause of fluctuation — source of “ error ” 
— is introduced, at any rate each price-return is not to count for 
one, but only for a fraction. 

Here arises the question whether a commodity extensively 
consumed like meat or cotton ought not to count for more, in so 
far as its price is a mean of a greater number of transactions, 
than Cloves and Peppper. The answer is that those transactions 
are not independent. The law that there can be only one price in 
a market prima facie removes the presumption in favour of the 
more largely consumed commodity. There is no analogy between 
the average price of such a commodity and a mean founded upon 
a specially large number of independent observations in theory 
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at least, and for the purpose of a first approximation ; for it will 
appear in the next section that this abstract proposition is 
qualified by the inevitable imperfections of our statistical data. 

( 7 ) A third principle is that less weight should be attached 
to observations belonging to a class which are subject to a wider 
deviation from the mean. Such, in our case, would be the 
prices of articles which, exclusive of the common price-movement 
of all the selected articles, are liable to peculiarly largo proper 
fluctuations. Cotton and Iron, for example, fluctuate in this sense 
much more than Pepper and Cloves. 

The weighting of a geometric mean is a delicate matter, but 
not beyond the resources of science. A general rule is given by 
Dr. Macalister in the important paper already frequently referred 
to. Suppose we have a considerable series of observations 
belonging to a certain class, we can extract a constant which may 
be described as the measure of fluctuation for that series or class 
of observations. The constant thus given constitutes the weight 
with which we ought to affect the logarithm of an observation 
when wo combine it, according to the arithmetic mean, with 
others (of a different degree of precision) in order to obtain the 
best possible measure. The data for determining this constant 
are afforded by series of prices for successive years, such as those 
in Mr. Giffen’s Report to the Board of Trade on Prices of Exports 
and Imports^ 1881-85. 

If in the present state of statistics and public opinion it appears 
too difficult and delicate a matter to weight the data on the 
principle of fluctuation, the practical result of this section may 
be thus summed up. After the manner of Dr. Kraemer, select a 
number of (independently fluctuating) articles which are found to 
be particularly sensitive to changes in the value of money. After 
the manner of Jevons, find the percentage indicating the price- 
variation in each article, and put the geometric mean of those 
percentages as the required unit, or standard, or measure of 
depreciation. Or rather, if we must treat as equal weights certain 
to be unequal, it is better (for reasons which will be more fully 
stated in the next section) to employ a formula which is specially 
adapted to such jumbling of different weights : to wit, the Median, 
Examples of this species of Mean have been given above. 

So far on the hypothesis that the widening circle of price- 
disturbance has not yet spread beyond a limited area; a case 
which is almost too restricted and particular to be the subject 
of our consideration.! If we suppose that the circle has completely 

^ Compare the last paragraph of the Introductory Synopsis. 
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spread, that all the compartments of the economic fabric are 
equally penetrated by the influence of some change in the supply 
of money, we have then a limiting case of the problem just 
discussed. 

The objection to this supposition is that, for an all-pervading 
percolation, considerable time must, in general, be required. 
And then it happens — what is not necessarily true of more 
transient oscillations, such as those of an inconvertible currency 
— that the changes in prices are apt to be referable to one or 
two leading categories : e. g. of articles which follow the law of 
decreasing or increasing returns, after the manner exhibited by 
Laspeyres in his classical paper ^ on the prices of Hamburg 
wares. 

If we examine some of the statistics adduced by Laspe 5 n:es, 
according to the appropriate mathematical methods, we shall not 
discover a very serious hiatus between the different categories of 
wares. The modulus for the fluctuation of the price -variations 
about their average may be (roughly) estimated to be about 40 
for any of the eleven categories discussed by Laspe 3 n:es in the 
masterly paper entitled “ Welche Waaren.” . . . Hence we can 
calculate the probability that the differences between the various 
categories are really significant, and not merely accidental. It 
will be found, if, with Laspeyres, wc dispose the data in three 
main divisions — Urjproductioneriy Colonialwaareriy Manufacte, etc. 
— that the cleavages within those divisions are not important. 
The separation between the divisions is marked, yet not very 
serious, not more serious than is found to exist within the most 
perfect groups which are known to exist; for instance, the 
proportion of male to female births. The mean (percentage) 
for the first division (Urproductionen)^ containing 129 wares, 
is 128; for the second division, containing 85 wares, 118; for 
the third, containing 98 wares, 108. The modulus of comparison 
between the first and second mean is (see the writer’s ‘‘ Methods 
of Statistics”) about = about 5-5; while the 

observed difference is 10, nearly twice the corresponding modulus. 
Which constitutes a real, yet not enormous, difference; not 
greater than the differences in stature which exist between the 
sub -classes of a nation constituting a perfect type. Similar 
statements are true of the comparison between the second and 
third means. 

If in the light of these conceptions we actually plot the 312 
^ Jahrb.f. Nat. Oekon. vol. iii. See also Zeiiachrijt f, Staatawisaenachaft, 1872. 
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price-variations, it will be difficult to resist the impression that 
we have here a typical mean as perfect as any presented in con- 
crete statistics, with the exception of the circumstance not 
relevant to the point now examined, that the curve representing 
the 312 wares, however continuous, and far from being saddle- 
backed, is not symmetrical about its greatest ordinate ; the law 
of price statistics above announced making itself markedly felt. 

The evidence that the general average rise for the whole group 
of 312 articles, namely, from 100 to 118, is no mere accidental 
appearance, but indicative of a real agency, is mathematically 
estimated by odds of trillions to one. 

So nearly complete a fulfilment of our hypothesis is doubtless 
not presented by certain other statistics, e. g. some of those 
adduced by Dr. Forsell in his interesting brochure. But it may 
be safely said that no statistical argument would stand tests so 
severe as he applies. Consider the evidence in favour of the 
motion of the solar system, as marshalled in the masterly papers 
of Sir J. Airy and Messrs. Dunkin and Plummer in the Memoirs 
of the Astronomical Society. It will be found that, if you omit 
here, and stick in there, some star of peculiarly large apparent 
motion, the general conclusion as to the sun’s movement will be 
most materially altered. E pur si muove. 

We see in the case of one example presented by one country 
that the hypothesis is fairly well realised by the price-variations 
of the majority of wholesale commodities. But it is a long step 
from one set of statistics to others, from wholesale commodities 
to the whole field of industry, and from a single country to the 
entire system of countries in monetary communication. Over 
a large area (as Leslie, Knies, and others have pointed out) there 
is apt to arise a marked diversity between the price -variations of 
different localities ; a diversity which may well be inconsistent 
with the hypothesis of a unique and general mean type. There 
is no doubt that these considerations materially restrict the fulfil- 
ment of the conditions which are prefixed to this and the follow- 
ing section. It is possible, however, that an hypothesis, though 
known to be inexact, may correspond with the facts sufficiently 
well for the purpose in hand. 
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Section IX. 

Determination of an index utilizing quantities of commodities : 
upon the hypothesis that a common cause has produced a general 
variation of prices, (a f.) ^ 

We have seen that, upon the supposition of a change in the 
supply of money, Jevons* method of combining the variations of 
prices without regard to the corresponding volumes of transactions 
is by no means so absurd as has been thought by some. The 
case is, as if we wanted to discover the change in the length of 
shadows, due to the advance of day. If the objects casting 
shadows were unsteady — waving trees, for instance — a single 
measurement might be insufficient. We might have to take the 
mean of several shadows. Now for our purpose the breadth of 
the upright object casting the shadow would be unimportant. 
The “ wide-spreading beech ’’ and the mast-like pine would serve 
equally well as a rude chronometer. 

Suppose, however, that the top of the broader tree was not 
level but serrated, each apex oscillating more or less independently. 
If by the shadow of a tree was understood the mean length of the 
shadows cast by all its apices, in that case the broad tree should 
count for more than a bare pole. How much more would depend 
upon the connection between the projecting branches. The 
more independent the oscillations of each apex, the better the 
measure afforded by their mean shadow. 

This image seems appropriate to our problem. Each price 
which enters into our formula is to be regarded as the mean 
of several prices, which vary with the differences of time, of place, 
and of quality ; by the mere friction of the market, and, in the 
case of “ declared values,’’ through errors of estimation, it is 
reasonable to suppose that this heterogeneity is greater the larger 
the volume of transactions. On this account, therefore, and 
irrespective of those considerations of utility which were proper 
to our earlier sections, greater weight should attach to the prices 
of those commodities whose quantities are larger. It does not 
follow that the weights should be proportionate to the masses. 
The proper coefficients could be ascertained by scientifically 
examining the detailed statistics of each market. But it is agree 
able to the Theory of Errors ^ and to the successful practice of 

1 In tho preparation of this section the writer has derived much assistance 
from repeated conversations with Professor Foxwell. 

^ An improvement in weighting can only diminish, very often only slightly 
diminish, the error inevitably incident to the result of any measurement. 
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physicists to employ a discretionary good sense in assigning 
“ weights ” when a precise determination is difficult or impossible. 
In our case a good system of weights appears to be afforded by the 
quantities of commodities sold (once, and exclusive of resales) 
per unit of time. The weight so assigned would doubtless often 
be too large. It might sometimes be too small in the case of 
commodities much resold. On the whole it would be a good and 
safe system. This principle of ponderation is to be combined 
with those which have been given in the last section. If wo 
suppose the variation of prices not confined to a particular zone, 
but propagated over the whole sphere of industry, then we 
shall obtain a set of weights almost coincident with those pre- 
scribed (upon a different ground) by the standard based on 
National Consumption (Section III.). For the condition that the 
observations should be independent ^ leads us to exclude, or at 
least take little account of, the same commodity at different stages 
of production.^ 

But though in the present operation the weights would be 
much the same as before, the balance, the method of combination, 
is different. In view of the evidence adduced in the last section 
that price-variations are apt to be grouped asymmetrically, the 
“ arithmetic ’’ species of mean becomes precarious when our 
qucBsitum is a quasi-objective type. The additional complexities 
which have been introduced in this section make against the 
geometric mean which was above recommended a certain hypo- 
thesis. There exists another species of mean more adapted to 
the rough character of our calculation, the Median ; that is, in 
the simpler cases, that quantity which has as many of the given 
observations above it as below it, but a certain analogue of this 
operation, when the observations have different weights. The 


^ See the bondings, o, /3, 7 , pp. 243-4. 

^ 800 a, loc. cit. 

3 It would be a question whether industrial wages and industrial rent should be 
included, in addition to, and otherwise than as representative of, the corresponding 
products. At any rate their weights ought not to bo proportionate to their 
volumes; partly on account of their close connection with commodities, partly 
on account of tlie magnitude of these volumes. In the case of transactions so 
extensive, and perhaps we may add some other large interests such as cotton 
and iron, it would be best to determine the proper coefficients by specially 
examining the detailed statistics of each market in the light of the Theory of 
Errors. A summary method would be to assign to these enormous masses an 
averagely large weight about as large as any other weight employed in our 
operation. The ideally best weight is not likely to be very different from the 
arbitrarily assigned one, and slight differences of weight do not appreciably 
affect the result ; as may be seen by comparing the results corresponding to two 
different systems of weights. 
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required formula is the Weighted Median y the operation designated 
by Laplace ^ as the “ Method of Situation.’^ 

The reasons in favour of the Median may thus be summed 
up. If, in spite of the evidence above adduced, the normal 
probability -curve should after all turn out to be the most appro- 
priate representative of the group under treatment, the Median 
is a reduction well adapted to this case, affected as it is with a 
probable error only slightly larger than the arithmetic mean 
(Laplace, loc. cit. See “ Problems in Probabilities,*^ Phil. Mag.y 
Oct. 1886). But if the grouping is of the geometrical (Galton- 
Macalister) species, the Median is still a very good reduction, 
coinciding as it does with the greatest ordinate of the curve 
denoted. Moreover, it has been shown by the writer (“ On the 
Choice of Means,” Phil. Mag.y Sept. 1887) that there is a peculiar 
propriety in the use of the Median when the observations are 
“ discordant,” when their facility-curve may be regarded as a 
compound made up of different families, or different members 
of the same family, of symmetrical curves. It is now to be added 
that this prerogative of the Median is retained when some or 
all the discordant elements are of the geometrical species. Now 
the phenomenon of ‘‘discordance*’ is remarkably evidenced by 
the different degrees of dispersion which series of (e. g. yearly) 
price-returns present in the case of different commodities. Cotton, 
for instance, appears to have a much larger modulus of fluctuation 
than Pepper. Add that this method of reducing observations 
is the least laborious of all, and there will remain no doubt that 
in the present state of our knowledge, and for the purpose in 
hand, the Median is the proper formula. 

The method of the Weighted or Corrected Median may best 
be described by an example. The first column of figures given 
below are price-variations, expressed as percentages, for nineteen 
commodities, obtained by comparison of the year 1870 with the 
period 1865-9. The figures are taken from table 26 of the 
Appendix to the Memorandum contributed by Mr. Palgrave to 
the Third Report on the Depression of Trade. The percentages 
given by him are here rearranged in the order of magnitude. 
Opposite each percentage in the third column is given the pro- 
portional quantity of commodity, or “ relative importance,” 
taken from Mr. Palgrave’s table 27 (year 1870). The fourth 
column contains the (approximate) square roots of these quanti- 

^ Thdorie Analytique, Supplement 2. See the present writer’s paper on 
“ Observations relating to Several Quantities,” Phil. Mag.y 1887. 
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ties.^ Now for the simple Median the rule is to find that one of 
the entries in column 2 which has as many observations above 
as below it : that is the ninth in the order of magnitude ; which 
proves to be 94. For the weighted or corrected Median we still 
seek the entry in column 2, which has as many observations above 
it as below it ; but we proceed as if the observation 71 had been 
made, not once, but 19*5 times; the observation 72 made 12*8 
times, and so on. There being in all nearly 177 such constructive 
observations, the Median is the 89th, that is 94. Or in other 


Commodities. 

Price-variations. 

Quantities. 

Square roots of 
quantities. 

Cotton .... 

71 

381 

19-5 

Wool .... 

72 

1C4 

12*8 

Tobacco 

75 

17 

4-1 

Wheat .... 

80 

418 

20-5 

Copper .... 

82 

30 

5-5 

Coffee .... 

89 

8 

2*8 

Tea .... 

90 

66 

8-1 

Flax .... 

91 

82 

9 

Oils .... 

94 

38 

6-2 

Lead .... 

95 

21 

4-6 

Leather .... 

97 

55 

7*4 

Iron .... 

i 97 

128 

11-7 

Silk .... 

98 

49 

7 

Tallow .... 

101 

44 

6-7 

Meat .... 

102 

382 

19'5 

Timber .... 

104 

150 

12-2 

Indigo .... 

107 

9 

3 

Sugar .... 

120 

143 

12 

Till .... 

120 

15 

3-9 



2,200 

1 

176-5 


words we have to find in the fourth column that figure which is 
such that the sum of all above [or below] it with the figure itself 
should be greater than half the sum of the entire coluu n, but 
without that figure should be less than half the entire sum. The 
figure thus defined proves to bo 6-2. For the sum of the entries 
above that figure is 82-3, and the half sum of the column is 88-25. 

1 Tho quantities of commodities taken as weights correspond to the squares 
of Laplace, pj, pg* Ps* itoc. cit.). If we determine tho Median by way of the 
third, instead of tho fourth, column, we in effect assign for our system of weights 
the squares of the masses.* This operation, indicated by the bars in the third 
column, gives 91 as the Median. It is interesting to observe how small is the 
difference produced by the change of system — small in relation to the error 
incident to any Mean; which, as rudely estimated from tho dispersion of tho 
entries in the first column, is as likely as not to be as much as 2 or 3, and may 
not improbably bo 4 or even 6. The difference between the systems is apt to be 
less, when tho number of independent entries is greater. In the example cited 
from Mr. Giffen’s statistics (whore the niunber of entries is 58) the two systems 
of weights give identical results. 

* In deference to physical analogies the term “ mass ” has sometimes been 
used in this connection where “ volume of value ” would have been more exact. 
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Now 82*3 is less than 88*25, while 82*3 + 6*2 is greater than 88*26. 
The entry in the second column which corresponds to the figure 
thus determined, viz. 94 (corresponding to 6*2), is the required 
Weighted Median.^ The weighted Arithmetic Mean as calculated 
by Mr. Palgrave is 90.^ By a similar operation performed on the 
export statistics for the year 1880, given by Mr. Giffen in his 
report of the year 1881, it is found that the Weighted Median 
(for the decline of price compared with 1861) is —7*8, Mr. Giffen’s 
result, the corresponding Weighted Arithmetic Mean, is —5*83.^ 

The operation is much simplified by noticing that it is suffi- 
cient to arrange the percentages in the order of magnitude in the 
neighbourhood of the Median. For instance, if we are certain 
beforehand that the mean is below 100, wc may dispose the entries 
above that figure in any order, just as they occur in the table 
from which they are taken. 

We have shown how to construct a ty 2 ^e of price -variations 
analogous to the typical mean of statures or other attributes 
defined as that height, or it may be weight, which a 2 )pcrtain 8 to 
a greater number of a certain population than any other height or 
weight does.2 But here it may be asked, Why rest satisfied with 
a type if there exists a more substantial quoesitum ? Why seek 
the mean variation of shadows instead of the objective move- 
ment of the bodies, that declination of the sun or revolution of 
the earth of which the varying shadows are the expression ? * 
Why not penetrate beneath the sux^erficies of shifting prices to 
the real relations between the quantity of money and commodities ? ® 

The matter is simple as long as we keep to the abstract theory 
of the text-books. Imagine a purely metallic currency, the amount 
of which is, say, Q, and let the rapidity of circulation or duty of 
money be called C ; then we may simjdy express the quantity of 
metallic money in terms of prices and volumes of transaction in 
our notation 

Q — [“i’o + + etc.].'' 

^ As to the import of theso discrepancies see the preceding note. 

2 The Moan as defined in Dr. Charles Roberts’ writings, not quite identical 
with Quetelet’s honmie moym in case of asymmetrical curves like that on p. 239. 

* This topic comes under the heading of the section inasmuch as the proposed 
calculation involves the quantities of commodities. 

* What we have so far found is a mere ratio, comparable in point of objectivity 
to the ratio between male and female births (about 1,040 ; 1,000 in England). 
But might the analogue be the proportion of black and white balls in largo 
groups of balls which have been drawn at random from a huge um ? Beneath 
the tyical mean presented by those groups there is a more objective fact; the 
relative numbers of black and white balls, the masses of ebon and ivory. 

* By «, a', etc., for the purpose in hand wo should imderstand not so much 
the amount of things sold as the amount of sales (per unit of time). 
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Now let prices vary with the quantity of money, other things being 
constant, and we have for the variation in the quantity of money 
the simple expression 

gpa + + etc. _Q^ 

gp'a + ^'p'^ + ’ 

where ^ = 1, etc., nearly, or upon an average. 
a p 

Let us now introduce the several concrete circumstances, 
first that a proportion, say the ratio of transactions is effected 
by credit ; secondly, that the volume of transactions varies between 
the epochs under comparison, say is multiplied upon an average 
by the factor P ; thirdly, that the proportion of credit transactions, 
and fourthly, the duty of money, the coefficients C and K, do not 
remain constant. 

When we introduce the first attribute alone, no difficulty is 
felt. The factor K disappears and leaves our formula in its initial 
simplicity. Again, when we introduce by itself the attribute of 
increased volumes, no great complication arises. We have only 
to multiply the simple formula by P in order to obtain the 
diminution of metallic money relative to the volume of transac- 
tions, per unit volume, as one may say. 

This proposition may appear at first sight still to hold good 
when we combine the two attributes hitherto considered separately. 
But this presumption is negatived by the fact that legal-tender 
money is largely used in modern industry, by way of reserve, 
to meet the residues of claims not mutually compensated. It is 
shown by the present writer in his paper on The Mathematical 
Theory of Banking ^ that, theoretically and abstractedly, reserves 
tend to vary as the square root of the volume of transactions which 
they support. The reserve of material money and the mass of 
credit transactions are to each other, as Mr. Giffen says, as 
the little weight and the big weight at the ends of the unequal 
arms of a lever. But it is a lever of a very peculiar mechanism, 
such that, when you increase the big weight, you lengthen the 
long arm. It will be understood, of course, that this doctrine is 
quite abstract and ideal ; related to banking business very much 
as the “ quantity theory ” to hard-cash transactions — “ the 
most elementary proposition,'' as Mill says of the latter theory, 
and without which “ we should have no key to any of the others." 

The proper factor, therefore, is no longer P. The mildest 
expression for the correction now required is of the form 
(1 - Z) P + KJ s/p, where J is a new and probably unascertain- 
^ Report oj the British Association, 1886. 
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able constant. That is theoretically ^ the sort of ratio by which, 
when the volume of trade increases, the mass of metallic money 
should be increased, in order to drive the trade at an unaltered 
level of price. 

Now introduce the attribute that the ratio of credit to hard 
cash varies with time, and the varying ratio of the mass of metal 
to the volume of transactions, as wo have good reason to believe.^ 
Superadd the circumstance, which we have no reason to deny, 
that the rapidity of circulation also varies, and it is evident that 
the investigation which wo have attempted is blocked by insur- 
mountable statistical difficulties. 

We might get a little further no doubt if we assume an addi- 
tional datum, R, the ratio of gold in reserve to gold in actual 
circulation; then, with the help of P and K and R, as it were 
rail off from the industrial world a zone of hard-cash transactions 
to which the abstract formula of the text-books is applicable. 
This metliod has been pursued by Professor Neumann Spallart 
and Dr. F. Krai in the elaborate monograph Geldwert und Preis- 
hewegung? It certainly seems possible by this method ^ to explain 
the fact, if not to measure the magnitude, of a rise or fall of 
general prices; to predict the direction of the change, whether 
positive or negative, required in the amount of currency, in order 
that the level of prices may be restored. 

It would be foreign to the spirit of tliis Memorandum to dwell 
upon ordinary statistical diflic ultics. But there is one scruple 
inherent in the nature of the metrctic art which even with the 
progress of statistical technique docs not seem likely to be removed. 

^ K and C being still supposed constant. 

^ Cf. Giffon, Stock Exchange Securities, “ To give it [the abstract theory] 
validity, it must bo assumed that a scarcity of money produces no expedients for 
economising money, and that an abundam^o of money does not load to want of 
economy, which can hardly ever be the actual condtion of life.” 

® Staatawissenschajtl. Studien, ri. v. Dr. Ludwig, Elstcr, Jena, 1887. 

^ The modest hope of explaining accomplished facts is not encouraged by 
Dr. Krai’s success. For a 'priori ho finds that the store of gold in Germany during 
the last few years has been fully adequate to the work w hioh it has had to do — 
account being taken of rapidity of circulation and the amount of credit 
transactions. There have been no symptoms of a “ Goldmangel,” that is 
to say, no reason to expect a rise of the purchasing power of money, a 
general fall in prices. Yet a posteriori it seems to bo admitted that there has 
been such a fall of prices. That this fall has originated ” auf Soiten der Waren,” 
that it is due to the development of industry rather than the introduction of the 
“ Goldwahrung ” into Germany, may be a fact. But that fact does not seem to 
annul the right we have to expect a correspondence between the two lines of 
investigation; namely (1) the comparison between the supply of money and tho 
amount required in order that the level of prices may bo steady; and (2) the 
observed level of prices. 



254 


MONEY 


The method under consideration requires the determination of a 
certain residue, viz. total volume of transactions minus the portion 
effected by credit, F — (7 in Dr. KraFs notation. Now each of 
these quantities, and a fortiori their difference, is subject to an 
error of measurement. And statistics must be much more per- 
fect than there is any prospect of their being in the immediate 
future in order that the error incident to each of these measur- 
ables should not exceed a hundredth part of the same. But the 
hundredth part of the total transactions is a quantity of about 
the same order as that which it is sought to determine, namely, 
the amount of transactions in hard cash. The latter quantity, 
therefore, will be apt to be lost in a fringe of error. And, though 
the methods of determining V and C are likely to improve, yet 
the ratio of V ~ C to F or (7 is certain to diminish, so that the 
precariousness of the calculation may well remain constant. 

Upon the whole it seems that in the present state of science 
we must abandon the sort of realism which seeks an additional 
entity behind the phenomena of varying prices.* We must resign 
the fond idea of finding in the mean variation of price any quantity 
more objective than itself, any measure of its cause verifiable by 
an independent statistical investigation. We must be content 
with measuring the shadows ; the objects behind them are beyond 
our reach. The cause of the observed phenomenon may be 
vaguely indicated as the changed relation between shining orb 
and opaque bodies; but there is wanting the mathematical 
science which should express the varying length of shadow as a 
definite function of the position of the sun. 

The only question is whether we should not adopt a less, not 
a more, objective qucjesitum than the type above described; 
whether, even where we can use the semi-objective type peculiar 
to this and the preceding section, it would not be better to use the 
more subjective formula? investigated in the earlier sections. 
The present writer, following Laplace, has mainatined ^ that, even 
in the case of j^hysical observations relating to a real thing, the 
proper method of combination is not so much that which is 
“ most probably ” correct, most frequently in the long run the 
true measure, but that which may “ most advantageously ” be 
employed.** A fortiori^ when our quoesitum is at best a type, the 

Tho stone thus rejected has been made the corner-stone of a splendid 
edifice to Irving Fisher (see his Purchasing Power of Money, chaps, xi., xii.). 

^ Metretike, part ii. 

** Cp. Journal of the Royal Statistical Society, 1908, Section 1. Laplace applied 
the conception of “ advantage ” only to the determination of the best weights 
and species of average. It is here proposed to employ the principle of utility in 
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proper mean may well be not the ratio which is presented by the 
greatest number of (independently oscillating) prices,^ but that 
ratio which in reference to human uses it is best to adopt in any 
general regulation.^ However a peculiar importance may be 
attached to the character of objectivity, when the result of 
the investigation is to form the basis of action for Governments 
or International Conventions. It is fortunate that the differ- 
ence between the two species of Means is likely to be inconsiderable 
numerically. 


Section X. 

Mixed Modes ; compounding the ends or means of several distinct 

methods* 

We have now examined all the branches represented on 
our tree. But we have by no means exhausted all the i)ossible 
ramifications ; for, according to the logic of compartments or 
combinations, six bifurcations — the number of our principles of 
division — lead to sixty -four distinct branches. It is further to 
be observed that two or more branches may unite to form a 
compound arm. Two or more separate objects may be simul- 
taneously pursued. For instance, a Unit might be required 
which could combine the attributes C and c, which should be 
adapted as far as possible to the convenience of the economic 
individual, both in his capacity of spender and earner. There 
might be sought the best possible compromise between the con- 
ditions that the creditor should receive a constant quantity of 

order to determine that point in the — supposed stable but not in general sym- 
metrical — frequency curve pertaining to the obsorvatioiLs which should constitute 
the quccsitum, that point to which the process of averaging indefinitely prolonged 
would converge {loc. cit.. Section V). 

^ In the COSO of our metaphorical shadows suppose that the scope and end 
of the measurement was to ascertain whether and l>y how much shade for the 
use of man and his cattle was increasing or decreasing with the change of hour. 
The determination of a mean variation in the length of shadows would bo useful 
only as a step towards that end. It w'ould bo bettor to aim directly at the end, 
and combine arithmetically the length of tho shadows multiplied by the corre- 
sponding breadth; this system of weights being now determined, not on tho 
principle proper to this section, but on tho ground that tho broader trees are 
the more umbrageous. 

* Read Professor Fox well’s very able lecture on Irregularity of Employment and 
Fluctuations of Prices, and consider what it is, what sort of mean or function of 
prices, which he requires to be kept constant : whether it is what we have called 
the Producers' Unit (A B c), or some more objective mean of all price -variations 
weighted by the corresponding volumes of transactions. 

* The logical symbols prefixed to this section in tho original have been 
omitted as suggesting a composition of formulae whore there is only intended a 
composition of purposes. 
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value-in-use and that the debtor should pay an amount of money 
varying with his resources. This middle course might be designated 
by the symbol A B (G + c). Or, if we start with the conception 
of a sliding scale, and base it partly on finished products, partly 
on other items (as materials or wages), we have the Mixed Mode 
A Bc(D + d). 

Again, there seem to be combined in popular thought two 
elements which we have sought to distinguish in analysis, namely, 
the conception of an objective mean variation of general prices, 
and the change in the power of money to pu^^Lase advantages. 
It is as if having to measure the intensity of a drought we were to 
observe the decline of rainfall in every district over the whole 
country, and to take the mean of those observations ; while at the 
same time keeping an eye to the fact that peculiar interest and 
importance attach to the decline of rainfall in certain regions, 
namely, those which constitute the catchment basins of the 
rivers which supply the population with water. The most 
comprehensive combination is that represented by our last 
symbol, purporting to be a compromise between all the modes 
and purposes ^ * — the method, if practical exigencies impose the 
condition that we must employ one method, not many methods. 

Doubtless, practical wisdom lies in a mean, and compromise 
is of the essence of common sense. Some of the most useful 
plans and institutions are those recommended by a jumble of 
heterogeneous and incommensurable considerations, like the cele- 
brated resolution ^ declaring the throne vacant after the flight of 
James II., of which Macaulay says that its object was attained 
by the use of language which in a philosophical treatise would 
justly be regarded as inexact and confused. . . . The one beauty 
of the resolution is its inconsistency. Tliere was a phrase for 
every subdivision of the majority.” 

There seems no more to be said, if what is required of us is a 
political measure rather than a scientific measurement. But, if 
otherwise, there is desiderated a principle by which to effect a 
synthesis between the purposes separated by our analysis. Perhaps 

1 Including many purposes which have not been thought worthy of a separate 
place here, for instance, to find the increase of National Wealth, given the total 
value at two epochs. 

* Cp. Second Memorandum, Section III. 

• “ It was moved that King James the Second, having endeavoured to sub- 
vert the constitution of tho kingdom by breaking the original contract between 
king and people, and, by tho advice of Jesuits and other wicked persons, having 
violated the fundamental laws, and having withdrawn himself out of the kingdom, 
had abdicated the government, and that the throne had thereby become vacant.” 
— Macaulayt chap. x. 
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it would be wisest frankly to acknowledge the arbitrary ohaimcter 
of the proposed operation — 

“ qu8B res 

Neo modum habet neque consilium, ratione modoque 
Tractari non vult.” 

If a more definite answer is insisted upon, one might propose 
for imitation the Scotch practice of ** striking the Fiars ^ by 
means of a jury. A committee of experts agreed as to the 
general scope of the inquiry might be brought together, or put 
in communication.^ Each member should independently form a 
numerical estimate based upon the data submitted to all. The 
mean of all these estimates constitutes the best possible value. 
It is thus that juries having to assess damages frequently proceed. 
The principle is illustrated by the following experiment. Ten 
gentlemen agreed each to guess the age of all the others and 
to state his own. The statistics so obtained evidence that a 
better estimate is afforded by the mean of several judgments 
than by the individual opinion. (For details see Mind, Jan. 
1888). 

No doubt it is a delicate problem in the higher Metretics, what 
degree of divergence in principle between authorities woidd be 
fatal to the collation of their judgments. Jurymen who differed 
materially as to the law or facts of a case could not with reason 
or advantage take a mean between their individual assessments. 
Similarly our monetary jury must be supposed to be agreed as 
to the general scope of the inquiry. Minor differences of opinion 
might be waived. The discrepancy between the various received 
formulas for the Consumption Standard ® would not be fatal, or 
rather would be favourable, to the combination of all the esti- 
mates into a mean result likely to be less fallible than any one 
of the measurements thus averaged. The methods of Messrs. 
Sauerbeck, Mulhall, Sidgwick, Marshall, Palgrave, Giffen, Lehr, 
and perhaps it may be added, Drobisch, and the one which is 
specially recommended in this Memorandum,^ may be advan- 
tageously mixed. But, on the other hand, those who hold with 
the present writer that, in the construction of a standard for general 
purposes, a unique importance should attach to the items of 
National Expenditure — the average budget — the numerous 
adherents of this Consumption- Standard, might not consent to 

^ See W. K. Hunter’s description of this practice. 

* M. Dabos, in his Etalon, is perhaps the only writer who has frankly asserted 
that the value of gold is a metaphysical matter to be decided by cultivated 
intelligence. 

• Above, p. 213. 


* Above, p. 216, 
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merge an estimate so formed with the results of those who 
adopt a fundamentally different principle; for instance, Dr. 
Geyer’s method, or another mentioned by him, which may thus 
be described. Take the price of each ware, just as it has been 
quoted. Add together these figures. The ratio between this 
aggregate at one epoch and the aggregate at another is put 
for the measure of the variation in the purchasing power of 
money. 

The doctrine of the Mean, or principle of collated authority, 
admits of a certain analogical extension beyond mere arithmetical 
results to the determination of a function or form of combination. 
Accordingly that solution of our last problem, which is offered in 
the Report herewith printed, derives a certain confirmation, and 
the only sort of proof of which it is capable, from the general 
assent which it has received from the Committee of experts who 
have been appointed to consider this subject. A short analysis 
of that Report may fittingly conclude this Memorandum.* 

The first part of the Report points out the necessity of dis- 
tinguishing in theory several ends and methods [such as those 
which have been analysed in the preceding sections], the expedi- 
ency of in practice giving precedence to some one mode [such as 
it is the main object of this section to discover.] 

Part II., A, of the Report sets forth this mode, ‘‘ the principal 
standard.’’ It is a compromise between the principles of the 
Consumption-Standard, A B C D, and the more objective Mean, 
a f ; an unequal compromise, inclined in favour of the first prin- 
ciple.^ Agreeably to the first principle, yet without prejudice 
to the second,^ the “ weights ” of the price -variations are 
the quantities of commodities. The form of combination, the 
“ arithmetical ” mean (or linear function), is prescribed by the 
first principle. In deference to the second principle, if not 
entirely on account of statistical exigencies, the prices used are 
wholesale prices, and the items of domestic service and resi- 
dential rent have been excluded. 

Part II., B, of the Report propounds six “ subsidiary ” index- 
numbers. Of these, three, Wages^ Workmen's Budgets ^ and 

* The Committee consisted of Mr. S. Bourne, Professor F. Y. Edgeworth 
{Secretary) f Professor H. S. Foxwell, Mr. Robert Giffen, Professor Alfred Marshall, 
Mr. J. B. Martin, Professor J. S. Nicholson, Mr R. H. Inglis Palgrave, and 
Professor H. Sidgwiok. The report, drawn up by the Secretary, and accepted 
with some amendments by the Conunittee, was published in the Report of the 
British Association for 1887. 

^ In giving these reasons the writer speaks only for himself. 

* See Section IX. p. 247. 
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Exports and Imports^ may be regarded as corresponding to those 
“ partial interests,” which were noticed at the end of the Intro* 
ductory Analysis as of especial importance. Of the remaining 
three, the index-number based on Wholesale Goods in General 
may be perhaps put for the Producer’s Standard, here designated 
A B c d E.^ There remain the Consumption-Standard, A B C D,^ 
and the Capital-Standard, A B c d e; the former pure and 
simple, the latter shorn of the item of labour, to which it may 
have some claim. ^ * 

In concluding this paper, the writer desires to acknowledge 
gratefully that he is indebted for many important suggestions 
and corrections to his colleagues, the fellow-members of this 
Committee, especially Professor Foxwell. 


THIED MEMORANDUM. 
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Section I. 

Professor Newcomb's Method, 

One additional definition of the qucesitum which has come under 
the writer’s notice since the completion of that Memorandum is 
that which has been propounded by the eminent mathematician 
Professor Simon Newcomb, of the Johns Hopkins University. 
He proposes to measure the variation in the value of the Monetary 
Standard by the change in the volume of value which is produced 
by the labour of an average individual in a unit of time.* He 
writes : “ One possible hypothesis would bo this. We might 
assume that the absolute value of everything produced by the 
population of the country remains unchanged, except that as a 

^ For convenience of reference the symbol B has been retained here ; but the 
meaning would be more exactly expressed by omitting it, or substituting (B -f b). 
We are not here concerned to distinguish whether the index-number is to be used 
as a Standard for deferred payments, or with some other view, 

■ See above, p. 230. 

* There are omitted here, as rather hypercritical, some further remarks on the 
capital standard. 

* Principles of Political Economy, Book III., ch. ii. § 10. 
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population increases the total value produced increases in the 
same ratio. In other words, we may suppose the average pro- 
ductiveness of each individual to remain the same from year to 
year.” 

Now this hypothesis may appear doubtful in the light of the 
statistics furnished by Mr. Edward Atkinson and others. There 
is reason to think that in an improving country the productivity 
of labour increases. But an intelligible rationale can still be 
assigned to Professor Newcomb’s scheme considered as a standard 
for deferred payments. It may be regarded as just that the debtor 
should pay, the creditor receive, a constant proportion of the 
goods produced by an average man’s labour. If the productivity 
of the average man increases, the creditor gains without the 
debtor losing. The principle may be illustrated by the present 
writer’s proposal (in the former Memorandum) that the standard 
might be a constant proportion of the average income.^ It is a 
principle which appears to be countenanced by some high authori- 
ties. Thus Sir Thomas Farrer, in his able Memorandum on Gold 
and Credit prepared for the Commission on the Precious Metals, 
asks : “If prices fall, not by reason of any change in the measure 
of value, but by increased abundance of the things sold, what 
considerations of justice or of convenience are there which call for 
an alteration in the measure of value ? ” 

There is, however, a more important difficulty in the way of 
adopting Professor Newcomb’s plan as a standard for deferred 
payments. Apparently there would be no distinction between 
articles of immediate consumption and those which are only 
agents of production ; articles of each class would figure equally 
in the “ value of everything produced ” per year. Suppose that 
the national consumption might be divided into two classes of 
articles, one consumed nearly raw, the other elaborated through 
several stages of production, at each of which the transformed 
material changes hands by a mercantile transaction. Suppose the 
prices of the former category to rise on an average, while the 
prices of the latter category — both the long series of materials 
and with them the finished articles — fall on an average. It might 

^ Compare the definition of variation in the Monetary Standard which Mr. 
Qifien implies in the following passage of his important paper “ On Recent 
Changes in Theories and Prices ” {Journal Royal Statistical Society ^ Dec. 1888) : 
“ There may be a case of what may properly be described as depreciation of 
money where prices do not rise. . . . Measured by incomes, though not by the 
prices of commodities, there may unquestionably in such case be depreciation.” 
Cf, Professor Walras’s conception of a general diminution of the rarity (or final 
utility) of commodities. JSlements d* J^conomie 'politique pursp Le^on xxxix. 
§ 390. 
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happen that the value-in-use of the same monetary income ,♦ say 
£100, would remain nearly constant for the average citizen. Yet, 
according to the new index-number, money might seem to be 
appreciated. Thus the annuitant or creditor might suffer, as he 
would receive, say, only £90 or £80 for every £100, if this scheme 
were adopted as a standard for deferred payments. 


Section II. 

Professor FoxwelVs Method. 

The conception of quantity produced, or rather sold, per unit 
of time has been embodied by Professor Fox well in a distinct 
definition, which it was an omission on the part of the present 
writer not to have presented more clearly in the former Memo- 
randum. Professor Foxwell is understood ^ to regard as the ideal 
measure of the variation in general prices an index-number 
which is based upon all vendible commodities whatever. He 
would make no distinction between articles of consumption and 
agents of production. In averaging the respective price-varia- 
tions he would assign to each an importance proportioned to the 
corresponding value, or rather to that value multiplied by the 
number of times it changed hands (in a day, month, or year) by 
way of a monetary transaction. This plan is regarded as 'par 
excellence the measure of appreciation or depreciation. 

If pressed with the objection which has just been addressed 
to Professor Newcomb, namely, that the index -number thus 
obtained is not the exactest possible measure of the change in 
the purchasing power of money experienced by the consumer, 
Professor Foxwell would reply that the consumer is not everyone. 
The interest of the producer, damnified by appreciation of money, 
is also to be regarded. The question set to us is a pure currency- 
question ; and the answer to be sought primarily is, not by how 
much are debts to be scaled up or down, but by how much the 
metallic currency is to be multiplied in order that the monetary 
status in quo may be restored. 

An extreme example may serve to bring out the character of 
the method. Suppose that the national consumption were 
divisible into two categories of commodities, the one involving 

* This is hardly an objection to the method considered as a Production 
Standard. 

1 Tho present writer is responsible for the exposition and illustration of the 
views which he has obtained in the course of repeated conversations with Professor 
Foxwell. 
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only two mercantile transactions in their production, the other 
sold or re-sold some twenty times at different stages of its pro- 
duction. Suppose the prices of the former class drop on an average 
five per cent., while those of the latter drop as much as fifteen 
per cent., other things, and in particular the national taste, 
remaining constant. Then, according to the Consumption 

Standard, the index-number will be of the form "I" 2 X . 

t + 2 

that is 90. But the new index-number may be written 

i X 2 X 95 + ^ X 20 X 85 . . . . , mu' • 

^ ~ 4- '' ^ ~X~2d * approximately 86. This is 

not a Tabular Standard adapted to the interest of creditors and 
annuitants. It is the measure of the seriousness of appreciation 
for the community. 

It will be observed that the example derives its force from the 
occurrence of a displacement in the rates of exchange between 
two classes of consumable articles; for without such displace- 
ment, if the drop of price in both categories were the same, there 
would be no difference between the results of the contrasted 
methods. Now (it may be said) such displacement is not one of 
the evils which “ laws and kings can cause or cure.’' Let debtors 
and creditors regulate their private affairs by a special index- 
number if they like. That is not the affair of statesmen and 
financiers. But currency is within the province of government. 
It is competent to governments so to augment the currency, that 
the appreciation accused by the proper index-number may be 
reduced. 

It should be explained that this scheme does not commit its 
propounder to any of the extreme views which in the former 
Memorandum^ were connected with the conception of amount 
of sales and the work which gold has to do. He is not bound to 
refer to the quantity of gold actually existing in currency, or 
relative to an initial epoch. He need not pretend to calculate 
the amount of gold in use as money at present, or at the initial 
epoch. He need not pretend to calculate the ratio in which the 
quantity of gold at the initial period requires to be multiplied in 
order to equate the present with the original level of prices. He 
need not state the amount which for that purpose should be added 
to the present currency. What he professes to obtain is that ratio 
In which, if the quantity of currency were increased, other things 
remaining constant during the increase, the level of prices would 
be restored. But the amount of coin to be actually added is not 

^ Section IX. 
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necessarily deducible from the ratio thus conceived; because 
(1) the quantity of precious metal in use as money may not be 
ascertainable with any degree of precision, and (2) other things, 
in particular the condition of credit, may alter during the process 
of augmentation. In short our Professor is not to be confounded 
with the currency- quack who pretends to calculate the exact dose 
of currency which ought to be administered in order to keep the 
circulation in a healthy condition. Professor Foxwell’s Index is 
rather of the nature of a diagnosis than a prescription ; or at least 
it only enables him to prescribe the general character of the 
treatment — whether increased aliment or depletion — but not the 
exact quantity to be taken. 

The Currency Standard ^ as Professor Foxwell’s special prot4g6 
may be designated, is to be distinguished as follows from the 
Consumption Standard, which the Committee, in their collective 
capacity, have favoured. According to each method, the variation 
in the value of money is measured by a change in the monetary 
value of a certain quantity of commodity, supposed to be constant. 
But the standard quantity is not the same for the two methods. 
The choice is between the sum of valuables consisting of all the 
finished goods which pass into the hands of the consumer yearly, 
and that consisting of all goods whatever which change hands 
yearly. The basis of the one standard is, to use a bold phrase, 
the mass of final utility ; the basis of the other standard is, to use 
a bolder phrase, the momentum of final utility.* 

Upon the whole, it appears that the Currency Standard 
deserves more attention than it has received. The stone unac- 
countably set aside by former builders of index-numbers may 
become the corner-stone of future constructions. 

It is not to be thought because the proposed method is likely 
not to be so revolutionary in practice as it is distinctive in specu- 
lation,^ that therefore it is unbefitting a separate and high place 
here. For we are concerned here with distinctions of method 
rather than differences of result. There is attempted here — to 

* There is here omitted a lengthy illustration which was intro ducod in the 
original with the design of making the conception of the Currency Standard clearer. 
But further explanation seems superfluous now that Professor Irving has made 
familiar the cognate conception which he designates MV. The reference may 
remind us that for the purpose of ascertaining the change in the value of money 
the Currency Standard as above formulated requires to be divided by a 
denominator corresponding to Professor Fisher’s T.” 

^ Thus the example which wo have imagined is probably an extreme one ; yet 
it presents a difference between the compared index-numbers of only seven per 
cent. ; which, in view of the “ probable error,” say two or three per cent., to 
which any index-number is liable, cannot be considered os colossal. 
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illustrate small things by great — ^for a particular province of 
industry, the sort of analysis which an eminent member of our 
Committee has performed upon the “ Methods ’’ of conduct in 
general. In the sphere of Finance, as well as Ethics, theoretical 
distinctions are important, although they may not correspond in 
practice to such marked discrepancies as might have been 
expected. 

Nor is it a fatal objection to the scheme that it would be 
impossible to ascertain with precision the proportions in which 
each commodity absorbs, or exercises a pull upon, the currency ; 
that here the number of resales, and there the exceptional use of 
credit, would defy calculation. For, regarding the proposed 
index-number as a Weighted Mean of numerous given variations 
of price, we see that the objection amounts to saying that the 
weights are liable to a considerable error. But, as shown in a 
former Memorandum and to be insisted on again in the present 
one, the erroneousness of the weights is likely to produce much less 
error in the computed mean than might have been expected. 

Nor is it to be objected that, in the present state of statistics, 
it would be impossible to obtain returns under several of the head- 
ings, that many important articles would have to be omitted 
altogether. For the plan still may present an ideal in the direction 
of which it may be thought advisable to move as far as possible. 
It may supply a rationale to some practical method. Thus, any 
large aggregate of miscellaneous articles, finished and unfinished, 
may be regarded as a sample taken at random from the immense 
incalculable series which forms the data of the ideal index-number. 
For instance, such a sample may be afforded by the statistics of 
foreign trade, which we now proceed to consider. 


Section III. 

Mr. Giffen^ s Methods. 

The next solution of our problem which calls for some additional 
remarks is that which is deduced from the Statistics of Foreign 
Trade. It is proposed first to examine the principles upon which 
Mr. Giffen's masterly calculations are based. ^ 

The primary object of the whole investigation appears to have 
been to compare the volume of trade in different years The 
purpose is, in the language of this Committee’s first Report, to 

* Par?. Popers, 1878-9, C 2247; 1880,0 2484; 1881,0 3079; 1884-5,0 4466. 

* Consider the title and introductory sentences of the Reports. 
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enable us, given the increase of value [of exports or imports in 
one year as compared with another], to estimate the increase in 
quantity of the class of commodities under consideration.” ♦ 

But there is room for casuistical discrimination when we 
inquire what is the meaning and measure of increase in the volume 
of trade or quantity of commodities. 

At first sight the following method of comparing the volume 
at different epochs might seem plausible. Compare the (given) 
quantity of one article, say a, in one year, say year a?, with the 
quantity of the same commodity in the compared year y. We 
thus obtain a ratio 

Quantity of commodity a in year y 
Quantity of commodity a in year x‘ 

Form now a similar ratio for article 6, and again for c, and so on 
The circumstance that the unit of a is avoirdupois, that of 6, it may 
be, liquid measure, and so on, need not clog these calculations of 
ratio. We shall thus obtain as many ratios as there are articles, 
say fifty, as approximately in some of Mr. Giffen’s computations. 
Now take the mean of these fifty ratios. That mean ratio 
represents the variation in the volume of trade between the 
years x and y. 

This solution of the problem is by no means to be despised as 
naive. It presupposes no doubt a certain sympathy and con- 
formity to a common type on the part of several augmentations of 
which an average is taken. But it will be shown that this 
hypothesis is adequately verified. 

As to the first point, consider the figures on p. 266, which are 
obtained by dividing the quantity of every export in 1883 by the 
corresponding quantity in 1880. The quantities are taken from 
Mr. Giffen’s Table V., Part I. ; ^ and the quotients are given in 
the order in which those quantities occur. Thus for Alkali the 
quantity (of cwts.) is for 1880, 6,888, and for 1883, 6,947; the 
figures after the first four being neglected. Accordingly, the 
quotient is 1*01, or 1-0. The figures arc true to the first place 
of decimals. 

The grouping of these ratios is exhibited in the diagram 
on p. 267 ; where each upright line, surmounted by a figure 

* The implication between change in general prices and change in total 
quantity which is involved in the construction of an index-number such as that 
considered in this section is well exhibited by Professor Irving Fisher in his 
Making of Index-numbers. 

‘ “ Reports on Recent Changes in tho Value of Foreign Trade, Pari. Papers, 
1885, C. 4456; and 1888, 0. 6386, Part III. Table 2. 
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expressing its length, represents the number of times that a certain 
ratio occurs. Thus the ratio 1*1 is presented eleven times; the 
ratio 1*2 ten times. The median is M; a result which agrees 
with that obtained by Mr. Giffen’s more elaborate and accurate 
method. He, in effect, weighting each of these ratios with the 
values of the corresponding article for 1883, finds for the ratio 
of the volume of 1883 to the volume of 1880 the quotient 
146,371,015 4- 138,032,674 = 1-06, or approximately 1-1. 


Batios of Quantities In 1 883 
to Quantities in 1880. 

Continued. 

Continued. 

Continued. 
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Again, comparing 1886 with 1883, and taking each of the 
fifty-two ratios to two decimal places, I find for the median 1*00 ; 
while Mj\ Giffen’s Weighted Mean is *98. 

This consilience might have been predicted by the Calculus of 
Probabilities, if cotton and perhaps one or two other articles 
whose values constitute abnormally large weights had been 
omitted.^ The fact that even without that omission the results 
coincide shows an even greater symmetry in the movement of 
trade than might have been expected. 

This problem, as we have seen, presents a variety of phases. 
But for the particular purpose in hand it will be sufficient to make 
two divisions. First, we may suppose the variation in the 
Monetary Standard ascertained by examining a wider sphere of 
industry than foreign trade, or we may confine ourselves to the 
statistics of exports and imports. The first alternative has not 
been entertained by Mr. Giffen in his Reports; and it will be 
dismissed here as leading back to varieties of our problem which 
have been already considered. Again, the following distinction 
may be taken. In combining the comparative prices or ratios 
between the prices of each article at two compared epochs we 

^ The verification holds good when one, or more than one, of the returns for 
coilU>n are omitted. 
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may assign a certain weight to each ratio proportioned to the 
importance of the corresponding commodity, or else we may 
suppose a change in the level of prices propagated over a whole 
zone of trade in such wise that we may take a simple average of 
the given ratios without attending to the corresponding masses of 
commodity. For a further enunciation of this hypothesis the 
reader is referred to the former Memorandum, and to the sixth 
section of the present one. Of these alternatives Mr. GifPen has 
adopted the former. 


11 11 



It is submitted that this course commits us to some such 
hjrpothesis as the following. If, in order to compare the volume 
of trade for a series of years, we assign a weight to the price of 
each article proportioned to the importance of that article, we 
must regard the relative importance of each article as constant 
for that series of years. If, then, the relative importance of each 
article is to be measured by the pecuniary value of the quantity 
bought or sold, the proportions which the value of each article 
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bears to the value of any other article or to the total value of all 
the articles, ought to be pretty constant during the whole series 
of years. This assumption is strikingly verified by Mr. Giffen’s 
Table II. Again, if the proportionate amount expended on each 
article is pretty constant from year to year, we may conceive a 
purchasing public (whether the community in whose interest the 
computation is being made, or the foreigners with whom they 
deal) constant as to the nature of their wants [though it may be 
increasing in numbers in the course of years]. Accordingly the 
rates of exchange between the different articles ought to be 
constant. In other words, the ratio between the prices of the 
different articles ought to be constant during the series of years. 
This assumption is verified as well as could be expected by Mr. 
Giffen’s Table I. and Table III., A.^ 

The values and prices being constant, it is implied that the 
proportionate quantities also, the number of tons, or it may be 
gallons, of each article exported or imported, have a degree of 
constancy. This proposition also may be verified by glancing 
at the quantity columns in Mr. Giffen’s Table IV., or the same 
figures in the statistical abstract. 

These assumptions as to the steadiness of the course of foreign 
trade being admitted, a definite interpretation may be assigned 
to the otherwise vague idea of increase in the volume of exports 
and imports. Or rather two or three definitions become possible. 
The primary significance of an increase in the volume of foreign 
trade is as a measure of the benefit which the community desires 
from foreign trade This conception is particularly germane to 
the case where the articles on which the computation is based are 

^ There are reasons why Mr. Giffen’s table of price variations (Table III., A) 
should present the appearance of stability in a less degree than his table of pro- 
portionate values (Table II.). First, each entry in the former table is obtained by 
comparing on© item with another item, viz. the price of an article in any year with 
the price of the same article in 1861 ; whereas each entry in the latter table is 
obtained by comparing an item (the value of an article) with an aggregate (the total 
value), which of course is apt to be more stable than an item. If the suggestion 
made below of referring each price to the mean price of the article for adjacent 
years were adopted this contrast would doubtless be diminished. 

* The variation in the volume of trade as thus conceived is very similar to 
Cournot’s definition of “ real gain,” or loss, of social revenue {Recherches sur les 
Principea Mathdmatiques de la TJUorie des RichesseSf ch. x . ; and later redactions). 
But Cournot, who seems not to have seized the idea of “ final iitility,” strains the 
monetary measuring- rod beyond its legitimate application when he propounds 
his paradox that freeing a commodity from a prohibition results in a loss of real 
gain to the country which becomes an importer thereof {ibid. Art. 89). For this 
case implies a change in the qicality of trade, a diversion of the streams of com- 
modity into new channels with which our methods are unable to deal, through 
failure of the hypothesis enunciated in the text. 
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commodities imported for the consumption of the community. 
“ In some countries,” writes Mx, Giffen, “ the whole imports less 
the re-exports may be treated as imports for final consumption.” 
If the imports are materials as distinguished from finished products, 
still the unfinished articles may be taken as more or less perfect 
representatives of consumable commodities. 

The case of exports may be thus fitted to this interpretation. 
It is to be assumed that, given the steadiness in the course of 
trade which we have postulated, an increase in the volume of 
exports normally corresponds to an increase in that of imports. 
Thus exports afford a measure of the advantage derived from 
foreign trade of the same sort as that which imports afford.^ 

There is a special difficulty in the case of those articles which 
are imported like cotton in order to be re-exported at a subse- 
quent stage of manufacture. Take the extreme case, mentioned 
by Mr. Giffen, of tea, which figures as part of the domestic produce 
exported from France. The French of course derive some 
advantage from the handling of this article. But the interest 
which they have in the tea thus transmitted is not proportioned 
to the value of the article in the same sense as the value of a 
genuinely native export measures its importance to the nation. 

With regard to this special difficulty, and indeed the whole 
computation, it is to be remarked that wo are concerned — not so 
much with the absolute volume of trade — as the relative volume 
in one year as compared with another. The relative volume as 
already stated may be regarded as a sort of mean of the ratios 
between the quantity (in tons, gallons, etc.) of each commodity 
in one year and the corresponding quantity. It is a weighted 
mean, the weights being the respective values of the commodities.^ 

^ It may be objected that the volume of truclo is per se, and apart from hypo- 
thesis, an interesting datum, or rather quceaitum, us affording the measure of profits 
accruing to the country, or for some such reason. This remark seems just if tho 
corrections of the Monetary Standard wliich are made for the purpose of estimating 
the volume of trade are based upon some jirinciplo extraneous to the trade, or at 
least some other principle than that of assigning to each article an importance pro- 
portioned to tho value exported or imported. All that is contended hero is that 
tho received method of measuring the trade by itself, so to speak, postulates a 
certain analogy between this species of index-number and tho more general one 
which is based on national consumption. Indeed, it is partly on account of this 
analogy that the subject appears to deserve such full treatment here. 

* In the symbols to bo presently introduced tho ratios of quantity are of the 
form 

etc. 

qax qtx 

The corresponding weights are qax Pax, qtxpi^xf etc. Thus the weighted mean is 

qbyPbx-^ etc, 

^axPax+ 9bx Pto-f etc. 
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Grant, now, that in the proposed case of tea transhipped from 
France the weight is exaggerated. Yet, as pointed out by the 
writer in a former Memorandum, some inaccuracy of the weights 
is not likely to affect the result much. It is only in the case of 
the larger values, notably cotton imported into the United King- 
dom as the material for future manufacture, that the difficulty 
is serious. Such items ought no doubt to be placed in a separate 
category, and considered on their own merits; not merely on 
account of their possible inaccuracy, but also on account of 
their mere magnitude. The domineering pre-eminence of one 
or two items is fatal to the application of the Calculus of 
Probabilities which flourishes, so to speak, only in a republic of 
numerous independent not very unequal constituents. 

Implicated with this definition of the volume of trade there is 
a definite method of measuring the variation in the value of 
money. This method is of the same general character as that 
proposed by the Committee, but more partial and imperfect, as 
concerned only with a fraction of the national consumption, and 
that fraction often very indirectly represented. 

A slightly different conception of the method may be dis- 
tinguished by an exhaustive casuistry. The measure of the 
variation in the value of money, which is afforded by the statistics 
of foreign trade, may be of the species which was defined in the 
third section of the former Memorandum. This is a standard, 
adapted indeed to deferred payments, yet for which the items 
entering into the index-number “ are not copied from the statistics 
of national expenditure, but are selected on some other principle.” 
It is presumed in virtue of the general sympathetic movement of 
prices that the change in value of the articles of national con- 
sumption is adequately represented by the change of value in 
certain other articles selected on what may be called a random 
principle from the whole mass of trade. Whichever of these two 
slightly distinct views we take, we may perhaps describe the 
principle of measurement as a gwa^i-Consumption Standard. 

This reference to first principles is by no means otiose. It 
assists in deciding what differences of method are fundamental, 
how far our choice may be governed by regard for mere elegance 
and ease, and so we may say of rival methods — 


“ Whate’er is best administered is right.” 


Thus it will be maintained that Mr. Bourne’s dissent from 

♦ See the new note at the beginning of this section. 
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Mr. GifEen’s practice is not justified by first principles. On the 
other hand, reasons will be given for differing from the opinion 
which Mr. Giffen seems to entertain, that his second method, set 
forth in the fourth table of his earlier Reports, is less serviceable 
than the method to which his first three tables refer 

The discussion of the questions raised may be facilitated by 
the use of symbols. Let a, 6, c, etc., denote the commodities 
of which we are given the quantities and prices for a series of n 
years. Let the successive years be designated by the numerals 
1, 2, 3, etc. Let be the quantity (imported or exported) of 
the commodity a in the year 1 ; the quantity of commodity h 
in the same year, and so on. And let etc., represent the 

quantities in the year 2, and so on. The absolute magnitude of 
the quantities of commodity increases in general from year to 
year; but the proportions between the respective masses of 
commodity are, by hypothesis stated at page 267, constant. Thus 
we are to imagine each set of ratios q^i : q^, qa^, qb^, etc., (/an : 
quantities of the same order hovering about a mean or diverging 
from a type which we may denote by ja' Similar suppositions 
are made with respect to the other articles.* The annexed 
arrangement of the symbols brings these relations clearly under 
view : — 



Article a 

Article b 

Article r 

Year 1 

9ai 

qh . 

• gri 

Year 2 

9at 


• 9ri 

Year n 

la»L 

Qbn 

. (irn 


7a 

Jb 

Hr 


Here each 7 stands for any of the g’s in the column above it ; or, 
rather, the ratio of any one 7 to another; e.g., : 7^ stands for 

the ratio of the corresponding g’s for any year. 

Similarly let Pai denote the price of the article a in the year 1, 
Pa2 l^he price of the same article in the year 2, and so on. Here 
the absolute magnitude of the prices varies from year to year 
with the appreciation or depreciation of money; but the pro- 
portions between the prices of the respective commodities are 
regarded as fairly constant. Then we have a scheme for the p’s 
like that of the g’s : — 

‘ Pari. Paperst 1878-9, 0. 2247, p. 4, par. 4. 

* The intrusion of assumptions proper to the theory of Sampling should be 
noted. 
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Article 0 

Article b 

Article r 

Year 1 

Pai 

Phi 

• Pri 

Year 2 

Pui 

Phi 

. Vn 

Year n 

Pan 

Pbn 

• Pjn 


TTa 

TTb 

T, 

Here each of the 

tt’s is 

typical of the column above it; or, 

rather, the ratio of 

any one tt to another is 

typical of the ratio 


between the corresponding p’s for any year. 

Upon these hypotheses the following appears to be the most 
general, or at least a sufficiently general, representation of the 
proportionate volumes of trade for the series of years. 

Volume of imports or exports in year x is proportional to 
value of imports or exports in year x ~ index-number indicating 
the ratio of the price -level in the year x to the level of prices which 
is taken as standard. 

.•. Volume of imports [or exports] in year x is proportional 
to value of imports [or exports] in year x 

^ 7a Vax + Vbx + etc. 

7a TTa + 76 + ^tC. ’ 

where, as already explained, 7^, 7*, etc., tt^,, ttj, etc., are the typical 
quantities and prices. 

So far we have supposed both the quantities and prices of the 
articles imported or exported to be given. In the concrete case 
where these data are wanting for a considerable set of articles of 
which the value only is given, the formula is still the same, viz., 
Volume in year x oc Value in year x index-number indicating 
ratio of the level of prices in the year x to the standard level. The 
only difference is that we must now base our index-number upon 
a part only of the total trade whose volume is required, assuming 
that what is true of a part is true of the whole. 

How now are we to determine the ty'pes which enter into our 
formula ? First as to the quantities. The most obvious course 
is to take the ^’s of a particular year for the typical 7’s, e.gr., q^x for 
7a, and so on. In the absence of special reasons in favour of or 
against certain years, we may select any one of the n years to 
furnish the typical quantities. We have thus at once n different 
schemes. But it need not be postulated that the same system 
of quantities should be adopted for each of the series of years. 
In fact, in the scheme of Mr. Giffen’s Table IV. different factors 
are employed for each comparison, namely, the factors furnished 
by each year which is being compared in respect of its level of 
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prices with the standard year (1861). If this additional liberty 
is used to its full extent for every one of the n schemes already 
enumerated, we have now n variants; that is, in all we have 

different formulae. However, it may be admitted that these 
additional schemes, with the important exception of the particular 
one used by Mr. Giffen in his Table IV., are, if not less accurate, at 
least less elegant than those which were mentioned first. We 
shall therefore dismiss these variants with the exception of that 
one which seems peculiarly appropriate. So far, then, we have 
(n + 1) schemes presented by the varieties of the quantity-t 3 rpes, 
the price -type being supposed fixed. 

But the price-types also are manifold. A system of such types 
is furnished by the actual prices of every year — in the absence 
of special reasons against some particular year. Thus Mr. Giffen 
has cliosen 1861 as the year of standard prices, Mr. Bourne 1883. 
We have thus n additional cases, which, compounded with the 
(n + 1) above ground give 7i (n -j- 1) distinct schemes or formulae 
for comparing the series of volumes. 

Out of this whole number there are 2n- which deserve par- 
ticular attention, namely, those in which the q^uantities or factors 
employed in each comparison are supplied by one of the compared 
years. One system of such schemes in number n is obtained by 
using in every comparison the factors supplied by the year of 
standard price ; in other words, by taking the types of price 
and q^uantity from the same years. The other system, also 
numbering n, is that which was noticed in the last paragraph but 
one as having been used by Mr. Giffen in his Table IV. The 
quantities in this system are supplied by the year which is being 
compared in respect of its level of prices with the year of standard 
price. Of course, if we were concerned with only one comparison 
at a time, if each comparison were an independent operation, 
these selected schemes would be entitled to a decided preference. 
But where the object is to find a series of numbers, representing 
by the ratio of any one to any other the proportion between the 
volumes of trade for the corresponding years, there seems to be 
no advantage in constructing our measuring-rod with the factors 
of one year rather than another. The whole computation pre- 
supposes some such hypothesis as that which has been enunciated 
above; and on that hypothesis one year has no claim to be 
preferred before another. 

What may be said in favour of the selected schemes is that they 
are very slightly more convenient than the other ones. In 
general, it may be observed that we have n operations, each of a 

VOL. I. * 
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kind illustrated by the formation and addition of the columns 
in Mr. Giffen’s Table III., B. One such operation is required 
to construct the denominator of the index-numbers which express 
the ratio between the level of prices in the standard year and each 
other year. The denominator is in general terms, as we have seen, 
7a + 76 TTj + etc ; or, if we take the 7’s from one year, say x, 
and the tt’s from another year, say y, the denominator becomes 

Qax Pay + qbx Vby + ©tC. 

To be compared with this denominator there are (n — 1) numer- 
ators, one for each of the years except the standard one, each 
numerator of the form 

qaxVaz + qbxPbt + ^^^- 

where 2 is a year compared with y in respect of the level of 
price. 

There are, in general, then, n such operations : (ti — 1) 
for the numerators, and one for the denominator. But in the 
particular case where the types of price and quantity are taken 
from the same year, where x — y, the denominator reduces to 

qax Pax + qbx Pbx + etc. = Value for year x, 
a given figure which requires no computation. Accordingly one 
operation — that of calculating the denominator — is spared. 
Again, if we take the factors from the particular year, say 2, 
which is being compared in respect of the level of prices with the 
standard year, that is, if in the last paragraph we put x = z, the 
numerator reduces to 

qazPaz + qbzPbz + CtC. 

forming the total value for the year 2, which is a given figure. But 
meanwhile, in employing a difierent scheme of factors for each 
numerator, we have necessitated the use of (/^ — 1) different 
denominators, each of the form 

qazPaz + qbzPbz + etC. 

The valuation of each of these forms will require (n — 1) operations 
of the kind described. 

In addition to this slight advantage in respect of ease there 
may also be ascribed a peculiar elegance to the selected formulae. 
But they have no claim to the highest degree of accuracy. That 
distinction belongs to a more compheated system, which is now 
to be described. We have so far taken for granted that each 
typical quantity 7 is furnished by some q which is the actual 
quantity for a particular year. But it is more agreeable to the 



MBASUBBMENT OF CHANGE IN THE VALUE OF MONEY 275 


Calculus of Probabilities to take some Mean of the given for 
the type 7 . This principle has been recognised in the First Report 
of the Committee, where it is proposed that for the purpose of 
comparing the level of prices at two different epochs the factors 
employed should be the mean of the respective quantities. In 
the variety of the problem with which we are at present concerned 
we may suppose a whole series of corresponding quantities, e.g,y 
for the article a qaz> etc., qan^ The mean of all or any number 
of these quantities may be taken for our type. Now, out of n 
quantities ( 2 ^ — 1 ) distinct combinations may be formed. In- 
stead, therefore, of the n different arrangements of factors which 
we at first found we have now 2 ” — 1 ; which, being combined 
with the one peculiar scheme employed in Mr. Giffen’s Table IV., 
makes 2 ”. 

Similar remarks apply to the types of price. We have so far 
taken actual prices for our types. But it may be better to imagine 
a sort of mean year with normal or typical prices formed by 
arranging the actual prices of several years. This principle has 
been employed to some extent by Jevons, Dr. Soetboer, Mr. 
Palgrave, and Mr. Sauerbeck. In virtue of this principle the n 
different bases of price which we found before are swelled to 
2^—1. Altogether, therefore, wo have 2 " x (2” — 1) distinct 
schemes of index-number. 

This account may bo further multiplied if wo have a choice, as 
would often bo proper, between the Arithmetic Mean and a 
certain other species of average which is noticed below. How- 
ever, it may be well to leave some margin for the occurrence of 
abnormal years (like 1873) whose data cannot be used freely. So 
let us bo content with the modest estimate just furnished, as 
resulting from that degree of liberty of choice which we have so 
far contemi3lated. 

That is, however, a very narrow view. For each q which we 
have employed may be replaced by an expression which is by 
hypothesis of the same order. For instance, we are entitled to 

put for qay, qby, etc., the expressions qay^^’^y 

Pax Pbx 

q^ay, q'byy etc. This is, in effect, what Mr. Giffen has done 
in the classical computations comprised in the first three tables 
of his reports. His formula for the volume of any year, 2 , may 
be written in our notation : — 


Volume of year 2 ocValueof year 2 -f 
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The reader will easily see the equivalence of this formula to that 
which Mr. Giffen has made familiar, if the symbols ^Jaei, 
are brought outside the brackets both in the numerator and 
denominator. The denominator, for instance, will become 
(ion Ton) + (l’>nTin) + etc.; corresponding to the column 
headed 1875 in Mr. Giffen’s Table II. 

By parity it may be shown that the index-number constructed 
by Mr. Palgrave implies the following formula for volume : — 


Volume of year z oc Value of year z 


(?./“) X7ra+{g6.J;),r6+etc. 


where tta, ttj, etc., are types of price obtained by taking an average 
over certain years. ^ In fact, Mr. Palgrave’s scheme may be 
regarded as a variant of the plan employed in Mr. Giffen’s Table 
IV., which was above commended to particular attention. 

These 5^’s may be combined with each other in the same way 
as the g’s ; and, indeed, the and the g’s may be mixed. How- 
ever, these operations would be laborious and inelegant. We 
shall, therefore, cull from the infinite field which has just been 
opened up only just such a number as to double the estimate 
already reached. It may be useful to show how this additional 
contingent is reached, taking as a conspicuous instance the 
materials of Mr. Gifien’s work. It was open to him to have taken 
for the basis of prices some year other than 1861. In fact, in 
his fourth table he has so used both 1873 and 1883. Or the base line 
might have been composed by taking the average prices of each 
article for several years, after the manner of Mr. Palgrave or Mr. 
Sauerbeck, except that the years entering into the average need 
not be consecutive. It may be asked, What reason could there 
be for taking half-a-dozen years — some at the beginning, it might 
be, and some in the middle, or at the end, of the period under 
review? The reason might be the very absence of a reason. 
Suppose it were thought desirable, in order to avoid accidents, 
to take a mean of half-a-dozen years, and not worth the trouble 
of including more than half-a-dozen. In the absence of special 
objections to certain years any one half-dozen is as good as any 
other. There are, therefore, as many half-dozens as there are 
combinations of six to be formed out of the n years. To avoid 
the suspicion of cookery it might be best to make a selection at 

» See, on Mr. Giffen’s and Mr. Palgrave’s index-numbers, Section IT. of the 
present writer’s first Memorandum, Brit. Assoc. Report, 1887, p. 265. 
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random — by spinning a teetotum, or by some equally arbitrary 
process. It should be observed that the labour of taking averages 
over several years need not bo so formidable as might be supposed, 
if Medians instead of Arithmetic Means be employed. In view 
of abnormalities like the irregular rise of prices in 1873, there 
would bo a peculiar propriety in the use of the Median.^ 

Exactly similar considerations apply to the factors or pro- 
portions which form Mr. Giffen’s second table. It was open to 
him, as he points out, to take these proportions from some other 
year than 1875. In fact, he tried several years with substantially 
identical results. ^ There are, therefore, at once as many factors 
as there are years in the series. Moreover any mean of these 
factors may be taken. Here, again, then, we have 2^* — 1 schemes 
to choose from. 

Well, then, any one of these (2" — 1) measuring -rods may be 
used in connection with any one of the (2^ — 1) price-scales 
above mentioned. Thus arise (2" -- 1)(2« - 1) arrangements 
for comparing the years in respect of the level of prices. To 
these may be added Mr. Palgrave’s system of factors combined 
with any one of the (2” - 1) price-scales. This addition swells 
the contingent to 2^ X (2« — 1). This number is to be added 
to the previous estimate, viz., 2"* X (2^* — 1), which is thereby 
doubled, becoming — 1). 

The question may now arise. How large is w. to be ? It may 
be suggested that it should be as small as possible, namely, 2. 
We should proceed according to the method recommended by 
Professor Marshall, ^ and exhibited at length in the former Memo- 
rand um.'* Wo should compare the present year with last 
year only, next year with the present, and so on. The fact that 
Professor Marshall refers to the general problem of a measure 
based on articles of consumption, whereas we are now particularly 
concerned with the volume of trade, does not appear to affect 
the reasons on which his recommendation is based. However, 
it may be well to combine that principle with the practice of 
averages over several years., At any rate, the latter procedure 
is countenanced by the most eminent statisticians. Extending 
their review over a considerable tract of time, they have, in effect, 
taken for granted that sort of solidarity between the years which 
we have all along supposed. Ten years, twenty years, nay, even 
forty years, have thus been compared inter se. Let us take the 

» See below, Section V., and the papers to which reference is there made. 

> Pari, papers, 1878-9, C. 2247. 

3 Cmtemporary Review, March 1887. * Bnt, A$ 80 c. Report, 1887, p. 209. 
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period of twenty years as quite permissible ; then by the formula 
above reached we find the total number of available arrangements 
to be more than a billion.* All these billion schemes are on the 
whole about equally good, some having a slight advantage in 
respect of safety, and others of ease. 


Section IV. 

Mr. Bourne*8 Method. 

These elucidations assist us in discerning the character of a 
method which was proposed by Mr. Bourne so long ago as 1873,** 
and more recently has been submitted by him to the British 
Association together with some criticism of Mr. Giffen’s cele- 
brated computations.^ It will be found that Mr. Bourne has 
discovered, not the method, but only a method — a very good 
method, no doubt, but not much better than many others, not 
more serviceable than hundreds, not more accurate than millions 
that are available. 

A little attention will show that Mr. Bourne’s reasoning is 
virtually identical with that which Mr. Giffen employs in his fourth 
table when he compares the quantities in any year at the prices 
of that year with the same quantities at the prices of 1883; and 
goes on, as, for instance, in his first Beport, page v, to compare 
the measure (for the level of prices) so obtained in order to deduce 
the comparative volume of any year from its value. It is not 
to be denied, indeed, that this method, under the neat handling 
of Mr. Bourne, has acquired great elegance. But we must take 
care not to exaggerate its pre-eminence over other methods. 

In the first place it does not seem to have any advantage over 
the twin- method which was noticed along with it above. This 
method is, in brief, to take as the measure of changed level of 
prices 

Quantities of 1883 at prices 1887 
Quantities of 1883 at prices 1883’ 

There is no reason to think that this method would be less 
accurate than its converse. And it would enjoy the distinction 
of not having been worked out in detail by Mr. Giffen (in his latter 
tables). 

* Compare Irving Fisher’s Making of Index-numhera. 

** The fact that the priority in the method of calculating the volume of trade 
belongs to Bourne may justify the attention here given to his opinions. 

^ Brit. Aaaoc. Report, 1885 and 1888. 
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A certain precedence, perhaps, attaches to these twin-methods 
in virtue of a slight superiority in ease and elegance.^ But this 
slight distinction must not be mistaken for a serious difference 
in worth or power. Nor is Mr. Bourne’s position defensible when 
he disapproves the method set forth in Mr. Giffen’s first three 
tables. The gist of Mr. Bourne’s objections is contained in the 
following passage, of which the context should be studied : — * 

“ The proportions of [quantities of] cotton yarn for 1866, 
1875, 1883 stood as 104 : 216 : 265, but by value as 10 : 13 : 14, 
and the percentages of increase or decrease from the standard 
of 1861 were as + 91*23 : + 16-91 [misprinted in the Report 
41*63] : — ■ 2*3. It is difiOcult to see how any combination of these 
factors, so widely differing in their ratios, can bring about the 
result that the index-numbers for cotton yarn should be altered 
as -f- 5*38 : + 1*00 • — 0*14 as shown in the Board of Trade 
tables.” 

This passage, with its context, presents great difficulties. As 
Mr. Giffen’s “ index-numbers ” do not purport to bo measures 
of volume, but of changed level of prices, there is no reason for 
surprise that the ‘‘ factors ” of quantity and value should have 
no visible effect on the result that the index-numbers for cotton 
yarn should be altered ” by certain additions. The additions 
to the index-number are proportional to the percentages of in- 
crease or decrease of price (+ 5*38, + 1> — 0*14; proportional to 
+ 91*23, + 16*91, ~ 2*31), and that is all that is to bo expected. 
It seems as if the original writer had stated the relation between 
a yard and a metre as a preliminary to comparing the height of 
an Englishman and a Frenchman, the former height having been 
given in yards, the latter in metres. The critic gives the relative 
height of the Englishman and Frenchman, and then complains 
that this factor has no correspondence with the relation between 
a yard and a metre. 

Such appears at first sight to be the drift of the passage above 
cited. It will be found, however, from the context that the critic 
has not overlooked the fact that the object of the ” index-number ” 
in question is, to continue our metaphor, the comparison of the 
two scales, yard and metre. But he seems under the mistaken 
impression that this comparison can best be effected by giving 
the Frenchman’s height in metres and also in feet, and comparing 
these figures. Now, it is here contended that the two scales 
may equally well be compared by taking the Englishman’s height 

^ Above, pp. 231, 273. 

* Brit. Aeaoc. Report, 1886, p. 868. 
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both in metres and feet."^ Nay, a German will do equally well 
for the purpose of comparing the two scales of measurement.* 
But, in order to bring out the truth which is here implied, it will 
be well to employ a metaphor which is more nearly an analogy. 

The following apologue may put the whole matter in a clear 
light. Suppose there were given the increase per cent, in the 
number of births in a certain district, the increase per cent, in 
the number of the population, and in the number of persons to a 
birth (or the inverse birth-rate) for several years. There would, of 
course, be a visible connection between these figures; and any 
one set, in particular the proportionate population, could be 
deduced from the other two. Now, if a statistician had assigned 
an index-number purporting to represent the alteration in the 
numbers of the population, and the alterations so assigned were 
not deducible from the first and third sets of data, and not coin- 
cident with the second, it would, no doubt, be reasonable to 
complain that it was difficult to see how the given factors brought 
about that result. 

But our problem is by no means so simple. It is like those 
problems in vital statistics which Laplace, in the absence of a 
complete census, proposed to solve by the aid of the Calculus of 
Probabilities. He supposes that the total number of births in 
a country has been ascertained from registers of baptisms, and 
that the birth-rate, or its reciprocal, the number of persons to 
one birth, has been observed at two or more epochs in several 
districts, which are taken as fairly representative of the whole 
country. If the birth-rate were constant from year to year, 
we might reason thus : — 

Population in year y : Population in year x :: Total No. of 
births in y 

: Total No. of births in x (x being the 
standard year). 

But if the birth-rate is considered as varying between the 
two epochs compared a correction must be made for this circum- 
stance. We have then : — 

T, , , . . w • Total No. of births in y 

Population m y = population m a; x T^troT^b i F ths in ^ 

JL -^^^rage birth-rate in 
Average birth-rate in x' 

Now, the last-written fraction may on certain suppositions 

^ The twin-method alluded to on our page 278, 

* Mr. Giffen’s first method. 



MBASXJEBMENT OB CHANGE IN THE VALUE OP MONEY 281 


be determined by taking a measure of the variations in birth-rate 
(at one epoch compared with another) in each of the observed 
districts, with due attention to the varying size of the districts, 
the different importance (for the purpose in hand) of these rates. 
In other words, if the districts are named a, 6, etc., we may 
write. 

Average birth-rate in y 
Average birth-rate in x 

Population of a in y X birth-rate of a in y 

4- population of 6 in y X birth-rate of b 

_ in y + etc. 

~~ Population of a in y x birth-rate of a in a; 

-f- population of 6 in y x birth-rate of 
6 in a: etc.^ 

This is the analogue of Mr. Bourne’s method, in which it will 
be seen that there is postulated a certain constancy in the pro- 
portions, between the population of each district, to that of the others 
and of the whole country. 

Suppose a writer had employed the proportions furnished 
by the year 1883 in order to determine the relation between the 
birth-rate of that year and of the year 1866.^ He, in effect, 
postulates the constancy of proportions (between the different 
districts and the whole country) to prevail over that period. 
It is not open, then, to him to complain of another writer who 
employs the proportions furnished by the year 1875 in order to 
compare the population for a series of years between 1865 and 
1883. But, if the use of those proportions is admissible, then the 
sort of verification which the writer of the vexed passage under 
review appears to expect was not to be expected. 

In short, given the hypothesis which has been hinted meta- 
phorically here, and stated explicitly above, the method which 
Mr. Bourne has propounded has no great advantage over the 
other methods. That hypothesis not being given, Mr. Bourne’s 
method, equally with the others, falls. Of the varied ramifi- 
cations of the problem he has occupied a particular, and no doubt 
an eminent, branch. He cannot hope that this particular branch 
should stand when the others have fallen. One can only bring 
them down by striking at the root of the whole reasoning. 

From this class of methods we shall now proceed to a substitute 
for them, which has recently been proposed by Sir Rawson 
Rawson. 

' Compare the general formulae given above, p. 276. 

* Cf, Brit, A88QC. Rej>ort, 1885, p. 865 et seq. 
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Sbotion V. 

Sir Rawson Rawson^a Method. 

Sir Bawson Bawson’s original method may be contemplated 
under two aspects, according as the primary object is to measure 
variations in the volume of trade or — our peculiar care — in the 
value of the monetary standard. Sir Bawson’s solution of the 
problem in its former phase is simple : to put the tonnage of 
ships cleared or entered with cargoes ^ as representing the 
volume of exports and imports. 

Now, we have seen above that volume of trade must be 
understood in some such sense as equivalent, or rather propor- 
tional, to volume of value estimated in a corrected monetary 
standard, or, if the expression.is not too harsh, volume of utility 
as measured by money. Therefore, in order that the new 
method should be available for the comparison of volumes in 
different years, say x and y, the following equation ought to 
hold approximately : — 

Tonnage in year y __ Corrected value in year y 
Tonnage in year x ~~ Corrected value in year x' 

where “ corrected value ” is used as a short title for the figure 
which is obtained by reducing the total value for each year to 
a standard or normal level. In other words, 

Tonnage in year y 
Tonnage in year x 

Quantity of a in j/ X normal price of a + quantity of 6 in ^ X normal price of 6 -fete. 
*“ Quantity of a in a; X normal^ice of a + quantity of 6 in a; X normal price of h +etc. 

Now, “ tonnage ” is the measure of a ship's capacity for 
cargo. Tonnage is, or is proportioned to, the cubical capacity 
of that part of a ship which is available for cargo.^ Accordingly 

^ Given in the Statistical Abstract. 

• Accordingly Sir Rawson Rawson’s priority is not affected by Drobisch’s 
suggestion (noticed in the former Memorandum) to put the number of tons or 
hundredweights in the total mass of conunodities as the measure of their volume. 
Mutatis mutandis, the tests here applied to Sir Rawson’s method are applicable 
to that of Drobisch. The validity of the latter is confirmed by the statistics of 
the Gorman foreign trade for 1885 and 1886, which have recently been published 
by the Board of Trade, along with an estimate of the change in volume between 
1885 and 1886, based upon the method employed in Mr. Giffen’s Table IV. 
{Pari. Papers, 1888, C. 5697). The “ quantities ” of the German exports and 
imports are all expressed in (German) tons, so that Drobisch’s method is readily 
applicable. The following tables exhibit the results of that method in contrast 
with the theoretically more perfect computation. The results are expressed 
as index-ninnbers for the volume and the level of prices in 1886 as compared 
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the first step towards establishing the relation above stated is 
to show that the capacity for cargo bears from year to yeait a 
constant ratio to the space actually occupied by cargo. In 
other words, we require to be assured that an average ship 
(entering or clearing with cargo) is as fully loaded in one year 
as another. Sir Rawson Rawson, whose sagacity and candour 
have anticipated every objection, is satisfied that we may dismiss 
this scruple. 

We may therefore write the postulated equation : — 

Bulk of g in y + bulk of & in y + etc. 

Bulk of a in X -f- bulk of 6 in .r + etc. 

__ Quant ity of a in y x normal price of a -f- etc. 

Quantity of a in .r X normal price of a + etc. 

where “ bulk of a in y ’’ is short for the total space, the volume 
in cubic yards, occupied by the whole mass of commodity a 
which is exported, or as the case may bo imported, in the course 
of the year tj. The relation of these two fractions may bo better 
seen by putting each of them in the form of what may bo called 


with 1885. The imports and exports of the precious metals have not been 
included in the data : — 


German Imports of 1886 comparative with those of 
1886. 

Droblsch’s Method. 

Mr. Glllen*8 Method, 

index-numbor for Volume 

■95 

•98 

Index-number for Price-level 

1-03 

•99 

German Exports of 1886 comparative with those of 
1885. 

DroblscL’s Method. 

Mr. Gillen’s Method. 

Index-number for Volume 

101 

1-04 

Index-number for Price-level . 

104 

•970 


This complete consilience affords an indirect verification of Sir Rawson 
Rawson's method, in so far as it is on the same footing with Drobisch’s; each 
admitting of being regarded as an arbitrarily weighted mean of certain ratios, 
such as 

tons of commodity a in 1880 
tons of same commodity in 1885 

(the ratios of quantity described above). Whereas the theoretically correct 
expression is the value of commodity a at normal (or corrected) prices; Drobisch 
puts tons avoirdupois of o, and Sir Rawson Rawson puts (in effect) tonnage 
(or cubical volume) of o. 

From this point of view it will appear that both methods derive confirmation 
from the experiment tried above, at p. 266, of taking an altogether unweighted 
mean of the ratios between quantities. 
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a “weighted mean” of the ratios of bulk; (or, as implied in 
the last note, we might take as the ratios to be operated on : 
Quantity (in tons or gallons) of a i n y 
Quantity of a in a: 

the left-hand member of the equation, we should leave the 
denominator as it is, and we should alter each term of the 
numerator thus : For Bulk of a in y write Bulk of a in a; X 

and so on. The left-hand side of the equation 

Bulk of a m a: 


, ^ 1 1- . 1 ^ • Bulk of a in V 

is now in the form of a weighted mean of the ratios, 

etc., the weights being bulk of a in x, bulk of b in x, etc. Treating 
the right-hand member in the same spirit, we obtain a weighted 
mean of the same ratios, each weight being of the form. Bulk 
of a in a: X No. of tons [gallons, pieces, etc.] in unit of bulk x 
normal price of ton [gallon, piece, etc.], or, as it may be more 
shortly written, value of Bulk of a in a: at standard prices — that 
is, assuming that the number of tons, etc., in a unit of bulk is 
constant from year to year. But if this cannot be assumed we 
must add a remainder, of which the numerator is made up of 
terms like the following : — 


Bulk of a in 1/ (No. of tons in unit bulk of a in y — No. of tons 
in unit bulk of a in a ) x normal price of a ; and the denominator 
is the total value in x. 


Omitting this remainder for the present we have now to com- 
pare two weighted means of tho same set of quantities (the ratios 
above specified), the weights being in the one expression each 
of the form, bulk of a in x\ in the other expression of the form, 
value of a in a. Now, it has been shown by the present writer 
in a Memorandum on the Accuracy of Index-numbers, published 
in the Report of the British Association for 1888 , that, in forming 
a mean of any given set of quantities, the difference between 
the results obtained by adopting different systems of weights is 
apt to be inconsiderable. This proposition has been established 
both by reasoning from the theory of probabilities and by pretty 
copious examples. It is shown that the divergence between the 
two results tends to diminish as the number of (supposed indepen- 
dent) items entering into the average increases; the probable 
deviation being proportioned to the inverse square root of the 
number of items. This tendency to evanescence is resisted by 
three circumstances : the inequality of the given items which 
are to be averaged, the inequality of the weights which con- 
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stitute the set or system which is regarded as true, and the 
largeness of the difference between each weight in that one 
system and the corresponding weight in the other system. It 
can be shown that the last two circumstances are equivalent to, 
or, rather, are contained under, one attribute, namely, the 
inequality of the weights in either system.^ 

These criteria are now to be applied to the case before us. 
In the first place we have a very large number of elements to 
deal with — much larger than the number of enumerated articles 
which enter into Mr. Giffen’s index -numbers. For Sir Rawson 
Rawson’s index-number includes the unenumerated as well as 
the specified articles. There is, therefore, a strong prima facie 
presumption that the divergence between the two compared 
expressions will prove to be unimportant ; even smaller than 
in the case of the index -numbers compared in the paper referred 
to, the number of items being larger here than there. 

Then, as to the counter tendencies. There is no reason to 
apprehend any fatal inequality in the ratios of the form 

^Ik of_a vvould only be in cases of articles 

Bulk of a in x 

where the bulks were very small that such an influence need be 
apprehended, the ratio in such a case tending to infinity. It is 
easy to see, however, that this tendency would be corrected by 
the “ weights ” ; that such an article would not be likely to have 
much effect on the whole expression. There seems no reason 
to apprehend any much more marked inequality in comparative 
bulks than in comparative quantities, which, as we know from 
Mr. Giffen’s tables, are not fatally unequal. 

There remain.s the twofold condition that the weights of 
cither system should not inter se be very unequal. The most 
serious violation of this condition seems to be coal in the case 
of exports. It appears from Sir Rawson Rawson^s statistics 
that the bulk of coal takes up an inordinate proportion of the 
total bulk of all commodities. Accordingly he has very properly 
excluded coal from his index-number. It is interesting to 
observe that, as shown in Tables I. and VII., the inclusion of coal 
does not, as a matter of fact, distort the result so much as might 

‘ The measure of “ inequality ” is the square root of the sum of squares of 
all the weights in a system their sum. The divergence between the results is 
directly proportionate to this expression. If the weights are perfectly equal 
the factor reduces to unity -r Vn. But suppose one weight preponderates over 
its fellows to such an extent as to constitute half of the total mass, the remainder 
of which we may imagine split up among a number of small weights ; the resulting 
expression is no longer of the order 1 -r Vn, but equals, at least, b 
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have been expected, or indeed in any considerable degree. The 
tables referred to should be compared with the Appendix at 
p. 336, as strikingly illustrating how different principles of 
averaging bring out the same mean result ; in short, that in our 
sort of work it is not very easy to go wrong. 

Among imports, grain and timber are suspicious. But with 
regard to timber Sir Eawson Rawson shows that, though the 
“ weight ” (determined by its bulk) is large, yet it is not materially 
different from what it ought to be as determined by value. 
However, he is no doubt judicious in excluding such-like items 
from his final index-number. 

With regard to the inequality of values, as this has not proved 
fatal to Mr. Giffen’s and the cognate methods, there is a fortiori 
less reason to apprehend it in the case of an argument which is 
based on a greater number of independent items. However, it 
might bo well to examine specially the influence of cotton. 

There remains to be considered the remainder, which is 
made up of differences between the density of packing in different 
years. It is natural to suppose that these should compensate 
each other except so far as in the course of years a general ten- 
dency to increased economy of room makes itself felt. Sir 
Rawson Rawson sets off against this tendency the increase of 
passenger traffic; a quantity which he has abundantly shown 
to be of an order which may be neglected. For short periods, 
at any rate, the new method appears to constitute an important 
adjunct to, if not a complete substitute for, the received methods. 

Sir Rawson Rawson’s method may be regarded in another 
aspect as affording a measure of the level of prices in different 
years. If the hypotheses made in the earlier part of this paper 
are conceded, no additional remark is called for here. We have 
simply to write Index-number for level of prices in year y as 
compared with x = average price in y average price in x 
Value in y . Value in a; / Value in y . Volume in y\ 

Volume in y ' Volume in x \ Value in x ‘ Volume in x)' 

where the values are given figures and the volumes are pro- 
portioned to the respective tonnages. We thus obtain a new 
and remarkably easy solution of our problem. 

Section VI. 

The 'present Writer^s Method, 

We have so far (in this third Memorandum) been supposing 
that the importance attached to each variation in price is. 
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or ought to be, proportioned to the value of the corresponding 
article. But we have now to entertain a different supposition 
and distinct method. We are now to imagine a general 
change coming over the monetary world — or some zone of it 
like wholesale prices — like a general variation in temperature 
or atmospheric pressure over a physical region which is not 
perfectly level and uniform in its conditions. In reading a 
barometer or thermometer in any particular place with a view 
of ascertaining the fact and amount of a general change it would 
not be appropriate to attach importance to the mere size of 
the tube and quantity of the rising or falling liquid. In fact 
the smaller thermometer has so far the preference, as it takes on 
more quickly changes of temperature in the surrounding medium. 
Sensitiveness, not size, is the criterion of these indicators. So 
also, in virtue of well-known analogies between the unity of 
price in the same market and the equilibrium of fluids in the 
same vessel, the change of price in a largo market is not more 
indicative of the sought mean variation than a change of price 
in a small market. Prima facie^ for the purpose in hand, each 
observation should count for one. Or, if more weight attaches 
to a change of price in one article rather than another, it is not 
on account of the importance of that article to the consumer or 
to the shopkeeper, but on account of its importance to the 
calculator of probabilities, as affording an observation which is 
peculiarly likely to be correct — peculiarly likely to coincide with 
that type which he is seeking to elicit. 

This type of mean variation may bo generally defined as 
that figure which would bo presented most frequently if wo 
were to continue indefinitely the long series of price-ratios, or 
at least that return in whoso neighbourhood the greatest number 
of these statistics cluster. It is, in other words, the Greatest 
Ordinate of the complete curve, or the highest column of the 
rectilinear diagram, which represents by its abscissa ratio 
between the prices of two compared epochs, and by its ordinate 
the frequency with which that ratio would bo returned if the 
statistics were extended over every region of industry which 
is subject to independent fluctuations. It is even allowable to 
imagine series of statistics stiU longer,^ namely, those which 
would ideally occur if we could go on and on multiplying 
observations under unchanged conditions. As Dr. Venn 
says : — 

“We say that a certain proportion begins to prevail among 
Compare Dr. Venn, Logic oj Chance, chap. i. § 14. 
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the events in the long run; but then, on looking closer at 
the facts, we find that we have to express ourselves hypo- 
thetically, and to say that, if present circumstances remain as 
they are, the long run will show its characteristics without 
disturbance.” 

The grounds for thus defining our qucesitum were stated in 
that part of the former paper which referred to semi-objective 
averages or types . There should be added a reference to the sections 
on the Greatest Ordinate in Dr. Venn’s Logic of Chance,^ Compare 
also the following weighty words in the masterly study on 
“ Cambridge Anthropometry ” which he has recently con- 
tributed to the Anthropological Institute : The ordinary mean 
here is obviously an imperfect guide. . . . What we ought to 
do, owing to the obvious asymmetry of the curve of frequency, 
is to take, not the arithmetic mean, but what is called ‘ the 
point of maximum frequency,’ as this is a far truer index of what 
may be considered the normal length of vision.” Dr. Venn is 
discussing a problem analogous to ours, namely, how to extricate 
from an unsymmetrical group of observations that mean value 
which may be taken as a representative type.* 

Such being the question, it might seem appropriate to put 
as answer that return which occurs most frequently in the 
statistics actually given. But it must ever be remembered, 
though it is often forgotten by statisticians, that the statistics 
of prices with which we have to do are of the nature of samples : 
specimens taken at random from a much larger, if not an 
indefinitely large series. In interpreting these evidences, in 
inferring the type from a limited number of individuals, we 
must be guided by the methodical rules which the Calculus of 
Probabilities prescribes. The theory of errors of observation 
is hero as high above ordinary induction as in the general field 
of modern science the received inductive methods transcend the 
simple enumeration of the ancients. Now, the Calculus of 
Probabilities teaches that the best answer to our question will 

‘ The third edition of this unique work, especially the first two chapters and 
the last two chapters, should be studied by all who wish to contemplate that 
phase of our problem which is now under consideration. 

♦ The statistics with which Venn was dealing were imperfect, one extremity 
of the frequency curve not being given ; otherwise it may be doubted whether 
the preference expressed in our text for the greatest ordinate is in general 
justifiable for a purpose like that of Venn, which was to determine whether the 
average eyesight of Cambridge “ honour-men ” differed significantly from that of 
** poll-men.’* For — in addition to the difficulties acknowledged in our text — the 
Mode labours under the disadvantage that there is not available a measure of its 
accuracy, it does not afford a test of significant difference. 
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not be obtained by taking that which on the face of the CTidence 
seems to be manifested.^ 

The need of this caution is illustrated by the annexed statistics. 
Looking at these three groups of statistics you might conclude 
that the first one, designated A, emanated from and, if prolonged, 
would converge to 30, as that number is the one most frequently 
repeated. It might similarly be inferred that B in the same 
sense represents 38. With regard to C, there might be more 
hesitation, since no one place or figure preponderates. If, 
however, we double the size of our compartments and consider 
which is the fullest of these enlarged places, that distinction will 
be found to belong to 67-68. Accordingly 67-6 might seem the 
type represented by this group. 

But in fact all these groups appertain to the same series, 
each figure in all of them being formed in the same way, namely, 
by the addition of ten digits taken at ran* lorn from mathematical 
tables. If this series were indefinite!} prolonged the figure 
most frequently repeated would be 45, a figure which in two of 
the groups does not even occur once. A much better approxi- 
mation to the greatest ordinate of the complete series is obtained 
by taking an average other than the greatest ordinate of each 
set of samples. For instance, the median — or figure which has 
as many of the given observations above it as below it — is for 
A 42, that being the fourteenth figure in the group of twenty- 
seven. Similarly the median of B is 44 ; of C 60. The median 
of the whole set, numbering eighty-ono, is 45; whereas the 
greatest ordinate is prima facie 38, or perhaps 57‘6.2 

^ Well does Dr. Venn say in the context of the passage cited from his Cam- 
bridge Anthropometry : “ Any successful appeal to this [tho point of maximum 
frequency] requires far more extended statistics than those at our disposal.’* 
Yet he has 620 returns before him 1 

* See Journal Royal Statistical Society ^ Juno 1888, whore it is attempted to 
meet the difficulty presented by such ambiguity. The method there recom- 
mended is to rearrange the statistics in larger groujjs defined by a new “ degree ” 
or “unit” which is some multiple of tho given one (that is, of unity in our 
example). The unit to be adopted is tho smallest interval which will bring out 
the one-headed character of the curve; in the cases above instanced generally 
6 or 7. Now, wo may begin this operation not only from either extremity of 
the given discontinuous curve (as stated in tho paper referred to), but also with 
equal plausibility from any intermediate point. There are thus about as many 
systems as the new degree is greater than tho old one; in the cases before us 
usually six or seven. The apex of any of these arrangements giving an equally 
plausible solution, it is proper to take the Mean of them all. I have performed 
this operation on each batch of twenty-seven figures (given in the text), and 
on the united eighty-one, with results in each case differing very little from the 
Arithmetio Mean, which is the best answer that can be extracted from these data- 

Professor Unwin, to whom this problem has been submitted, recommends 
VOL. I. U 
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It appears, then, that, though our end is the greatest ordinate 
of the complete series, the best mmn — ^if we may be excused a 
pun which it is not easy to avoid — ^is not necessarily the greatest 
ordinate of the sample group. The position of greatest frequency 
is an object, like happiness, best reached by not aiming at it too 
directly. 

The indirect and ancillary average need not be the one which 
we have taken for the sake of illustration ^he last paragraph. 
In fact, in the case there instanced the arithmetic mean would be 
the preferable method. But in the case of prices there is reason 
to believe that the median is peculiarly appropriate. The nature 
and varieties of this mean have been fully discussed by the present 
writer both in his former Memorandum on the same subject as 
the present one, and also in the Memorandum of 1888 On the 
Accuracy of Index-numbers. 

However, it may not be out of place here to give an additional 
example taken from the statistics of exports. In the annexed 
table each figure in the first column (on the left hand) expresses a 
proportion between the price of an article in 1887 and the price of 
the same article in 1883. Thus, the price of gunpowder per lb. 
being in 1887 6*46c^. and in 1883 5*83(^., we have the proportion, 
or comparative price, 111 = 100 x 6*46 — 5*83. 

Opposite each comparative price are written in the second 
column or space the values of the corresponding articles for 1887, 
the proportionate values or actual values divided by a certain 
figure which is the same for all the entries, viz. 240,000. For 


forming a derived curve by joining the tops of each pair of adjacent ordinates 
in the given discontinuous curve; and continuing this process of graphical 
derivation until we reach a smooth (one-headed) curve. He has been so kind 
as to subject to this treatment the eighty-one figures above given, and after 
eight repetitions of the process finds for the eighth derived curve one whose 
greatest ordinate is 43 — a very respectable approximation, when we consider 
that what may be called the real point is 45 ; that the result given by the Arith- 
metic Mean, which is here the best solution, is 45-2 ; and that the probable error 
to which even that best solution is liable is 1*4. 

These processes are, however, very troublesome. Still, in doubtful cases, it 
may be well to check the Median by recurring to first principles and ascertaining 
the whereabouts at least of the Greatest Ordinate. 


A 27 

30 31 32 33 34 

36 37 

40 4142 43 46 47 48 49 50 5152 

59 


30 


4142 46 

52 



30 





B 

29 31 32 33 34 

36 38 39 

1 41 4544 45 46 

49 50 52 53 

56 57 59 



38 

45 46 





38 

45 





38 




G 


38 

40 4142 44 46 47 

49 50 5152 54 

57 58 




40 41 44 46 

50 

57 58 




40 

50 

57 58 
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instance, the value of gunpowder is 1, being, in round numbers, 
its actual value 260,000 divided by 240,000. With the reason 
for adopting this divisor we are not here concerned. Any other 
basis would serve our purpose as well. It often happens that 
the same proportion of price is enjoyed by two articles. Thus 
the comparative price 127 appertains both to arms (fire) and to 
silk, of which articles the proportionate values are respectively 
1 and 6. Accordingly against the entry 127 are written (it does 
not matter in what order) the figures 1 and 6. Both the prices 
and the proportions of value are taken from the table given by 
Mr. Bourne in the paper on index-numbers contributed by him 
to the Report of the British Association for 188 S. 

Well, then, the simple or unweighted median is thus found. 
There being in all 64 proportions (some of them coincident), we 
are to select that one which has as many returns above it as below ; 
in short, a point between the thirty -second and thirty-third in the 
order of magnitude. This is easily effected by counting up the 
numbers of the ‘‘ proportionate values in the right-hand space. 
The thirty-second and thirty -third, counting from the highest, 
are 12 and 4, both corresponding to the ratio 89. The simple 
median is thus 89. 


127 

1, 6 

92 

7, 6 




91 

11 




90 

42, 2 

. 6, 3, 3,* 7 



89 

47, 12, 4 



88 

79, 4 




87 

137, 

16, 2 



86 

6 




85 

17 


113 

4 

84 

4, 1 


112 

2 

83 

29 


111 

1 

82 

3 


110 


81 

1, 6 


109 


80 

1 


108 

1 

79 

3 


107 


78 

8, 1, 

6, 3 

106 


77 

11,* ; 

20 

105 


76 

1 


104 

2, 41 

76 



103 


74 



102 

2 

73 

19 


101 

17 

72 



100 

2, A 1, 2 

71 



99 


70 

1, 5, 

9,» 2, 3 

98 

2 

69 



97 


68 



96 

7, 7, 4 

67 

4 


95 

1 

66 

5 


94 

0, 6, 1 

1 62 

2 


93 


1 




1 Comparative price of stockings per dozen; not explicitly given by Mr. 
Bourne but inferable from the entries in his vcUite and volume columns. 

« Not explicitly given by Mr. Bourne, but inferable from his data. 



IM MONIBY 

It was pointed out in the former Memorandum that there is a 
plausible hypothesis on which, even for the present purpose, it is 
proper to attach some importance to the values of the com- 
modities, though not necessarily that degree of importance which 
is prescribed for the standard based on national consumption. 
The simplest method of attaching importance to the values is to 
take the simple median of the ratios on the supposition that each 
of them occurs as often as the number which indicates the corre- 
sponding value, or the sum of such numbers where there are more 
than one of them. Upon this understanding there are in all 666 
constructive observations — as near as may be, half above and 
half below 88. That figure then is the wc 3 d median. 

It is pretty certain that this complex median assigns too much 
importance to the values. And it is probable that the simple 
median assigns too little. Accordingly a good solution is afforded 
by combining or comparing the two results, in the example before 
us taking 88*6 for the answer. Should the two results be markedly 
different, inquiry may be made as to the cause of the difference, 
and a preference should be given in general to the simpler 
combination. 

A more elaborate method of weighting the median by taking 
the square roots of the values was recommended in the former 
Memorandum. But on second thoughts it appears that the special 
advantages which this plan may confer hardly compensate for the 
additional trouble which it involves. 

For further illustrations and suggestions the reader is referred 
to the writer’s paper, “ On some New Methods of Ascertaining 
Variation in General Prices,” in the Journal of the Royal Statistical 
Society for June 1888. It is hoped that the familiarity of the 
arithmetic mean will not prevent statisticians from attending to 
the reasons for preferring in certain circumstances the Median. 

Section VII. 

Ricardo*3 Method. 

Ricardo suggests a method of measuring variation in the 
value of money, when he lays down that a commodity ‘‘ which 
at all times requires the same sacrifices of toil and labour to 
produce it ” is invariable in value. ^ From this point of view the 
Labour Standard is to be regarded as independent and substantive, 
not subsidiary to the “ Consumption ” (or any other) standard, 
as represented in the first report of the Committee. The Labour 
^ Prind'pUa, III. chapter xx. (On Value and Kiohes). 
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Standard thus oonceived and the Consumption Standard are to 
each other as ** value ” and ** riches ** In Ricardo’s terminology. 
“ The labour of a million of men in manufactures will always 
produce the same value, but will not always produce the same 
riches. ... A million of men may produce double or treble the 
amount of riches of ‘ necessaries, conveniences, and amusements,’ 
in one state of society that they could produce in another, but 
they will not on that account add an3^hing to value.” ^ The 
Consumption Standard measures the change of money with 
respect to ” riches ” ; the Labour Standard with respect to ** real 
value.” The former relates to the utility of consumption; the 
latter to the disutility of toil. 

Ricardo only proposes the idea of an invariable commodity, of 
which “ we have no knowledge, but may hypothetically argue 
and speak 2 about it as if we had.” He does not assist us to 
ascertain the change in the pecuniary worth of that hypothetical 
commodity. A more definite scheme is suggested by the remark- 
able passage of Professor Marshall’s evidence before the Royal 
Commission on Gold and Silver, where he says, speaking of 
appreciation of gold : ” When it is used as denoting a rise in the 
real value of gold, I then regard it as measured by the increase * 
in the power which gold has of purchasing labour of all kinds — 
that is, not only manual labour, but the labour of business men 
and all others engaged in industry of any kind.” 

It may be remarked on this that the Labour Standard and the 
Consumption Standard present a certain analogy, the former 
standing in much the same relation to the fundamental laws of 
Supply as the latter to those of Demand. As before we posited 
as normal certain quantities of purchasable commodities, and 
compared the pecuniary worth at different epochs of that constant 
sum of commodities ; so now we should posit certain amounts of 
work of various sorts, and compare the pecuniary remuneration 
required at different epochs for the same quantity of work. Or, in 
other words, we should form the ratio of new ” to “ old ” rate of 
pay in each department of industry, and take the mean of this 
set of ratios, each weighted by the amount usually paid in the 
corresponding department, 

' Principles, III. chapter xx. (On Value and Riches). 

• “ And,” he adds, in the exclusive spirit which has characterised almost 
every propounder of an original method, “ may improve our knowledge of the 
science, by showing distinctly the absolute inapplicability of all the standards 
which have been hitherto adopted.” 

♦ The word ‘‘increase” has here been substituted for the obviously mis- 
printed “ diminution ” in the original Report (Question 9625). 
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Moreover, since upon Ricardian principles the value in 
exchange of commodities is proportioned to the “ comparative 
quantity of labour expended on each,” there may be expected 
some correspondence between the two expressions, not only as to 
their general form, but also as to the constants which they involve, 
the weights with which the variations of wages and prices are 
respectively to be affected. But the idea of such a correspondence 
is marred by the fact that the denominations of finished products 
do not coincide with the classification of wages. Also the suggested 
analogy is vitiated by a circumstance which is of great theoretical 
importance : that values in exchange — and accordingly the 
proportions which form the weights of the Consumption Standard 
— depend not only on quantity of labour, but also on interest, 
according to the different degrees of durability of the capital 
employed in producing them. This circumstance, as it creates 
a difficulty ^ with regard to Ricardo^s first principles, so it suggests 
a scruple about the method which is here connected with those 
principles. When we ‘‘ hypothetically argue and speak ” of an 
invariable commodity “which at all times requires the same 
sacrifice of toil and labour to produce it,” ^ should we include in 
the idea of “ sacrifice ” not only bodily and mental labour, but 
also abstinence ? * Shall we introduce into our Index-number the 
variation in the rate of Interest, weighted by the total amount 
paid in the way of Interest ? Or shall we follow the example of 
the great theorist himself, and omit the consideration of Interest 
as often as convenience and rotundity of statement and the 
purpose of a rough approximation may require ? The manage- 
ment of these and other difficulties connected with the Labour 
Standard must be resigned to the abler hand which has already 
touched this part of the subject. 

^ Cp. Sidgwick, Political Economy, Book I. ch. ii. “ It is rather a perplexing 
question how Ricardo and M'Culloch could deliberately adhere to the statements 
above quoted [that labour is the measure of the real value of things, etc.], while 
they at the same time drew attention to the differences in the value of different 
products, due to the different degrees of durability of the capital employed in 
producing them.” 

* Ricardo, loc. cit. 

* I should now answer to this question “ yes ; ” having regard to Marshall’s 
above cited definition of “ appreciation,” with which may be compared the con- 
ception introduced in his later work with reference to international trade, of 
representative “bales,” “each of which represents uniform aggregate invest- 
ments of her [country’s] labour (of various qualities) and of her capital.” I have 
altered some passages in the context, so as to exclude the term “ wages ” which, 
designating a share in the total product, is not germane to the Ricardo - 
Marshall conception. 
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Conclusion. 

In conclusion it may be useful to enumerate and summarily 
characterise the principal definitions of the problem, or 
“ Standards,*^ ^ which have been discussed in this and the pre- 
ceding Memorandum. An alphabetical order will be adopted, 
the order of merit being not only invidious, but also impossible 
in so far as different methods are the best for different purposes. 

1 . The Capital Standard takes for the measure of appreciation 
or depreciation the change in the monetary value of a certain set 
of articles. This set of articles consists of all purchasable things 
in existence in the community, either at the earlier epoch or at 
the later epoch, or some mean between those sets. This standard 
is due to Professor Nicholson. It is stated by him (in terms a 
little less general than those here adopted) in his book on Money, 
It is discussed in the sixth and the tenth sections of the former 
Memorandum. 

2. The Consumption Standard tak(‘S for the measure of appre- 
ciation or depreciation the change in the monetary value on a 
certain set of articles. This set of articles consists of all the 
commodities consumed yearly by tlie community either at the 
earlier or the later epoch, or some mean between those two sets. 
This standard has been recommended by many eminent writers, 
in particular by Professor Marshall in the Contemporary Review 
of 1887. It is proposed by the Committee as the principal 
standard. It is discussed in the second section of the former 
Memorandum. 

3. The Currency Standard takes as the measure of appreciation 
or depreciation the change in the monetary value which changes 
hands in a certain set of sales. These sales comprise all the 
commodities bought and sold yearly at the earlier epoch or at the 
later epoch, or some mean between those quantities. This 
standard appears to be implicit in much that has been written on 
the subject, but to have been most clearly stated by Professor 
Foxwell. It is discussed in the second section of this 
Memorandum. 

4. The Income Standard takes as the measure of the appre- 
ciation or depreciation the change in the monetary value of the 
average consumption, or in the income per head, of the com- 
munity. This standard is proposed in the fourth section of 
the former Memorandum. 

1 The methods discussed in connection with the names of Mr. Giffen, Mr. 
Bourne, and Sir Rawson Rawson are rather solutions than statements of the 
problem. 
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6. The Indefinite Standard takes as the measure of appreciation 
or depreciation a simple unweighted average of the ratios formed 
by dividing the price of each commodity at the later period by 
the price of the same commodity at the earlier period. The 
average employed may be the Arithmetic Mean used by Soetbeer 
and many others, or the Geometric Mean used by Jevons, or the 
Median recommended by the present writer. This standard is 
recommended by the practice of Jevons ^ and the theory of 
Cournot. 2 It is discussed in the eighth and ninth sections of the 
former Memorandum, and the fifth section of the present one. 

6. The Production Standard takes as the measure of appre- 
ciation or depreciation the change in the pecuniary re- 
muneration of a certain set of services, namely, all (or the 
principal) which are rendered in the course of production, through- 
out the community, during a year, either at the initial or the 
final epoch; or some expression intermediate between the two 

^ Most of Jevons’ celebrated calculations {Currency and Financetl'i.t'ni.t and 
IV.), and in particular his calculation of the Probable Error incident to his result 
{ibid.t p. 167), involve this conception. 

* Cournot has considered our problem in each of the five volumes in which he 
has treated of, or touched on, Political Economy {Dictionary of Political Economy, 
Art. Cournot). It is sufficient here to refer to the first and the last of those 
works, the Recherches of 1838 and the Revue Sommaire of 1876 — the Alpha and 
almost the Omega of economic wisdom. From these it is clear that variation in 
the “ absolute ” or “ intrinsic ” value of money, in Cournot’s view, corresponds 
to the “ Indefinite Standard ” as defined in Section viii. of the predecessor to this 
Memorandum. Cournot illustrates the variation duo to a change on the part of 
money, by that change in the position of the earth with respect to the stars, which 
is due to the motion of the earth. In this analogy the stars are treated as 
“ points ” {Recherches, Art. 9). No account is taken of their mass. The context 
shows that Cournot contemplates a simple average of distances between the 
earth and each star ; not a weighted average, or the distance between the earth and 
the centre of gravity of the stars. In his later works he expressly declares against, or 
at least thinks unbefitting highest place, the measure of what he calls the “ power 
of money ” {Review Sommaire, Sect. 3), that is, in our terms, the Consumption 
Standard; the analogy of which is the distance of the earth from the centre of 
gravity of the stars, or rather of certain select stars — say those which are nearest 
to our human sphere. The Currency Standard, of which the analogy is the 
distance of the earth from the centre of gravity of all stars whatever, does not 
seem to have been entertained by Cournot. 

Cournot, alluding to Jevons’ treatment of the problem in Money, not imjustly 
takes him to task for not having distinguished “ assez netteraent ” variations in 
the “ intrinsic value of money [of which the measure is our Indefinite Standard] 
from variations in the “ power of money ” [of which the measure is our Consump- 
tion Standard] {Revue Sommaire, p. 121). Bef erring to Jevons’ proposal to 
construct a Tabular Standard of Value, Cournot expresses his approbation in 
words which may fittingly conclude the present study : — “ Ce sont 14 des id^es 
qu’il faut laisser mfirir. Quand le moment sera venu do conatruire effectivement 
Vitalon mondtaire les g^om^tres pourront y trouver ime application int^ressante 
de leur Thdorie des Moyennes, telles qu’ils I’ont d6j4 construite pour les besoins de 
I’astronomie et de la physique.” 
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Specified. The theoretical basis and practical construction of 
such a standard are indicated in Ricardo’s Prmciples of Political 
Economy (ch. xx. and elsewhere), in Professor Marshall’s evidence 
before the Gold and Silver Commission {Pari, Papers 1888, C. 
5,512, Question 9,625), and in the papers contributed by Mr. 
GifEen to the second volume of the bulletin of the International 
Statistical Institute. The standard is discussed in the last 
section of this Memorandum. It is akin to the method suggested 
in the fifth section of the First Memorandum, and to the standard 
proposed by Professor Simon Newcomb which was discussed in 
the first section of this (third) Memorandum. 



(I) 

TESTS OF ACCURATE MEASUREMENT. 

[This is the second of the Memoranda on Variations in the 
Value of Money, prepared for the British Association in the 
latter ’eighties of last century. A separate place is assigned to 
the second Memorandum, which purports to test the accuracy 
of the calculations prescribed in the first (and third). The 
verification is effected by the use of that leading principle of 
Probabilities known as the Law of Error. Caution is required 
in applying the test. The beginning of wisdom in this matter 
is to recognise the analogy between the grouping of heterogeneous 
price-variations and the dispersion of crrors-of-observation. But 
it is not safe to treat each relative price as an independent observa- 
tion. In the case of prices there is no doubt a good deal of inde- 
pendence in the sense proper to Probabilities. But there is also — 
as perhaps more than is commonly assumed in the case of physical 
observations — a good deal of interdependence or correlation 
among the factors which compose or cause the given observations. 
The subjoined computations are made in the supposition that 
each element of an index-number, each percentage representing 
a comparative price, is ‘‘ subject to a presumably independent 
error ” (par. 5). So far as this hypothesis does not hold good in 
the concrete, the inverse square root of ti, the number of the 
data, which continually figures in the measure of possible 
inaccuracy must be taken cu7n grano (cp. infra, p. 324). 

Attention may be called to the advocacy of the Median 
(for the computation of certain index-numbers) on the score not 
only of its peculiar facility, but also (in certain cases) its com- 
parative accuracy. The Weighted Median, Laplace’s Method 
of Situation, is not so familiar an operation but that its 
exemplification may be useful. 

The reader may be assisted in following the computations by 
having before him an example to which they are often referred, 
namely, the model index-number proposed by the British 
Association Committee. It is reprinted here together with the 
explanations attached to it by Giffen, who took a principal part 

298 
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in the preparation of the scheme. This index -number and 
Giffen’s explanation formed a part of the Second Report of the 
Committee which was drawn up by Giffen. The Memorandum 
by the present writer which is now reprinted originally appeared 
as an annex to that Second Report. An extract from that Report 
is appropriately included in these prefatory remarks. 


Extract from the Second Report of the British Association Committee^ 
drawn up by Oijfen. 

The considerations we have to suggest as now most im- 
portant practically, in preparation for more exact and complete 
measurements in the future, are the following : — 

1. In the absence of retail prices — which it would be most 
convenient to use in forming a standard of desiderata — use must 
necessarily be made of wholesale prices only. No other prices 
are obtainable, and those prices must be preferred, in the selection 
of typical articles, where the records are best. 

It appears, however, from the best consideration of the 
subject, that the difEerenccs likely to be made from the true 
result which would bo obtained from a more complete record 
of prices are not likely to.be material. On this head the Com- 
mittee would refer to a paper by Mr. Edgeworth, which has been 
prepared for their use, and which is appended. The prices of 
articles taken without bias from a group are likely to bo fairly 
representative of the average course of prices of that group. 

2. While an index-number assigning relative weight to 
different articles so selected is an important means of arriving 
at a useful result, it cannot be said, in the present state of the 
data on the subject, to be an altogether indispensable means. 
The articles as to which records of prices are obtainable being 
themselves only a portion of the whole, nearly as good a final 
result may apparently be arrived at by a selection without bias, 
according to no better principle than accessibility of record, as 
by a careful attention to weighting. On this head the Com- 
mittee may refer to the above paper of Mr. Edgeworth, which 
seems conclusive on the subject. 

3. Practically the Committee would recommend the use of a 
weighted index-number of some kind, as, on the whole, com- 
manding more confidence. But they feel bound to point out 
that the scientific evidence is in favour of the kind of index- 
number used by Professor Jevons — provided there is a large 
number of articles — as not insufficient for the purpose in hand. 
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Nothing is more remarkable in the comparisons of the recent 
index-numbers than the correspondence of the curves of general 
course of prices indicated. A weighted index-number, in one 
aspect, is almost an unnecessary precaution to secure accuracy, 
though, on the whole, the Committee recommend it. 

4. The Committee have had before them a suggestion for a 
new index-number, which might be used for some official and 
private purposes, based on the practical considerations referred 
to, and making use of the best wholesale prices, while having 
regard to the ultimate standard of desiderata. The nature and 
object of this index-number are explained in the accompanying 
memorandum, which has the general approval of the Committee, 
though they do not consider it necessary here to go into all the 
details. The object is to provide something for which it would 
be possible to obtain and publish official prices, and by reference 
to which contracts could be made, and it is submitted for discussion 
and future reference. 

5. It would be most desirable to supplement any such index- 
number by a good statistical account from time to time of the 
aggregate income of the people and the relative numbers and 
aggregates of incomes of different amounts. In some index- 
numbers in past times the wage of a day-labourer is inserted as 
one of the articles. This may have been correct enough for 
some purposes, and in the circumstances would not prevent the 
index-number from indicating the general changes in the value 
of money in the periods compared. But the more useful method 
would seem to be to distinguish between the human unit in pro- 
duction and the thing produced. Among the most important 
comparisons for which such figures are used at all are the effective- 
ness of labour at different times and places, and the command 
of the labourer or other earner over the amounts produced ; and 
these comparisons can only be made when an independent 
standard of the production and consumption of the labourer 
is set up, with which his earnings may be compared. No argu- 
ment is needed to show that, along with index-numbers as to 
prices of commodities, there should be an endeavour to ascertain 
the aggregate earnings of a community and the distribution of 
the earnings so as to show on the one side the command over 
commodities which different classes possess — the real as dis- 
tinguished from the nominal incomes — and on the other side 
the relative effectiveness of the labour of a community at different 
times or of one community compared with another. 
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Table for the Construction of an Index-number. 

Statement showing the estimated amount of the expenditure on the 
undermentioned articles in the United Kingdom and the pro- 
portion of the amount in each case to the total expenditure on 
all such articles, with suggestions for an index-number based 
approximately on the proportions stated, but with modifications 
so as to substitute percentages in round figures ; showing also 
the description of the specific wholesale article, the price of 
which it is proposed to use in the calculation of the index- 
number ; giving also the price-list or other source from which 
quotations are to be obtained. 


1 

2 

S 

4 

6 

6 

7 

i 

■a 




Relative 





Per- 

importance 



i 


Estimated 

centage 

proposed for 

Description of the 


08 

Articles 

expenditure 

of each 

each article 

specific article of 

Price-list or other 

O 

consumed 

per ann. on 

amount in 

In index- 

which the price Is to 

source for price 


or used up. 

each article. 

column 3 

number 

be quoted as typical. 

quotations. 



to total. 

reduced to 

w 




percentages. 





£ 000,000 






r 

Wheat . 

60 

6-6 

6 


English wheat . . 

Gazette average 

•s 

Barley* . 

30 

325 

5 

k20 

„ barley . . 

a 

Oats . . 

50 

5-4 

5 

,, oats . . . 

»> n 

W 

Potatoes, "I 
rice, etc./ 

50 

6-4 

6> 


„ potatoes 

Average Import price 


Meat . . 

100 

11 

10^ 


Moan of live meat 

Weekly market quota- 







per stone of 8 Iba. 

tlons 

-ts , 






Smithfleld 



Fish . . 

20 

2-3 


•20 

Average per cwt. 

Official returns (Board 

i s 

Cheese^ 
Butter > . 

Milk J 




landed 

of Trade) 

1 

60 

6-5 



/ Cheese .... 

\ Butter .... 

Average import price 

>8 fl II 

1 

Sugar 

30 

3-3 

'‘1 


Refined sugar im- 
ported 

Tea imported . . 

Average import price 

3 

Tea . . 

20 

2-2 

n 


Average export price 

p 

Beer . . 

100 

11 

9 

-20 

Beer exported . 

I 

Spirits . 

40 

4-3 

2| 


Spirits imported 

Avera^ import price 

Wine 

10 

1 

1 


Wine imported . 


Tobacco . 

10 

1 

2iJ 


Tobacco Imported . 

w r. » 


Cotton . 

20 

2-2 



Cotton Imported 

Average import price 

3 

Wool 

30 

3-3 

2} 

■10 

Wool imported . 

>j »» »» 

o 

Silk . . 

20 

2-2 

n 

Raw silk imported . 

»> i» n 

6 

Leather . 

10 

1-1 

21 


Hides imported 

.. .. 

If 

Coal . . 

100 

11 

10 ' 

1 

Coal exported . 

Average export price 

I Iron . . 

50 

6-4 

5 

[20 

Scotch pig-iron . 

Market price 


Copper . 
Lead, zinc, 

28 

25 

2-7 

2-7 


Copper ore imported 
Lead ore imported . 

Average Import price 


tin, etc. 







Timber . 

80 

8-3 

3 


Timber imported . 

Average Import price 

• 1 

Petroleum 

5 

•6 

1 


Petroleum imported 

„ ,, ,, 

s 

Indigo . 

6 

•6 

1 


Indigo imported 

,, ,, ,, 

§ 

Flax and 

10 

1-1 

3 

-10 

Flax imported . . 

»> II II 

1 

linseed 
Palm oil . 

6 

•6 

1 



Palm oil imported . 
Caoutchouc imported 

9 

Caout- 

8 

•6 

1 


II II 11 


chouc 








Totals . 

920 

100 

100 


i 


* There is a largo consumption of barley, exclusive of its uso in the manu- 
facture of beer. 
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“ In this table the first column indicates six leading genera 
which comprehend the twenty-seven classes of articles specified 
in the second column. These articles are either finished products 
(things ready for consumption, like cheese and milk) or represent 
such things by entering into their production, as coal (used in 
manufacturing) and timber, for instance, go to the production 
of houses and furniture. 

“ The third column gives in round numbers (000,000’s being 
omitted) the average national expenditure on each class of 
article at present and for the last few years, and presumably also 
for the immediate future the proportions at least, if not the 
absolute amounts, of expenditure (such proportions, as shown 
in Mr. GifEen’s reports on the variation in the prices of exports 
and imports, remaining pretty constant during a period of years). 
In the estimated amount of consumption allowance is made 
for the addition to the value made before the articles are in the 
form in which they are finally consumed. 

“ In column 4 these amounts (or proportions) are reduced to 
percentages (of the total amount expended on such articles). 

** In column 6 the relative importance proposed to be assigned 
to each article in the index-number is stated, mainly on the 
basis of the percentages in column 4, but with modifications so 
as to substitute even figures for the convenience of handling. 

“ In column 6 the specific articles are described, of which it is 
proposed to obtain the prices as t3rpical of the group really 
included on the corresponding line in column 2. Wheat, for 
instance, consists of many different kinds and qualities ; the one 
quality and kind it is proposed to quote as typical of the whole 
is English wheat as returned officially to the Comptroller of the 
corn returns, which itself no doubt comprises many qualities. 
Of iron, again, there are innumerable qualities and kinds; it is 
proposed to take Scotch pig-iron, in which there are large dealings, 
as typical of the whole. The same with other articles. In most 
cases large groups are dealt with because the article selected is 
the average imported or exported, which includes many qualities, 
but it should be distinctly understood that in any case the most 
that can be done is to select specific articles which are typical of 
large groups. 

“ In column 7 the source from which the quotation of the 
specific articles mentioned in column 6 is to be obtained is stated. 

“ The above is of course only a rough suggestion for an index- 
number. Even if the method is generally approved of, many 
questions might be discussed as to the amounts of the annual 
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consumption of each group of articles specified in column 2, as 
to the relative importance to be assigned practically in column 5, 
and as to the selection of the article in column 6 which is to be 
treated as typical of the group. It would be possible to intro- 
duce two or more quotations instead of one for a particular 
group if thought desirable, but this would be troublesome in 
working. For practical purposes there must not be too many 
articles. Mr. Edgeworth’s mathematical deductions as to the 
consequences of taking the price of an article selected at random 
from a group, instead of the general average course of prices for 
the group, appear to justify the expediency of this procedure. 

“ Were such a general index -number introduced, and prices 
calculated upon it backwards and forwards, it would be easy to 
rearrange it for any special purpose, such as to give more or less 
weight to one or more groups according as they are assumed to 
enter into the consumption of a particular class of persons whose 
position at different times as affected by the course of prices 
is to be specially investigated. The index-number could also 
be compared with other index-numbers upon some other objective 
basis, such as the relative importance of each article in the import 
and export trade of a country; and index-numbers for one 
country and place could be compared with those for other 
countries or places. The index-number now suggested is only 
put forward as a convenient one, illustrating the variations in 
prices in England according to what is called the standard of 
desiderata, and which could be made use of — not neglecting 
others — in many investigations. 

“ It would also be an index-number on which, if people were so 
inclined, they could make contracts in a way analogous to the 
contracts for the commutation of tithe; in which the tithe is 
made to vary according to the prices of corn. To make the 
index-number useful for this purpose an Act would have to be 
passed prescribing the way in which the prices are to be obtained 
and published, and defining and giving a form for the contracts 
which might be made for payments, to vary according to the 
variation in the aggregate index-number. This would be a 
practical Tabular Standard such as Joseph Lowe, Jevons, and 
lately Professor Marshall, have suggested. 

“ All such index-numbers are liable to the observation that 
innumerable articles are, and must be, in the nature of things, 
wholly excluded. The variety of small articles is almost infinite. 
The assumption may also be made, I think, that on balance 
the permanent tendency is for such articles on the average, 



804 


MONEY 


through the progress of invention, to increase in aggregate 
importance in proportion to the other articles which can be got 
into an index-number and, at the same time, individually to fall 
relatively in price. In investigations general facts of this kind 
would, of course, have to bo borne in mind as qualifying deduc- 
tions based upon the precise figures which the index -numbers 
may give. People making contracts based on index-numbers 
would also require to study what the effect would be likely to be 
on the result they wish to arrive at .” — End of Extract.'} 
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The usefulness of our result will be enhanced by an estimate 
of its accuracy. It would be desirable, if possible, to ascertain 
a numerical limit which the error ^ incurred by our calculation 
cannot possibly, or at least with any reasonable probability, 
exceed. But it is doubtful whether such a limit admits of being 
fixed with precision. The erroneousness of the conclusion could 
only be ascertained by inference from the inaccuracy of the 
premises. But it is difficult to appreciate with mathematical 
precision the error to which our data are liable. We may, 
however, argue that, if the erroneousness of the premises is 
approximately of a certain amount, if the error of the data is 
of a certain order, then the error of the conclusion will be of a 
certain other order. 

^ The use of the term “ error ” to denote a deviation from an unknown ideal 
is somewhat infelicitous. But the advantage which the term has in being 
familiar to the student of Probabilities may, it is hoped, preponderate over the 
disadvantage that it suggests to the general reader a more gross, blameworthy, 
and avoidable mistake than is contemplated here. 
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The subject of our investigation being thus defined, wo may 
show that the erroneousness of the result is less than that of the 
data. There are two lines of proof converging to the truth of 
this theory. First, we may reason a priori by the Calculus of 
Probabilities that the index -number is subject to a smaller 
percentage of error than the weights and relative prices (given 
or referred to in columns 6 and 6 of the table). Secondly — this 
deduction may be verified by actual trial. We may assign a 
certain set of weights and relative prices as correct, and con- 
struct several sets of variants diverging from the ‘‘ correct ” 
figures in haphazard fashion. Then, operating with each set of 
variant data, we may calculate several variant index-numbers. 
These, it will be found, diverge less — that is by a smaller per- 
centage — from the correct index-number than any set of variant 
data from the corresponding correct datum. 

The second part of the evidence cannot be fully appreciated 
without the prior reasoning. By itself it conveys only a moiety 
of the truth. Those who are content with that fraction of 
knowledge are advised to skip the reasoning of the immediately 
following paragraphs, and to pass on to the more easily read 
lessons of experience (at p. 312 below). 

The index-number which is the result of our calculations is 
subject to a less error than the data which enter into it, for two 
reasons. First : The numerator and denominator of the fraction 
which constitutes the index-number form each an aggregate of 
elements or parts, whereof each element is subject to a presumably 
independent error. Now, by a well-known principle of the Cal- 
culus of Probabilities, the percentage error of such an aggregate 
is less than the percentage error incident to each element (or 
at least to an element of average erroneousness). This principle 
applies to the errors both of the weights and the observations 
(relative prices).* The next consideration applies only to the 
former class of data. An error in any weight affects both the 
numerator and denominator in the same direction, whether of 
excess or defect, and thus is to a certain extent self-corrected. 

This reasoning may be exhibited more fully by the aid of 
symbols. Let us put the series p^, p^, etc. * Pn for the real 
relative prices. These relative prices may be conceived as 
percentages obtained after the manner of Mr. Palgrave (see 
Table 26 of Memorandum in Appendix to “ Third Report of the 
Commission on Depression of Trade ”) by miiltiplying the ratio 

* The term price -variation ** was employed for what is now substituted 
“ relative price.’* 
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denote the apparent relative prices, 

the erroneous observations, as Pi(l + Ci), p^O- + ^2) . . . 
Pn(l + e„), where e^, 62 . . . are each positive or negative 
errors, usually proper fractions. Similarly let w^, etc., be 
the real weights; and w-^(l + €1), w^{\ + €3) + 
apparent, or erroneous, weights. 

The index-number obtained from such data is 

^^ i(l 4 ~ gj) X Pi(l + Cl) 4 ~ ^^2(1 ~ 1 ~ ^2) ^ 2^2(1 ~l~ ^2) ~ 1 ~ 

2^1(1 + €1) + w;2(l + 62) + etc. 

Alike in the numerator and denominator of this expression 
we may segregate the correct and the erroneous portion; and 
reason by the first of the principles above mentioned that the 
incorrect portion is of a smaller order than the sum of the correct 
terms (the number of observations being sufficiently great). 
Accordingly it will be allowable to expand by Taylor’s Theorem 
and neglect higher terms. We shaU thus obtain a simple expres- 
sion for the error of the resultant index-number in terms of the 
errors to which each class of the data is liable. 

This investigation may be broken up into three steps : we 
may consider successively three cases in an order of increasing 
complexity. First (1) we shall suppose that the weights only 
are liable to error. Then ( 2 ) we shall introduce the circumstance 
that the observations, the relative prices, are themselves 
incorrect. Lastly ( 3 ) we shall take account of the fact that 
certain categories of articles may be altogether unrepresented. 

(1) Under the first head we shall first consider the simple case 
when the weights are really equal, though apparently somewhat 
unequal. In this preliminary case the symbolic expression above 
written becomes simplified by the disappearance both of the 
e’s and the it?’s. Expanding and segregating the heterogeneous 
elements in the manner indicated, we may write our result thus : — 

Pi + P 2 + et c, PiCi + ^2^2 + etc. __ Cl 4 - g2 + etc. ) 
n \ Pi + P2 + etc. n J’ 

where the term outside the brackets is the correct index-number, 
and the difference of the second and third terms within the 
brackets is the error of the index-number : the relative error, as 
it may be called, or (if multiplied by 100) the percentage error, 

in symbols if I is the correct index-number. The result 
obtained may be written 

¥-¥{■+ - 5 + - 5 + 
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In this expression call the factors of eg, etc., respectively 
^Ei, ^Eg, etc. Then the error whose magnitude we have 

to estimate, is “(Eiei + EgCg + etc.). To determine the probable 

and improbable limits of this quantity we require to know the 
magnitude, or at least the average extent, both of the E’s and 
the e’s. The former datum depends upon the dispersion of the 
observations (the comparative prices) about their mean. For any 
E, e.g.-— 



n 


— the deviation or error incurred by the individual relative 
price as compared with the average of a whole set; relative 
to (divided by) the average. Such a deviation might be symbolised 
Ay) 

as if we put p for the average relative price. 

We may now proceed in two ways : (a) we may either suppose 
the deviations E^, Eg, ascertained for the particular year or 
epoch to which the calculation in hand may refer ; (/3) or we may 
seek a measure for general use, and available without the trouble 
of examining the dispersion of the relative prices for a particular 
year. In either case we are to regard the e’s as errors grouped in 
random fashion about a mean, which is zero. The coefficient 
which measures the dispersion of these errors, the modulus for 
the € -fluctuation, must be supposed knowable. Call it k. 

(a) On the former understanding, we are to regard E^, Eg, etc., 
as known factors. Accordingly by a well-known theorem the 
modulus, which measures the extent of the error 

-(Ei6i -f EgCg -f etc.) = Ej® -|- EJ + etc. x tc, 

n 

(/?) Otherwise we are to regard E^, Eg, as samples, so to speak, 
taken from an indefinite number — a complete series (in Dr. 
Venn’s phrase) of E’s. We must suppose the coefficient of 
fluctuation, or modulus, for this series to be given by prior 
experience. Let it be C. Then we may put as the most probable 

value for the measure or modulus of the error under 
consideration, 1 C 
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aoa 

But this nww< probable meftsure inG»y oonoeivabiy not be tbe 
best measure** We must take into account that the real measure 
may be larger, and accordingly that, by adopting the measure 
described as “ most probable,” we may be underrating the 
probability of each extent of deviation (from zero) to which the 

quantity -[Eiej + ^2^2* is liable. However, the error thus 

introduced is only of the order that is, the :^th part of the 

magnitude to be evaluated. Now that degree of error has b^n 
already incurred by the neglect of the higher terms in the ex- 
pansion of Accordingly it woula nugatory to apply 

correctives to the error now under consideration. 

We have now to introduce the circumstance that the weights, 
both real and apparent, differ from unity. It may be shown that 

in the new expression for ^ the coefficient of any weight-error 

’ which may be put in the form ^ E'r, where E'r 

is now the proportional deviation of pr from the weighted mean of 

the p’s, viz. Accordingly the modulus of ^ becomes 

-f etc. 

Sty 

In evaluating the coefficient of k there are, as before, two 
courses. Either (a) we operate upon the known values of E'^, 
E'j, etc., for the particular year or epoch with which we are 
concerned. Or {^) we may make a general estimate based 
upon several years’ experience, and roughly applicable to the 
unexamined data of any year. 

(a) In the former case there is nothing more to be said, except 
that it will be legitimate in the evaluation of the modulus to put 
for etc., their apparent values; which may be written 

Wi -|- Awi, W2 + etc. For the error thus introduced into 
the modulus is of a negligible order. 

(p) The general expression in terms of the E -fluctuation is 
found by considering that the most probable value of the quantity 
under the radical sign in the last written expression is 
02 02 

V (Wj^ -h + etc.) 2 , where is the mean square of error 

Or is it sufficient to say that, O and k being unoorrelated, the expectation 
of their product = the product of their expectations ? (cp. Ency. Brit., Art. 
“ ProbabiUty,” § 16). 
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measured, not, as before, fiirom the simple (arithmetaeal) hlean 
(of many batches of p’s), but from the weighted meatx e 

difference which may be shown as follows to be of an oMer which 
may for our purpose be neglected. 

The deviation of any p from the Weighted Mean — ^the relative 
or proportionate deviation — E' 

Spw 

-i- pr 

8 pio 

sw 

This ratio may be thus expressed in terms of Er, the deviation of 
Pr from the Simple Arithmetic Mean. Put v for the difference 
between the weighted and simple means. Then we have 

/Sp 


E'r = 




Er 


n 


V 


1 - 


V 


Nowv = ^-®^- 


if we put p for the Arithmetic Mean of the p’s. 

Pi + V2 + e tc. __ pit^i + pgt^a + etc. 

n n + etc. 

Substitute for pr its value p (1 + Er) (where p is the Arithmetic 
Mean of the p’s) ; and we have 


— P Ei + Eg + etc. + etc. l 

^ ri '^1 + W2 + etc. J 


-pEj. 


71 


W 


n 






+ etc. 


Put for the relative deviation of any w from the Arithmetic 
Mean of all the w's (the coefficient of ^pEr in the last written 
expression) rjr. Then we have 

^ + ^2Vz + ©to.]. 

The expression in brackets hovers about the value zero accord- 
ing to a law of error whose modulus is ; where C, as before, is 

V 2 

the modulus of the E’s, and ^ is the mean square of the 17’s. 
Hence ^ is of an order Vn times smaller than 
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Now from the equation connecting E' and E it appears that the 
sum of squares E'^^ + E'g^ + etc. which occurs in the complete 

expression for the modulus of ^ may be written 



whence, as = n—, it appears that the influence of - may bo 

neglected, n being supposed large. 

We may therefore write 

Modulus of —p^K : 

I Stt; V2 

or, employing the notation which we had lately occasion to 
introduce : 

Modulus of ^ X V 1 X ^ X X K. 

I Vn. ^ 2 V 2 

This formula may be employed to utilise present as well as 
past experience. If we treat ^ and -x as respectively the mean 

square of deviation obtained from the set of weights and price - 
returns entering into the index-number which we are computing, 
we shall thus have an approximate formula more convenient 
than the complete expression for the Modulus. 

(2) We have now to introduce the circumstance that each p 
is liable to an error pe. Each element of error of the form Tier is 
now aggravated by an element of the form Per. Accordingly the 
modulus of the total error will be -f PV, where ic and c 

are the moduli for the independent partial errors of the weights 
and the prices respectively, 11 is the coefficient of « in the expres- 

sion for the modulus of -y in case (1) and P^ is equal to 

There may now be required, as before, a general formula 
applicable without any examination of the prices and weights on 
a particular occasion ; or without other data than the coefficients 
expressing the dispersion of the prices and weights respectively. 
With this view, employing the notation already explained, and 
rejecting terms which may be shown to be of an inferior order, 
we may put for 

the expression l(l + f ). 
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Hence for the modulus of ^ in the general case we have 


(3) So far we have been estimating the errors due to the weights 
and prices of the articles which enter into our index-number not 
being accurate. We have now to take into account that not only 
are all those articles misrepresented, but also that certain other 
articles may be wholly unrepresented. For it is unlikely that all 
the classes of products which ought by rights to enter into an 
index-number can, even constructively, put in an appearance. 

We have now to superinduce the error due to such omission 
upon the errors already estimated. To effect this we proceed 
in the same way as when compounding the errors proper to our 
first and second headings. That is, we shall separately evaluate 
for the third species of error its modulus squared, or fluctuation^ 
as the present writer has proposed to term this important co- 
efficient. Then we shall add the third fluctuation to the sum of 
the two preceding ; that is, to the square of the formula given 
at the end of the second heading. 

To find the fluctuation proper to the third heading, let us 
begin with the simple case in which the weights are all equal. 
As before, let represent the sum of the observed (comparative) 

Sp 

prices ; let n be their number ; and for put simple p. Let 

S'p be the sum, and n' the number, of the unobserved prices. Then 
the error incurred by putting p for the Mean of all the prices, the 

relative error is 

/ Sp + S'p __ Sp + S'p 

\ n n' n ) n n' ' 


The most probable value of this expression is zero ; while its 
fluctuation is found to be, in terms and by methods already 


explained,* 


1 2nn' 

(n + n') 


X C2. 


Now superadd the circumstance that the weights are various, 
dispersed about their mean according to the modulus %; and 
connect the resulting expression with the square of the formula 
given at the end of heading (2). 

The formula will require modification, if there is reason to 

* That is treating the supposed complete set of observations obtained at one 
time as a &pecimen of a series obtained at other times (cp. above, p. 216). Other* 
wise we may regard Sp -f Sp' as the ** universe,” of which Sp constitutes a sample 
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believe that the omitted articles have not the same average 
weight as those which are included ; for instance, if, as is likely, 
the omissions are many in number, but inconsiderable in weight. 

It will be noticed that in passing from (the dispersion of) the 
observed prices and weights to what has not been observed there 
is an inductive hazard greater than is involved by solutions of 
oases (1) and (2) in their more exact form, and while we suppose 
(as in the examples which will be adduced below) that the errors 
of weight and price emanate from regular and stable sources, so 
as to admit of safe prediction. 

As in case (2), we may suppose the coefficients % and C based 
either on prior experience or on the data appertaining to the 
particular calculation which is in hand. 

It will be observed that these coefficients do not contribute 
equally to the resultant error represented by our formula. C, 
expressing the dispersion of the prices, is more efficacious than %, 
appertaining to the weights. Similarly c, the measure of the 
error incident to the prices, affects the error of the index-number 
more than /c, the corresponding modulus of the weights. 

It is proposed now to illustrate the formulae which have been 
given by working a few examples. In these examples the 
statistical materials, the prices and weights, are taken out of 
Mr, Palgrave’s Memorandum, from Tables 26 and 27 respectively. 
The conjectural arbitrary assumptions which will be made are 
that any price, and likewise any weight, is as likely as not to be 
out, in excess or defect, of the true figure by 10 per cent., but very 
unlikely to be out by 40 per cent,, or, more exactly, that the 
apparent values fluctuate about the real one in conformity with 
a modulus which is 21 per cent. 

Of the immense variety of cases which might be constructed 
by combining in different ways the attributes which define the 
preceding paragraphs, it will be sufficient here to discuss the most 
important case (2) of both weights and prices subject to error — 
divided into two species, according as (a) we utilise all the data 
special to the calculation in hand, or (P) content ourselves with 
the more summary estimate. 

Let us apply these tests to Mr. Palgrave’s computation of a 
weighted mean for the year 1885 (Memorandum in Appendix to 
Third Beport on the Depression of Trade, 1886, C. 4797). First, 
according to method (a), the expression for the (proportionate) 
error due to a particular element of the index-number, the weight 
and price of a particular commodity, is 


Wr r 


Pr — 


Sw I 


Pf. 
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Whence, as the Modulus of the error to which the computed 
index-number is liable, we have — ^putting p' for the weighted mean 
of the price-returns, and remembering that c and k are the Moduli 
of the errors c and e respectively — 

SWr'“(p' — 

The w'a are given in Mr. Palgrave’s column headed Eelative 
Importance ” (Table 27, year 1885, p. 35). The p’s are to be ex- 
tracted from his Table 26. The weighted mean p' is, according to 
him, 76. And Swp is the sum of his column (for the year 1885), 
headed “Comparative,” etc., multiplied hy 100; that is 166,900. 
The rest of the expression above written is evaluated in the follow- 
ing table ; of which the materials are taken from the sources named. 
The third column is formed by subtracting from each of the entries 
for 1885 in Mr. Palgrave’s Table 26 — e.gr., 38 the price of cotton 
(comparative with 1865-9) — the weighted mean 76. The last 
three columns in Mr. Palgrave’s Table 26, relating to Cotton Wooly 
Cotton YarUy and Cotton Clothy are omitted, as they do not figure 
in his Table 27, and, it may be added, cannot be supposed 
independent of the price of cotton. The last column in our table 
is formed by squaring each entry in Mr. Palgrave’s column headed 
“ Comparative,” etc. (Table 27, year 1885), and omitting the last 
digit : — 


No. of 
Article. 

Name of Article. 

<r. 

w*. 

(Pr - P'). 

(p'-pO*. 

«>*(p'-p»)*. 

tPr*p •. 

1 

Cotton 


263 

OO’s 

omitted 

691 

-38 

1,444 

00,000’8 

omitted 

998 

00,000’s 

omitted 

1,000 

2 

Silk . . 


12 

1 

-23 

629 

0 

4 

3 

Flax, etc. 


49 

24 

-16 

225 

0 

90 

4 

Wool . . 


142 

202 

- 7 

49 

10 

980 

6 

Meat . 


624 

2,746 

-f-26 

676 

1,865 

28,622 

6 

Iron . 


160 

226 

+ 6 

36 

8 

1,610 

7 

Copper . 


39 

16 

-27 

729 

11 

63 

8 

Lead . 

. . 

13 

2 

-19 

341 

1 

5 

9 

Tin . . 


16 

23 

+ 2 

4 

0 

14 

10 

Timber . 


164 

269 

+ 31 

961 

268 

3,099 

11 

Tallow 


28 

8 

+ 8 

64 

0 

58 

12 

Leather . 


80 

64 

+ 34 

1,156 

73 

774 

13 

Indigo 


6 

0 

+ 36 

1,225 

0 

4 

14 

Oils . . 


49 

24 

- 7 

49 

1 

116 

16 

Coffee 


8 

1 

-14 

196 

0 

3 

16 

Sugar . 


149 

223 

-23 

676 

128 

624 

17 

Tea . 


71 

60 

- 7 

49 

2 

240 

18 

Tobacco 


29 

8 

+ 27 

729 

6 

90 

19 

Wheat 


410 

1,681 

-16 

266 

430 

6,866 

Sums 



2,200 

6,266 



3,781 

43,142 
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According to the hypotheses above made let us put c and k 
each = *21. Then for the sought Modulus we have 


^ V378, 100,000 4- 4,314,200,000 
166,900 ' 


= *21 X *41 (nearly). 


Thus the error incident to each of the data has been reduced 
by more than a half in the result. It may be observed that the 
prices contribute much more largely than the weights to the total 
error. If we reduce the error incident to each price-return by a half, 
making its modulus *1, instead of *21, the total error of the result 
will be reduced by nearly a half — from modulus *086 to modulus 
•046. If we suppose the price-returns to be quite correct, then the 
error of the result due to the weights alone would be nearly half 
as small again, namely, of modulus *025. This is agreeable to 
what was said above, that an error of the prices affecting only the 
numerator of the index-number is not, as in the case of the 
weights, compensated by an error affecting the denominator in 
the same degree. 

Let us see now (/3) how we should have fared if we had based 
our estimate on the grouping of the weights and prices in prior 
experience, such as is afforded by the table of prices cited from 
the Economist, 

The dispersion of the price-returns, the coefficient C in the 
general formula, is thus to bo found — in the case of the year 1884 
for example. The arithmetic mean of the first nineteen entries 
in Table 26 for 1884 is 81 nearly. The “ differences ” and squares 
of differences are computed in the accompanying table. The 


Name of Article. 

Price. 

Differences. 

Squares of Differences. 



- + 


Coffee . 

70 

11 

121 

Sugar 

77 

4 

16 

Tea 

81 

0 

— . 

Tobacco 

90 

9 

81 

Wheat . 

73 

8 

64 

Meat 

103 

22 

484 

Cotton . 

37 

44 

1,936 

Silk 

66 

16 

225 

Flax, etc. 

69 

22 

484 

Wool . 

73 

8 

64 

Indigo . 

107 

26 

676 

Oils 

81 

0 

— 

Timber . 

106 

24 

676 

Tallow . 

109 

28 

784 

Leather 

106 

25 

626 

Copper . 

70 

11 

121 

Iron 

76 ' 

6 

26 

Lead 

61 1 

20 

400 

Tin 

90 

9 

81 

Sums 


148 143 

6,763 
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mean square of dijfference, 353, divided by the square of the mean 

C2 

6561 forms an approximate, a prima facie value for -jr, 

2 

namely, *04. 

6765 

Mean square of deviation ~ -yg- = 353. 

For the year 1880, taken similarly as a random specimen, the 
mean (of the nineteen prices) is found to be 93*5, and the mean 

02 

square of differences 434. Accordingly the value for is *05. 
Proceeding similarly for 1873, another year taken at random, we 

C2 

find for — again *05. As the mean of the three values we may 
put *05. 

To find the dispersion of the w's we proceed similarly. The 
arithmetical mean is for every year 2200 4- 19, or 116 nearly. 
The “ differences ” are to be formed by subtracting this figure 
from each of the entries in the column headed Relative Importance, 
in Mr. Palgrave’s Table 27. The sum of the squares of the 
differences is to bo divided by 19 for the absolute mean square of 
difference as it may be called. This result, divided by 116^, gives 
the mean square of deviation relatively to the mean weight. The 
values thus extricated for the years 1873, 1880, and 1884 
respectively are, in round numbers, 354,000, 351,000, 357,000 : 
each divided by 255,664 (= 19 X 1162); thereof the mean value 
is 1-38. 

Substituting in the general or summary formula given under 
head (2) for the modulus of ^ the values for C® and yf just 
ascertained, and for c and « the assumed value *21, we have 

X X V‘05 X -044 + 1-05 X -Oli = X 1-54 

X *22 (nearly) = *077 ; 

whereas the answer found by the more exact method was *086. 
This consilience seems greater than might have been expected, 
considering the small number of the elements entering into the 
computation, only nineteen ; and the scantiness of the induction 
by which we determine the coefficients C and %. 

If we employ the summary formula as a short method of 
utilising the data special to the index-number of 1885, we shall 

C2 

find that as based upon the fluctuation of prices for this year 
2 



818 


MOK«T 


is *08; and the mean square of deviation for the w*a is still 

1-38. Hence, as the approximate expression for the modulus, 
we have 

X 1-54 X •2iN/Ta6 = -os. 

Thus we reach much the same result by the shorter as by the more 
tedious route. 

We shall presently — in the portion of this paper addressed to 
the general reader — try an experiment calculated to verify our 
deductive reasoning — so far as a theorem in the Calculus of 
Probabilities can be verified by a single experiment. We shall 
affect each of the elements in Mr. Palgrave’s index-number for 
1885, each weight and price, with a figure taken at random from 
a series of figures hovering about unity in conformity with a 
modulus equal to -21. Such a series the writer happens to have 
ready to hand : consisting of sums of twenty digits taken at 
random from mathematical tables, where the mean value is 90 
and the absolute modulus 19. The relative modulus, therefore, 
the modulus for the series when we divide each aggregate by 90, 
is *21. Accordingly it will be sufficient to multiply each weight 
both in the numerator and the denominator with one of the sums 
(of twenty digits) taken at random, and similarly affect each 
price entering into the numerator, while the denominator is 
multiplied by 90. 

To resume now, in popular language, this somewhat technical 
inquiry. The subject under investigation is the error to which 
our computation of index-numbers is liable — the error relative 
to, or per cent, of, the true value which we seek. We want to 
know, for instance, whether it is as likely as not that our calcula- 
tion exceeds (or falls short of) the correct result by 10 per cent, of 
that result; whether it is very improbable that the excess (or 
defect) should be as great as 25 per cent. 

The error thus conceived is found to depend in a definite 
manner upon six distinct circumstances. The erroneousness of 
the result is greater, the greater the inaccuracy of the data : the 
weights and the (comparative) prices. The erroneousness of 
the result is also greater, the greater the inequality of the weights, 
and the greater the inequality of the price-returns. Lastly, the 
result is more accurate, the greater the number of the data and 
the smaller the number of omitted articles. 

These circumstances are not all equally operative. Other 
things being the same, the inaccuracy of the price-returns affects 
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the result more than inaccuracy of the weights ; and the inequality 
of the price-returns more than the inequality of the weights. 

The only proof of the theory which can be offered to the 
unmathematical reader is to verify it by actual trial. We may 
assume a certain set of data as perfectly correct : then affect each 
of them with an error such that the modified datum is, say, as 
likely as not to be in excess or defect by 10 per cent. ; is very 
unlikely to be out by 30 or 40 per cent. ; and cannot, humanly 
speaking, be out by more than 60 per cent. A simple method of 
affecting a given set of figures with an error of this degree is to 
multiply each of them with a figure formed by adding together 
twenty digits taken at random from mathematical tables or 
statistical returns ; dividing each product by 90 (the mean about 
which aggregates of twenty random digits hover). The data thus 
artificially affected with error are now to be used in the com- 
putation of an index-number, an erroneous number, which is to 
be compared with the result assumed to be true as having been 
deduced from the unfalsified data. A great number of such 
trials having been made, it will appear that the erroneous index- 
numbers deviate from the true one with the frequency and to the 
extent predicted by theory. 

A specimen of this verificatory process is given on p. 318. The 
data employed by IVIr. Palgrave in his computation of an index- 
number for 1885 1 are assumed to be correct ; then each datum is 
displaced or falsified in the manner above described, and a new 
(erroneous) index-number is deduced. 

In this table the first column contains the names of articles 
in the order adopted by Mr, Palgrave in his Table 27. The second 
column contains the ‘‘ weights ” assigned by him under the heading 
of “ Relative Importance.” The third column consists of multi- 
pliers formed by adding twenty digits at random, and thus 
calculated to deflect the weights from their respective true values 
to the extent of, say, 12 per cent, on an average. The fourth 
column gives the new system of weights thus affected with error. 
The fifth column contains (comparative) prices taken from Mr. 
Palgrave’s Table 26 for the year 1885. The sixth column 
furnishes a new set of multipliers assigned by chance. The 
seventh column gives the prices affected by error, and multiplied 
by 90 (the average value of the chance-multipliers). The eighth 
column gives the product of the erroneous weights and the 
erroneous prices (x90). The sum of this last column, 
1,413,470,000, divided by ninety times the sum of the erroneous 


^ See p. 318. 
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weights, which sum is 172,486, gives the erroneous index-number 
81 ; whereas the true index-number, on the assumption here 
made that Mr. Palgrave’s data are absolutely correct, is, as 
computed by him, 76.^ 

Thus the falsified result is too great by or about 6 or 7 per 
cent. That is a result quite consonant with the theory which 
assigns such a measure of the error to be expected ^ that the result 
is as likely as not to be out by 4 per cent., and that the odds are 
only five to one against the error being so large as 8 or 9 per cent. 


Articles. 

Real weights. 

Sams of twenty 
digits. 

Apparent weights. 

Real prices. 

Sums of twenty 
digits. 

Apparent prices 

X 90. 

Apparent weights 

X apparent prices, 
0,000’s omitted. 

Cotton 

2G3 

81 

18903 

38 

82 

3316 

6268 

Silk 

12 

69 

828 

53 

99 

5247 

434 

Flax, etc. 

49 

97 

4753 

61 

97 

6917 

2812 

Wool 

142 

80 

11360 

69 

81 

5589 

6349 

Meat 

524 

68 

35632 

102 

74 

7548 

26913 

Iron 

160 

81 

12150 

82 

88 

7216 

8767 

Copper 

39 

87 

8393 

69 

87 

5133 

1739 

Lead 

13 

66 

858 

57 

85 

4845 

416 

Tin 

15 

85 

1275 

78 

104 

8112 

1034 

Timber . 

164 

71 

11644 

107 

110 

11770 

13706 

Tallow 

28 

87 

2436 

84 

94 

7896 

1924 

Leather, etc. 

80 

110 

8800 

110 

84 

9240 

8131 

Indigo 

6 

74 

370 

111 

no 

12210 

4518 

Oils 

49 

89 

4361 

69 

69 

4761 

20805 

Coffee 

8 

85 

680 

62 

62 

3844 

2613 

Sugar 

149 

80 

11920 

53 

109 

6777 

6886 

Tea 

71 

96 

6816 

69 

79 

5451 

3438 

Tobacco . 

29 

93 

2697 

103 

89 

9167 

2478 

Wheat 

410 

81 

83210 

GO 

111 

6660 

22118 

Sums 

— 

— 

172086 

1427 

1714 

129699 

141347 


1 — 

— 

— 

751 

1 

76-7 

81 


It would have been nothing miraculous if the result had been out 
by sixteen per cent.; nothing more extraordinary than, for 
instance, the fortuitous sequence which may be observed in our 
third column of eight random aggregates falling below the average 
about which they should oscillate, namely, 90.® 

The same table furnishes another verification, if, making 

^ Third Report on Depression of Trade, Appendix B. Memorandum by R. I. 
Palgrave. Tables 26 and 27. 

* Taking 8*6 as the Modulus of the resultant error. See above, p. 316. 

• The probability of an error exceeding 1*9 times its modulus is '0072. The 

probability of the sequence referred to is *0078 
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abstraction of Mr. Palgrave’s weights, we assume the index- 
number calculated on the principle of the economist to be 
correct, and regard the figures in our sixth column as erroneous 
weights (the true weights being all equal). Upon this under- 
standing we have the true result, the Simple Arithmetic 
Mean of the comparative prices, 75*1; whereas the erroneously 
Weighted Mean is 75*7, that is, it is in excess by about ‘8 per 
cent. Now the measure of error here predicted by theory^ 
is such that an error of *7 per cent, is as likely as not to occur. 
The occurrence of *8 per cent, is therefore eminently consonant 
with the theory.2 

It might bo desirable to apply this sort of test on a large scale 
to the computation recommended by the Committee, and to 
prove by specific experience the conclusions which are deducible 
from the Theory of Probabilities concerning the accuracy of any 
index-number. 

These conclusions cannot be stated in their most exact form 
until the price-returns, as well as the weights which enter into the 
computation to be tested, arc assigned. But even at the present 
stage of our procedure, and without reference to the price-returns 
of a particular year, we may approximately estimate the accuracy 
of index-numbers of the kind proposed by the Committee. For 
the purpose of a rough estimate it is enough to know the weights 
(which are assigned in the Second Report of the Committee) 
and to utilise past experience concerning the course of prices in 
this country, A certain datum,® which had better be determined 
precisely from the price-returns from the particular year to which 
the index-number relates, may be approximately obtained by 
induction from the experience of past years. 

Eliciting the required datum from the prices recorded by the 
Economistf^ we may provisionally assert the following propositions 
concerning the accuracy of index-numbers such as the Committee 

1 /SK ^ 

' By case (1) above, p. 306, the modulus is - 7 - X v/ — - X k. Here n is 19 ; 

A/n ^ n 

SE ^ ^ 

is found to be -08, and « is - 21 . Whence the modulus is about *014, or 1’5 
n 

per cent. 

® Perhaps it may be asked here whether the example given is suited to 
exemplify our estimate of the third species of error (see above, p. 306) : that due 
to the total omission of certain articles. The answer is that this estimate, 
involving a larger element of induction, does not profess to be so amenable to 
verification as those which are derived from known and steady /* sources of error,” 
like our aggregates of digits. Moreover, such verification as the theory admits 
would require a larger number of items than the table in the text contains. 

® The coefficient 0 defined above, p. 308. 

^ As given in Mr. Palgrave’s Table 26 (see above, p. 313). 
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has proposed. These, it will be recollected, involve twenty- 
seven English price-returns and twenty-seven assigned weights.^ 

(1) In such an index-number, if the weights alone are supposed 
subject to error, then the average error of the result, its erroneous- 
ness as one may say, is twenty times less than the error to which 
each weight is liable. 

(2) If the price-returns alone are liable to error, the erroneous- 
ness of the result is about four and a half times less than that of 
each datum. 

(3) In the general case, when both prices and weights are 
liable to error, then, if that error be the same for both species of 
data, the error of the result is still about four and a half times less 
than that same. If the error of the weights become twice as 
great as that which is incident to the prices, other things being 
the same, the error of the result is not materially increased. The 
error of the weights would need to be five times as great as that 
of the prices in order to increase the error of the result by 50 per 
cent, (making it only three times less than the error incident to 
the prices alone). 

The practical conclusion from these propositions appears to 
be : Take more care about the prices than the weights. 

More detailed statements cannot be made without some 
assumption as to the degree of inaccuracy to which our data are 
liable, the extent to which our estimates of weights and prices 
deviate from the figures which would be assigned if our knowledge 
and theory were perfect. In entertaining any suppositions as 
to the extent of this discrepancy, it is proper to conceive that the 
larger deviations, the more extensive errors, are less frequent in 
the long run, or more improbable. Thus, if we suppose that 
a deviation of each datum, weight or price, to the extent of 10 
per cent, is as likely as not, then it may be presumed that a 
deviation of 20 per cent, is not likely, of 30 per cent, very unlikely. 
Upon this hypothesis, according to the general formulsc above 
investigated, the error, or fortuitous deviation from the ideal, 
to which the Committee’s index-number is liable is as likely as 
not to be as large as 2 or 3 per cent., but is unlikely to be 6 per 
cent., and very unlikely to be 10 per cent. Now let us entertain 
the more unfavourable and almost certainly extravagant hypo- 
thesis that each datum is as likely as not to be out by 26 per 

1 Namely, 6, 5, 5, 6; 10, 2i, 7J; 2^, 2J, 9, 2^, 1, 2^; 2J, 2^; 10, 6, 

2b 2i; 3, 1, 1, 3, 1, 1. Whence the value of (8©Q above, p, 310) is found to 
be 05. 
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cent., and may just possibly err to the extent of cent, per cent, 
(an error which, if possible in excess, is almost inconceivable in 
defect). Upon this hypothesis our index-number is as likely as 
not to be out 6 per cent, but is not likely to be out by 10, and very 
unlikely to be out by 16, per cent. 

The presumption that our calculation is not likely to be far 
out is confirmed by comparing the results obtainable by our 
method with those obtained by other operators upon different 
principles. If the compared figures differ little from each other 
it is presumable that they differ little from the true, the ideally 
best, figure : that which would be obtained if the data were 
perfect. 

The index-numbers which challenge comparison with those 
proposed by the Committee may be arranged under four categories, 
namely : 

I. Those which are formed by taking the Simple Arithmetical 
Mean of the given relative prices ; the principle of the Economist's 
index-number, or rather what would be the principle of that 
operation if the prices operated on had not been selected with some 
reference to the quantity of the corresponding commodities. 

II. What may be called the Weighted Arithmetical Mean, each 
relative price being affected with a factor proportioned to the 
quantity of the corresponding commodity, the principle adopted 
by the Committee. 

III. The Geometric Mean, as employed by Jevons. 

IV. The Median, proposed by the present writer as appropriate 
to certain purposes.^ It is (in its simplest variety) formed by 
arranging the given price -variation {e.g., 98, 80, 88, 87, 85) in the 
order of magnitude {e.g., 80, 85, 87, 88, 98) and taking as the Mean 
the middle figure (in the above example the third figure, i.e., 87). 

Under each of these headings it is desirable to supplement 
actual verification with a priori reasoning based on the principles 
laid down in the earlier part of the Memorandum. 

We may begin with the case (A) in which the comparative prices 
are supposed the same for the compared index-numbers. Later 
on (B) we shall take examples in which both the comparative prices 
and the mode of combining them are different. 


A. 

I. Let us take the prices which are to hand for 21 (out of the 
27) items of our index-number in Mr. Sauerbeck’s well-known 

' See Sect. IX. of the first Memorandxim ; above, p 247 et aeq. 

VOL. I. Y 
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paper on the prices of commodities.^ Let us form the Simple 
Arithmetic Mean of these prices for the year 1885, and compare 
it with the Mean obtained by applying our system of weights to 
the same prices. The operation is exhibited in the annexed table. 



1885. 

1873. 

1 

3 

3 

mi 

B 

6 

7 

Articles common to 
Sauerbeck and 
the Committee. 

Compara- 
tive Prices 
for 1885 
given by 
Sauerbeck. 

Weights 
assigned 
by tlie 
Com- 
mittee. 

Product 

of 

columns 

2 and 3. 

Compaia- 
tiv* Prices 
for 1873 
given by 
Sauerbeck. 

Weights 
assigned 
by the 
Com- 
mittee. 

Product 

of 

columns 

6 and 7. 

Wheat . 


60 

6 

300 



640 

Barley . 


77 

6 

386 

104 


620 

Oats 


79 

5 

395 

98 

6 

490 

Potatoes and rice 


67 

6 

335 

116 

6 

580 

Meat 


88 

10 

880 

109 

10 

1090 

Butter . 


89 

n 

668 

98 

n 

735 

Sugar . 


69 

H 

147-6 

101 


262-5 

Tea 


64 

2| 

160 

102 

H 

255-6 

Cotton . 


62 


165 

100 


250 

Wool . 


73 


182-6 

118 


346 

Silk 


65 

2| 

137-6 

95 


237-5 

Leather 


94 

2| 

236-5 

117 


292-6 

Coal 


72 

10 

720 

146 


1460 

Iron 


60 

6 


170 

6 

850 

Copper 


67 

H 

142-6 

112 


280 

Lead 


67 ! 

H 

142-6 

117 

21 

292-5 

Timber . 


81 

3 

243 

111 

3 

333 

Petroleum 


65 

1 

65 

122 

1 

122 

Indigo . 


72 

1 

72 

92 

1 

92 

Flax 


73 

3 

219 

97 

3 

291 

Palm oil 


77 

1 

77 

97 

1 

97 

Sums 

1471 

81-6 ' 

^ 6962 

2329 

81-5 

J 9395-5 

Means 

70 

70-6 

110-4 


115 


the latter columns of which present a similar comparison for the 
year 1873. The two results may thus be summed up : 



1885. 

1873. 

Simple Arithmetic Mean ..... 

70 

110-6 

The Committee’s Weighted Arithmetic Mean . j 

70-6 

115 


^ Journal of tho Staiistical Society, 1886. 
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The relation between these results is predictable by, and con- 
silient with, the conclusions of a priori reasoning. Accordingly 
the inference that the deviation between the two computations 
is not likely to exceed a small percentage may safely be extended 
to adjacent cases. 

It follows, from the principles laid down in the earlier part of 
this Memorandum, that the discrepancy to be expected between 
the two results depends on three circumstances : the number 
of items, the inequality of the relative prices, and the inequality 
of the weights. The measure or modulus of the discrepancy is, 
in our notation, 

where n is 21 ; G is presumed (by a sufficient, but certainly not 
very copious, induction) to be from *2 to -3 ; and x is found to be 
about *9.1 

It follows that of the observed discrepancies, *6 and 5, one is, 
a priori y more likely than not to occur, and the other not unlikely. 
A rapidly increasing improbability attaches to the higher degrees 
of divergence. 

Of course it must be understood that this theorem in Proba- 
bilities, this statement of what will occur in the long run, is based 
upon the supposition that the weights are distributed impartially 
among the comparative prices. But if throughout the whole run 
the largest weight is attached to the largest, or smallest, observa- 
tion, then the fortuitous character of the phenomenon is impaired. 
In fact the “ long run of which the theory may be expected to 

^ See above, p. 313, where the present writer records the Mean Sqtiare of 
Deviation for the comparative prices of nineteen different articles (given by tho 
Economist) in different years. Tho Mean Square of Deviation for the figures 
given by Mr. Sauerbeck seems to be much the same. Again, the writer has, with 
much the same result, ascertained (by the Galton-Quetelet method) the quartiles 
for a few groups of English prices, like those given by Jevons. For example, 
in the case of the thirty-nine figures of the prices for prime articles in 1860-62 
comparative with 1845-50 {Currency and Finance, pp. 51, 52) the quartile (half 
the interval between the tenth and the thirtieth) proves to be 11, corresponding to 
a modulus of about 22 per cent. If, however, we take in all the 118 articles given 
on the same page the quartile is 17. The groups of thirty -nine on Jevons’ page 
44, so far as they have been examined, give much the same result as the thirty- 
nine on pages 51, 52. Jevons himself gives as the “ probable error ” incident 
to the Mean of thirty-six relative prices {Currency and Finance, p. 157) — corre- 
sponding to a probable error of 15, a modulua of 30 for the individual price- 
return. Doubtless the dispersion may be expected to be greater the more distant 
the base. If precision could be expected, it would be proper to express the 
coefficient as a percentage of the mean relative prices at each date rather than ol 
the initial price or basis [as Bowley has done in the important Memorandum 
mentioned above, p. 198]. 
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be true is a series of heterogeneous index-numbers not of consecu- 
tive years. Some imperfection of the sort noticed is observable 
in the case of Mr. Palgrave’s Weighted Mean compared with the 
corresponding Simple Arithmetic Mean. The enormous weights 
attached to the continually low-priced Cotton and the continually 
high-priced Meat seem to affect the Weighted Mean abnormally. 
To effect the comparison, we must not take the averages given in 
Mr. Palgrave’s Table 26, but those which are obtained by omitting 
from that table the three items Cotton Wool^ Cotton Yarn, and 
Cotton Cloth, which do not occur in the compared Table 27. The 
annexed comparison does not present the appearance of pure 
chance. The discrepancies are rather less in magnitude than the 
theory requires. For the modulus, as deduced from Mr. Palgrave’s 
system of weights, proves to be about 8*5 per cent, of the Mean 
80 or 90 : ^ that is about 7, corresponding to a probable error of 
about 3*5. The set of differences above registered seems to range 
a little within the limits so defined. 



1870 

1871 

1872| 1873 

1874 

1876 

1876 

1877 

1878 

1879 

1880 

1881 

1882 

1883 

1884 

Mr. Palgrave’8 Weighted 
Mean for 19 articles 

90 

93 

100 j 104 

108 

97 

99 

100 

95 

82 

89 

93 

87 

88 

80 

The Simple Arithmetic 
Mean for the same 
articles 

94 

95 

102 107*5 

107 

92 

99 

101 

93 

82 

93*5 

86 

89 

85*5 

81 

Excess of Arithmetic 
over Weighted Mean 

+4 

+2 

-f-2 !+3*5 
1 

-1 

-5 

1 

0 

+ll 

j 

-2 

0 

+ 4*5 

__ 

1-7 

+2 

-2*6 

+1 


The reason is, doubtless, that the impartial sprinkling of the 
prices among the weights, presupposed by theory, is not fulfilled 
in fact. Had it happened that throughout the whole run all the 
largest weights had been attached to the articles whose prices 
were continually low, e.g., cotton, and (for the last few years at 
least) silk and flax, then the discrepancies (between the weighted 
and simple mean) would have been rather larger than theory 
predicts. Thus, for the year 1885 I make silk exchange weights 
with meat, and thus bring down the index-number to 64; a 
discrepancy from the Arithmetic Mean which, if continued — as 
it probably would be — ^from year to year, would be a little too 
great. Similarly, when wheat exchanges weight with leather, and 
cotton with indigo, the index-number works out to 92 — a discrep- 
ancy of two moduli, which is much too large for a continuance. 

This sort of abnormality is less likely to occur in the case of 
our scheme, where none of the weights are so large as some of 
Mr. Palgrave’s. Still, before pressing the theory, it is proper to 
examine whether the larger weights — in our case those of meat, 
^ Seo eud of lost note. 
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fishy and coal — are, from year to year, coupled with extreme 
relative prices. ^ 

Whenever law of this sort is discernible the doctrine of 
Chances hides its inferior light, which is serviceable only in the 
night of total ignorance. The pure theory of Probabilities must 
be taken cum grano when we are treating concrete problems. 
The relation between the mathematical reasoning and the 
numerical facts is very much the same as that which holds between 
the abstract theory of Economics and the actual industrial world — 
a varying and undefinable degree of consilience, exaggerated by 
pedants, ignored by the vulgar, and used by the wise. 


1 

2 

3 

4 

6 

Helativo 

Weights 

Product of 

BolatiTo 

Product of 

prices 

assigned by 

columns 

prices 

columns 

for 1886. 

Sauerbeck. 

1 and 2. 

for 1873. 

2 and 4. 

60 

11 

660 

108 

1188 

77 

5-5 

423 

104 

672 

79 

6 

474 

98 

688 

67 

6 

402 

116 

696 

88 

16-5 

1364 

109 

1689-5 

89 

3 

267 

98 

294 

69 

6*6 

325 

101 

666-5 

64 

2 

128 

102 

204 

62 

10 

620 

100 

1000 

73 

7’5 

637-5 

118 

886 

66 

1 

55 

96 

96 

94 

8 

762 

117 

936 

72 

13 

936 

146 

1885 

60 

5 

300 

170 

850 

67 

1 

67 

112 

112 

67 

0-5 

28-5 

117 

68-5 

81 

2 

162 

111 

222 

66 

0-5 

27-5 

122 

61 

72 

0*5 

36 

92 

49 

73 

1 

73 

97 

97 

77 

0-6 

15 

97 

19 

Sum , 

105 

J 7642-5 

— 

12066-6 

Mean . 

— 

73 

— 

116 


^ The effect of large weights combined with high prices is strikingly shown in an 
index-number (attributed to Dr. Paaache) which is published in Conrad’s Jahr* 
hucher, Vol. XXIII. p. 171. There are twenty-two items, among which Rye obtains 
about thirty per cent, of the total weight, and the Cereals generally (between 
whose prices there is a certain solidarity) about seventy per cent. It is no wonder 
that in the year 1868, when the price of the Cereals was exceptionally high, the 
Weighted Mean should be 118, while the Simple Arithmetic Mean of the twenty- 
two comparative prices is only 104. 
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II. Next let us compare our result with that obtained by using 
some other system of weights, e.gr., Mr. Sauerbeck’s. In the 
table on page 325, column 1 is the same as column 2 of the table 
on p. 322, containing Mr. Sauerbeck’s prices. Column 2 gives 
Mr. Sauerbeck’s weights (for 1885) reduced to percentages of the 
total weight assigned by him to the twenty-one articles which are 
common to him and the Committee. For example, 61 is the 
weight actually assigned by him to wheat. This, multiplied by 
100, and divided by 559, the sum of all the weights assigned by 
him to the twenty-one articles, gives 11 (nearly). 

The comparison between the two systems is presented in the 
accompanying summary. The slightness of the difference between 
the compared results might have been predicted by theory, and 
may be predicted safely of adjacent cases. 



1886. 

1878. 

The Committee’s System of Weights . 

70*6 

115 

Mr. Sauerbeck’s System of Weights 

7.3 

115 


III. We come next to the index-number of Jevons : the 
Geometric Mean of the relative prices appertaining to a number 
of groups. The definition of these groups is not wholly irrespective 
of their importance to the consumer and producer. There is 
evinced more or less concern that each article of equal importance 
should count for one ” in the composition of the index-number. 
But Jevons does not affect precision of weight. Pepper, for 
instance, forms one of the constituent thirty-nine articles.^ 

The analogue of this operation for our materials appears to 
be the Simple Geometric Mean of the relative prices for each 
of the articles specified in our scheme; except, indeed, those to 
which a very small weight, namely 1, has been assigned. Accord- 
ingly Petroleum^ Indigo, Palm Oil, and Caoutchouc may, mth 
propriety, be lumped into one group, for which the mean rela- 
tive price is to be ascertained geometrically. For the sake of 
comparison with Mr. Sauerbeck’s result Caoutchouc (not recorded 
by him) may be omitted from this little group. The Mean of the 
group so constituted is to be placed along with the relative prices 

^ In the “ Serious Fall,” republished in Currency and Finance, p. 44. In the 
“ Variation of Prices ” {ibid., p. 142) Jevons seems to have employed the practice 
of weighting rather more extensively. He says, “ Several qualities of one com- 
modity have been joined and averaged before l^ing thrown as one unit into lazger 
groups ” — ^in the case of certain articles which are not very clearly indicated. For 
the period after 1844 the [unweighted] “ average prices, cts calculated from the 
price-lists of the Economist . . . were mostly used.” 
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for the remaining eighteen articles common to us and Mr. Sauer- 
beck, and the Geometric Mean of all the nineteen is to be taken. 


It proves to be 69 presenting the comparison herewith exhibited.^ 

The Committee’s Weighted Mean of 21 articles .... 

70-6 

— ■— — ^ 

TTie slightly adjusted Geometrical Mean of the same . • 

69 


The slightness of this divergence is conformable to theory. 
For it has been shown that the Weighted Mean (of twenty-one 
articles) is not likely to differ very much from the Simple Arith- 
metic Mean of the same. And it may be shown that the Arith- 
metic Mean is not likely to differ very much from the Geometric 
when the number of price-observations is large, and if they are 
not very unequal. This proposition may be illustrated by the 
following figures, the first row of which is obtained by taking the 
Arithmetic Mean of the thirty-nine price-percentages given — by 
Jevons in his paper on a “ Serious Fall,’^ etc. (Currency and 
Finance, p. 44). The second row consists of the Greometric 
Means, as given by him at p. 46, for the same figures. The 
superior magnitude of the Arithmetic Mean will be noticed. This 
circumstance (which Jevons thought an advantage on the side 
of his procedure) could not be predicated of a Weighted Arith- 
metic Mean (such as our index-number), as compared with the 
Geometric : — 



1851. 

1862. 

1853. 

1865. 

1867. 

1859. 

Geometric Mean for 39 articles 

92*4 

93*8 

111'3 

117-0 

128-8 

116 

Arithmetic Mean for same 

94*6 

94-G 

112-4 

1 

119 

134 

119 


IV. We come now to the Median, which has been recommended 
by the present writer as the formula for the most objective sort of 


Below 70. 

Between 70 and 80. 

Above 80. 

. . . 

72 72 73 73 

. . . 

Ten below 70 

Median = 72 

Seven above 80 


^ If we lump together Barley and Oats into one group, Sugar and Tea into 
another, and again Copper and Lead, the Geometric Mean of the sixteen returns 
thus, presented is 70*2. 
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Mean between prices, not directed to any special purpose, such as 
the wants of the consumer or the difficulties of the producer, but 
more impersonal and absolute. 

Of the twenty-one relative prices for 1885 given in the Table 
on p. 325 we have to take that which is the eleventh in the order 
of magnitude. To ascertain this wc need not arrange all the figures 
in order. Having an inkling that the Mean is between 70 and 80, 
we shall find it sufficient to note the number of returns which lie 
outside those limits, and to write down in the order of magnitude 
only the returns which lie between 70 and 80. Thus, running our 
eye down the column of figures, we make a dot on the right for 
every return which is greater than 80, on the left for every one 
less than 70; and write down in the central compartment the 
figures which lie between 70 and 80 inclusive. Whence it appears 
that 72 is the figure eleventh in the order of magnitude : that is 
the Median. 


1 

2 

3 

Comparative Prices. 1 

1 

Precisions determined by mass. 

A.rbitrary precisions. 

CO 

2 

2 

67 

2 

1 

59 

1*5 

2 

64 

1-5 

2 

62 

1*5 

1 

55 

1*5 

1 

60 

2 

1 

57 

1-5 

2 

67 

1*5 

1 

55 

1 

2 


16 

15 

72 

3 

2 

72 

1 

1 

73 

1-5 

1 

73 

1-5 

1 

77 

1 

1 

77 

2 

2 

79 

2 

1 


12 

9 

88 

! 3 

2 

99 

2*5 

1 

94 

1‘5 

1 

81 

1-6 

2 


8-5 

6 


36-6 

30 
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This is the Simple or Unweighted Median. There is a variety 
constituted by assigning special importance to those returns which 
we have reason to suppose are specially good representatives of 
the changes affecting the value of money. If, as in the writer’s 
Memorandum often referred to,^ we take mass * of commodity as 
the principle of ponderation, we shall have to proceed as follows 
with our twenty-one articles : — 

As before, make three compartments for returns below 70, for 
those between 70 and 80, and for those above 80 respectively. 
Write down in the first and third compartments the returns in 
the order in which they occur (in any order) ; but in the central 
compartment in the order of magnitude.^ In the second column 
of each compartment write the figures representing the relative 
decision assigned to each return. If these estimates of precision 
are based upon the quantities of commodity, it is recommended 
that they should be equal to, or rather less than, the square 
roots of the proportionate masses. Accordingly 2 has been put 
for the square root of 5, 1*5 for the square root of 2J, and so 
on. Add together the sums of all the second columns. Thus, 
16 + 12 8-5 = 36-5. Find the central figure of the total 

second column : that is the figure which as nearly as may be has 
18*25 for the sum of figures above it and below it. This figure 
proves to be the 3 at the top of the second compartment opposite 
72. Then 72 is the required Mean. 

In the third column another system of precisions has been 
tried to illustrate the effect of treating some relative prices as 
more typical of the change in the value of money than others. 
Tossing up a coin, the writer has stuck down (corresponding to 
each figure in the first column) 2 if heads turned up, 1 if tails. The 
sum of these arbitrary coefficients of precision is 30, and accordingly 
the adjusted Median is the point intermediate between 72 and the 
return next below in the order of magnitude, which proves to be 
67. The adjusted Median is, therefore, 69*5. 

By operating similarly on the price-returns for 1873 (given 
above) it is found that the Simple Median is 108, the Median 
adjusted by taking account of quantities still 108. 

The deviation between the Median and the Simple (or other) 
Arithmetic Mean cannot, so far as the writer knows, be formulated 

‘ Section IX. of the first Memorandum, 

• “ Commodity ” may be understood as equivalent to ** utility,” when the 
term mass of commodity is put for volume of value representing quantity of 
satisfaction. 

* It will probably be convenient to write these retiims first in the order of their 
occurrence, and then rearrange them. 
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exactly. It diminishes with the number of observations, being 


of the order 


1 

s/n 


A superior limit is given by a small multiple, 


say twice, >,^1 + of Modulus of the observation; in our case 
of say •!, or 10 per cent.^ This limit is probably very superior, as 
the following trials, in addition to those given above, suggest : — 



1851 . 

1852 . 

1853 . ^ 

1 

1855 . 

1857 . 

1869 . 

Arithmetic Mean for 39 articles 

94*6 

94-6 

112-4 

119 

134 

1 

119 

Median for the same 

92 

92 

108 

111 

127 

116-6 

Geometric Mean for the same 

92-4 

93*8 

111-3 

117-6 

128-8 

116 


The thirty -nine figures are those above referred to, given by 
Jevons at p. 44 of his Currency and Finance. The Geometric 
Means have been cited again here in order to bring out the interest- 



Fio. 1. 


ing fact that the Median seems to keep closer to the Geometric than 
the Arithmetic. This property (which it would be desirable to 
verify more fully) is agreeable to the theory, first advanced by the 
present writer so far as he is aware, that prices are apt to group 
themselves in an unsymmetrical fashion after the pattern of the 
curve in Figure 1, whose ordinates indicate the frequency of each 
relative price. In the year 1857, for instance, the smallest 
figure was 91, the largest 247 ; while the Geometric, Median, and 
Arithmetic Means were respectively 129, 127, and 134. There 
is some reason to believe that the Geometric and Median — 
especially the latter — are more apt to be coincident with the point 
at which the greatest number of returns cluster, the greatest 
ordinate of the curve. 

If then we take as our quaesitum that figure which would he 
'presented by the greatest number of relative prices in the complete 
series of returns for all articles great and small, then, regarding our 
twenty-one, or it may be forty-five, articles as specimens of this 
series, we shall best operate on them by taking their Median. 

And, even if this reasoning is not accepted, if the asymmetry 
1 See the writer’s paper in “ Problems in Probabilities,” Phil. Mag., Oct. 1886. 



TESTS OE ACCJURATB MEASUREMENT 


S81 


of the price-curve should not be regarded as serious, and the 
central point of the supposed symmetrical complete curve or 
series be taken as the quaesitum, still, even upon this hypothesis, 
the Median would have special claims. ^ 

Another advantage — or the same otherwise viewed — on the 
side of the Median is its insensibility to accidental alterations 
of “ weight.” You may considerably increase or lighten the 
weights without causing this Mean to be depressed or elated. In 
the Arithmetic Mean a large weight happening to concur with an 
extreme relative price produces a derangement which with 
reference to the present objective ^ (as distinguished from the 
“ consumption ”) standard may be regarded as accidental. The 
Median is free from this fortuitous disturbance. The rationale 
of this stability is supplied by the Calculus of Probabilities. 

It appears, therefore, that our index-number, though not 
likely to be wide of any mark which has been proposed, is not the 
one which is most accurately directed to a particular, or rather, 
indeed, the most general object. It is no matter of surprise or 
complaint that we should not hit full in the centre an object 
which has not been our aim ; our index-number being mainly a 
Standard of Desiderata, measuring the variation in value of the 
national consumption. Our primary aim, indeed, is more com- 
prehensive, not this special, but a collective, or “ compromise,” 
scope; not so much to hit a particular bird, but so to shoot 
among the closely clustered covey as to bring down most game. 
But then we are brought back to, or nearly to, the director aim 
and simpler object by a consideration which has great weight in 
practical economics, the necessity of adopting a principle — as Mill 
says with respect to convertible currency — ‘‘ intelligible to the 
most untaught capacity.” Now every tyro in our subject makes 
straight for the Consumption Standard; but the more delicate 
distinctions of the Producers’ Standard and the t3q)ical or quasi- 
objective index-number evade popular perception. 

In view of this practical exigency it may well be that the 
Committee’s index-number is the one best adapted to purposes 
iu general — ^the principal standard as defined in the First Report. 

^ The problem would then be analogous to the reduction of symmetrical 
observations relating to a physical quantity. On cuicount of the “ discordance 
of the price-observations, their very different liability to fluctuation, the writer 
would recommend the use of the Median on the grounds which ho has stated in 
the paper on “ Discordant Observations,** Phil. Mag., April 1886, 

* See the first Memorandum (H), and also Journal of the Statistical Society , June 
1888. 
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What is here contended is that, with respect to a certain purpose 
other than the consumers’ interest, the Committee’s index- 
number is on the one hand likely to be a very good measure, and 
on the other hand not the very best possible.* 

B. 

We have now to compare index-numbers differing as to the 
prices operated on as well as the methods of operation. One 
important case is where the prices of the principal articles are the 
same for the compared index-numbers, the data differing only as 
to a small part of the total value. For example, of the total 
value covered by Mr. Sauerbeck’s index-number about is 
common to the Committee’s scheme. For Mr. Sauerbeck’s 
weights (or “ nominal values ”) of the twenty-one articles common 
to both calculations make up (for the year 1885) 559, while the 
sum for all the items treated by him is 617. 

Let us see then what difference is caused by operating on all 
Mr. Sauerbeck’s forty-five articles instead of only the twenty-one 
principal items which are common to his price list and ours. He 
himself (at p. 595 of the Journal of the Royal Statistical Society ^ 
1886) gives us the Means of Comparison : — 



1885. 

1873, 

Mr. Sauerbeck’s Weighted Mean for 45 articles . 

71*2 

115-2 

The Committee’s Weighted Mean for 21 of those articles 

70-6 1 

1 

115 


It is interesting to observe that the Median does not suffer 
any change by being extended from twenty-one to forty-five 
articles. The attention of the reader is invited also to the ease 


Above 80. 

Between 70 and 80. 

Below 80. 

Dots to 




Dots to 

the num- 

79 78 77 77 

76 75 75 73 73 73 72 72 71 

70 

the num- 

ber of 12. 



ber of 19. 


of this method. In order to take in the twenty-four additional 
articles we have only to write down a few more figures in the 
central compartment, to add a few more dots in the extreme 
compartments, as shown in the annexed diagram. Indeed it is 
not necessary to record the number of observations (by way of 

Compare the remarks at the end of the first Memorandum above, p. 256. 
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1 

2 

3 

1 (continued). 

2 (continued). 

3 (continued). 

Relative 

prices. 

Precision. 

Another 
System of 
Precision. 

Relative 

prices. 

Precision. 

Another 
System of 
Precision. 

60 

2 


72 

1 

3 

62 

3 

3 

73 

2 

1 

63 

3 

3 

73 

2 

2 

64 

2 

3 

73 

1 

3 

69 

1 

2 

76 

1 

1 

65 

2 

2 

75 

2 

2 

58 

3 

1 

76 

1 

1 

64 

3 

2 

77 

3 

2 

60 

2 

2 

77 

2 

3 

66 

1 

1 

79 

1 

2 

66 

2 

1 


1 1 

2 

60 

2 

3 


3 ! 

1 

69 

2 

3 


3 

3 

67 

1 

2 


2 

3 

57 

1 

3 


2 

3 

62 

2 

2 


1 

3 

63 

1 

2 


3 

2 

63 

2 

2 


3 

2 



1 


3 

3 

70 

3 

3 


1 

1 

70 

2 

1 


2 

1 

71 

2 

2 


2 

1 

72 

1 

3 


1 

2 

Sums 

43 

47 

— 

43 

47 


dots) in more than one of the extreme compartments. The 
Median is the twenty-third figure in the order of magnitude, that 
is, 72. Proceeding similarly for the year 1873, we find the Median 
of Mr. Sauerbeck’s forty-five relative prices 109. 

Now let us try the effect of weighting. Running my eye over 
some pages of statistics, I assign the digits 1, 2, 3 as they occur 
to the comparative prices, which are in pell-mell order up to 70 ; 
between 70 and 80 in the otder of magnitude ; and above 80 are 
not represented at all. The sum of the whole second column thus 
formed is 86. The central point corresponding to half that sum 
is at the foot of the first half of the second column, corresponding 
to the entry 72 in the first column. Accordingly 72 is the adjusted 
Median. I try another system of precision-factors arbitrarily 
assigned. And still the Median is 72 ! 

The comparisons offered by Mr. Sauerbeck’s materials are 
summed up in the table on p. 334. 

For estimating the extent of difference to be expected between 
two index-numbers which overlap as to some of their items, a 
formula is derivable from the above reasoning. Of course, as 
the number of items common to two compared index-numbers 
is diminished the chances of their dissilience are increased. The 
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; 18d6. 

1878. 


The 21 arti- 
cles eommott 
to the Com- 
luittee and 
Saoerbeok. 

Sauerbeck's 
45 articles. 

The 21 arfci. 
cleboommon 
to the Oom- 
mittee and 
Sauerbeck. 

Sauatbeok’a 

45 articles. 

The Simple Arithmetic Mean 

70 

74 

110-6 

Ill 

The Committee’s Weighted Mean - 

70-6 

— 

116 

— 

Sauerbeck’s Weighted Mean . 

73 

72*5 

115 

116-2 

Jevons’ adjusted Geometric Mean . 

69 

— 

— 

•— 

The Simple Median 

72 

72 

108 

109 

The Median adjusted according to 
quantity 

72 


108 

— 

The Median adjusted on an arbi* 
trary principle 

69*6 

72 

— 

— 


art of conjecturirig can in such a case throw only a very feeble 
light on the relation between two such index-numbers. For 
instance, it could hardly have been predicted that the Simple 
Arithmetic Mean for Mr. Sauerbeck’s forty-five articles should 
differ so little as *5 from the same Mean for twenty-one articles, 
as proved to he the case for the year 1873. It is even more 
surprising that if for 1885 we complete our index-number, 
taking account of the six items belonging to our scheme not 
included by Mr. Sauerbeck, there is a marked rise in the index- 
number owing to all these six returns being above the average. 
The following little table is formed by comparing the prices in 1885 
with the average for 1866-77 as given in the Statistical Abstract : — 


Articles omitted hitherto. 

Rclatire price# 
lor 1886. 

Wel^t assigned 
by the Oommittee. 

Products of 
Columns 2 and 3. 

1 

2 

3 

4 

Fishi .... 

104 

n 

260 

Beer .... 

76 

9 

68 

Spirits 

120 

2i 

300 

Wine .... 

100 

1 

106 

Tobacco 

85 

n 

212i 

Caoutchouc . 

109 

1 

109 

Sums .... 

1 594 

1 18-6 

. 1666 

Meema .... 

9T 

— 

90 


^ Fish imported. * Spirito othes than rum and brandy. 
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If we add the outcome of this table to that of the first 
table representing the other twenty-one articles, we have 
1665 -f 6962 = 7617 ; which, divided by 100, gives the new 
index-number 76. 

Of course in applying the doctrine of Chances to this problem 
we must abstract all animus. If you pick out the large relative 
prices and the large weights you will doubtless succeed, like 
Mr. Forsell, in producing discrepancies — though even his success 
in that attempt seems less than might have been expected. 

In concluding this comparison of results the writer may say, 
in the phrase of Jevons, that he has taken more than reasonable 
pains to secure arithmetical accuracy. No doubt mistakes will 
have come. But, as the calculations have been performed without 
any conscious bias, it may be hoped that the errors will neutralise 
each other, and that the general impression left by the work is 
correct. 
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APPENDIX. 

Statement of the Extent, and Estimate of the Significance, 
OF the Difference between the Committee’s Scheme 

AND OTHERS. 


Table I. 


Articles common to the 
Committee and Mr. Sauer- 
beck's Weighted Index- 
number. 

Weights actually 
assigned. 

Weights as Percentages 
of Total Weight of the 
Common Articles. 

Differences 

between 

Columns 

4 and 5. 

The Com- 
mittee. 

Mr. Sauer- 
beck. 

The Com- 
mittee. 

Mr. Sauer- 
beck. 

1 

2 

3 

4 

& 

6 

Wheat 

5 

61 

6 

11 

5 

Barley 

6 

30 

6 

5-5 

•6 

Oats .... 

5 

32 

G 

G 

0 

Potatoes and rice 

5 

32 

6 

G 

0 

Meat .... 

10 

88 

12 

15*5 

3-5 

Butter 

n 

23 

9 

3 

6 

Sugar .... 


30 

3 

5-5 

2*5 

Tea .... 

n 

U 

3 

2 

1 

Cotton 



3 

10 

7 

Wool 


42 

3 

7-5 

4-5 

Silk ... . 

n 

4 

3 

1 

2 

Leather 

n 

10 

3 

2 

1 

Coal .... 

10 

74 

12 

13 

1 

Iron .... 

5 

27 

6 

6 

1 

Copper 

n 

7 

3 

1 

2 

Lead .... 

n 

3 

3 

•6 

2-5 

Timber 

3 

17 

4 

2 

2 

Petroleum . 

1 

3 

1 

•5 

•5 

Indigo 

1 

3 

1 

'5 

*6 

Flax .... 

3 

4-6 

4 

1 

3 

Palm oil . 

1 

1*5 

1 

0 

1 

Sums . . . 

81*6 

564 

98 

98*6 

46-6 
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Table II. 


Articles common to the Com- 
mittee and Mr. Palgrave. 

Weights as Percentages of Total Weight 
of the Common Articles. 

Differences 
between Columiis 

2 and 3. 

4 

The Committee. 

Mr. Palgrave. 

1 

2 

3 

Wheat .... 

10 

19 

9 

Meat .... 

20 

25 

5 

Sugar .... 

5 


2 

Tea .... 

6 

[3-5 

1*5 

Tobacco 

5 

1 

4 

Cotton .... 

6 

12 

7 

Wool .... 

6 

6-5 

1*5 

Silk .... 

5 

•6 

4*5 

Leather . 

5 

3*5 

1*6 

Iron .... 

10 

7 

3 

Copper .... 

5 

1-5 

3*5 

Lead 

6 

•6 

4*5 

Timber . 

6 

7*5 

1*5 

Indigo 

2 

0 

2 

Flax .... 

6 

2 

4 

Oil 1 

2 

2 

0 

Sums 

101 

98*5 

54*5 


^ Palm oil in tho Committee’s scheme ; oils in Mr. Palgrave’s. 


Table III. 


Articles common to the 
Committee and Mr. Sauer- 
beck’s Unweighted 

Index- number. 

Weights actually 
assigned. 

Weights a.s Percentagas 
of Total Weight of the 
Common Articles. 

Differences 

between 

Columns 

4 and 6. 

The Com- 
mittee. 

Mr. Sauer- 
beck. 

The Com- 
mittee. 

Mr, Sauer- 
beck. 


2 

3 

4 

5 

6 

Wheat .... 

6 

3 

6 

8*5 

2-5 

Barley .... 

5 

1 

6 

3 

3 

Oats .... 

5 

1 

0 

3 

3 

Potatoes and rice . 

5 

2 

6 

(i 

0 

Meat .... 

10 

« 

12-5 

17 

4*5 

Butter .... 

n 

1 

9 

3 

6 

Sugar .... 

n 

2 

3 

G 

3 

Tea .... 

n 

1 

3 

3 

0 

Cotton .... 

2i 

2 

3 

6 

3 

Wool .... 


2 

3 

6 

3 

Silk .... 

n 

1 

3 

3 

0 

Leather 

2i 

2 

3 

6 

3 

Coal .... 

10 

2 

12*5 

6 

G*6 

Iron .... 

5 

2 

6 

6 

0 

Copper 


1 

3 

3 

0 

Lead .... 

n 

1 

3 

3 

0 

Timber 

3 

1 

4 

3 

I 

Petroleum 

1 

1 

1 

3 

2 

Flax .... 

3 

I 

4 

3 

1 

Indigo .... 

1 

1 

1 

3 

2 

Palm oil . 

1 

1 

1 

3 

2 

Sums 

81*6 

35 

99 

103*6 

46*6 
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Tabmj IV. 


JLrUoles common to the 
Committee and 

Dr. Soetbeer, 

Weights actually 
assigned. 

Weights as Percentages 
ol Total Weight ol the 
Common Articles. 

Differences 

between 

The Com- 
mittee, 

Soetbeer. 

The Com- 
mittee. 

Soetbeer, 

Columns 

2 and 5. 

1 

2 

3 

4 

6 

6 

Wheat , 


5 

2 


4-6 

•5 

Barley . 


6 

2 


4*6 

•5 

Oats • • • 


6 

1 


2 

3 

Potatoes and rice . 


5 

2 


4-6 

*5 

Meat . 


10 

4 


9 

1 

Fish 


2J 

2 


4*5 

2 

Butter, milk, and cheese 


n 

2 


4-6 

3 

Sugar . 


n 

2 


4*6 

2 

Tea 


n 

1 


2 

•6 

Beer 


9 

1 


2 

7 

Spirits . 



3 


7 

4-5 

Wine • 


1 1 

2 

1 

4-6 

3*5 

Tobacco 


2^ 

1 

a 

2 

•5 

Cotton . 



1 

3 

® 

2 

*5 

Wool . 


2i 1 

1 

i 

2 

•5 

Silk . . . 


n 

1 

1 

2 ' 

•5 

Leather, etc. . 


n 

3 

’-J3 

7 

4*6 

Coal . . . 


10 

1 

£ 

2 

8 

Iron 


5 

3 


7 

2 

Copper . 



1 


2 

•6 

Lead . 



1 


2 

•5 

Timber. 


3 

3 


7 

4 

Indigo . 


1 

1 


2 

1 

Flax , • 


3 

1 


2 

1 

Palm oil 


1 

1 


2 

1 

Sums 

98 

43 

98 

94*5 

626 


Hope, 
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Table V. 


Articles common to 

Weights actually 
assigned. 

Weights relative to the 
Total Weight of the 
Common Articles. 

Differ- 
ences be- 
tween 
Columns 

6 and 5. 

Differ- 
ences be- 
tween 
Columns 

7 and 5. 

the Committee 
and Jevons. 

The 

Com- 

mittee. 

Jevons. 

The 

Com- 

mittee. 

Jevons. 



6* 



a» 

6« 

1 

2 

S 

4 

5 

6 

7 

8 

9 

Wheat 

6 

1 

I 

7 

3-6 

2 

3-6 

5 

Barley 

6 

1 

I 

7 

3*5 

2 

3-5 

5 

Oats 

6 

1 

I 

7 

3-6 

* 

3*5 

6 

Meat 

10 

3 

5 

14*5 

11 

9 

3*5 

6*6 

Butter and cheese 

n 

1 

3 

11 

3*5 

6 

7-5 

5 

Sugar 

2i 

1 

3 

4 

3-5 

5 

•5 

1 

Tea 

n 

1 

4 

4 

3-5 

7 

•5 

3 

Spirits 

n 

1 

3 

4 

3-5 

6 

•6 

2 

Cotton 

n 

3 

3 

4 

11 

6 

7 

2 

Wool 

n 

1 

2 

4 

3*6 

4 

•6 

0 

Silk 

2i 

1 

3 

4 

3'5 

6 

•5 

2 

Leather . 

2k 

2 

4 

4 

7 

7 

3 

3 

Iron 

5 

3 

3 

7 

11 

6 

4 

1 

Copper . 

2k 

1 

I 

4 

3*5 

2 

*6 

2 

Lead 

2k 

1 

4 

4 

3*6 

7 

•6 

3 

Timber . 

3 

2 

6 

4'5 

7 

II 

2*6 

6*6 

Flax 

3 

1 

I 

4-5 

3-6 

2 

1 

2*6 

Indigo 

1 

1 

I 

1-6 

3-6 

2 

2 

*6 

Palm oil . 

1 

1 

I 

1*5 

3*6 

2 

2 

•5 

(Wine) . 

(2i) 

— 

4 

(4) 

— 

7 

— 

3 

Sums 

68 

27 

54 

101*6 

96 

lOI 

45-6 

67*6 


(70‘6) 


— 

(106*5) 

“* 

— 

— 

— 


^ First form of index-number based upon 39 articles (“ Serious Fall ”). 
* Second form of index-number based upon 118 articles {ibid,). 
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Table VI. 


indez-numbets compared with the 
Committee's. 

\i 

If 

S' 

«* 

1 

S 

it 

a 

S' 

Jevons. 

a 

6 

Ni^ber of articles common to the] 
Committee’s and other index- 
numbers J 


21 

16 

21 

25 

i 

19 

20 

Mean difierence (per cent. ) betweenl 
the weights of the common \ 
articles according to the Com- 1 
mittee’s and other schemes J 


50 

54 

45 

53 

45 

58 

Weight of the common articles per \ 
cent, of the weight of all the arti- j- 
cles in the Committee’s scheme j 

81-6 

50-5 

81-5 

08 

68 

70*5 

Weight of the common articles per) 
cent, of the weight of all the arti- 
cles in other schemes J 


90-5 



98 

78 

44 

I 

70 

54 

Discrepancy as likely as not to) 
occur between the Committee’s 
and other results J 


2 

2-6 

2 

2 

2-5 

2‘5 

Discrepancy very unlikely to occur) 
between the Committee’s and 
other results J 

1 

8 

11 

i 

8 

8 

10 

11 


Remarks upon the preceding Tables, 

These tables present a comparison between the index-number 
proposed by the Committee and some other well-known construc- 
tions of the same kind. In the first five tables the feature of 
comparison consists of those articles or items which are common 
to the Committee’s and the compared schemes. The tables show 
the different importance or “ weight ” assigned to the same items 
in the Committee’s and each of the other schemes. For the pur- 
pose of exhibiting this difference it is proper to contrast, not the 
actual weights employed by the Committee and each compared 
index-number, but the weights relative to the total weight assigned 
to the common items by the Committee’s and the compared 
scheme respectively. Thus, in the first table, the first column 
states the articles, twenty-one in number, which are common to 
the Committee’s index-number and to one which has been given 
by Mr. Sauerbeck {Journal Statistical Society, 1886, p. 595). The 
second and third columns give the weights actually affixed by the 
Committee and Mr. Sauerbeck respectively to the comparative 
prices of those twenty-one articles. The third and fourth columns 
give the weights relative to the total weight of the coincident 
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portions of the two systems. Thus, 61 being the weight actually 
assigned by Mr. Sauerbeck to wheat, while 664 is the sum of the 
weights attached by him to all the articles common to him end 
the Committee, or the same fraction multiplied by 100 
(=11 nearly), is taken as the proper weight according to Mr. Sauer- 
beck for wheat ; in a curtailed index-number covering only those 
articles common to him and the Committee. By parity ^ ^ x 100, 
or six nearly, is the weight for the same article according to the 
Committee. In the sixth column the differences — ^the absolute 
differences without regard to sign — between the respective 
weights are given. To appreciate the importance of this difference 
of weight, we must consider it in relation to the absolute (mean) 

• ux rrn. Mean difference of weight . x x* / 
weight. Thus rr IS the fraction (or, 

® Mean weight ' 

multiplied by 100, the percentage) which most, or at least very, 
properly measures the discrepancy between the two systems. 
Now the Mean weight for each of the two compared systems is Vt • 
Therefore we have for the required measure 


Sum of differences 
21 


or simply 


Sum of differences 


(or, expressed as a percentage, the sum of differences). Thus in 
the case before us the average deviation between the compared 
weights is 49*6, or 50 per cent, (nearly). This figure is useful as 
enabling us (taking into account the number of common items) to 
predict the extent of discrepancy which is likely to exist between 
the results of the two methods of treating the common data. 

The second table presents a similar comparison between the 
Committee’s and Mr. Palgravo’s index-number (“ Third Report 
of the Committee on Depression of Trade,” Appendix B). It has 
not been thought necessary to record the actual weights. Those 
employed in the computation of the “ relative ” weights according 
to Mr. Palgrave were the figures of comparative importance given 
by him for the year 1885, which differ very little from the corre- 
sponding entries in previous years. The coefficient of discrepancy 
between the two results being much the same as in the former 
comparison, we may expect much the same difference, or rather 
one somewhat larger, since the number of common items (sixteen) 
is here somewhat smaller (than twenty-one). 

The remaining index-numbers do not equally admit of being 
laid alongside that of the Committee for the purpose of comparison. 
They are as it were in a different plane, adopting a different 
formula (as well as different constants) from the Committee. In 
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these schemes, unlike the Committee’s, each comparative price 
is not affected with a factor or weight corresponding to its import- 
ance. Prima facie every relative price counts for one ; but the 
principle of weight is to some extent asserted by introducing as 
independent items several species belonging to one genus. Thus 
in Mr. Sauerbeck’s unweighted index-number, our Table 3, there 
figure two species of wheat and also one of flour ; in effect assign- 
ing a weight of three to wheat. There is indeed something 
arbitrary in such interpretation. For in comparing this sort of 
index-numbers with the Committee’s it is hardly possible — as 
in the case of the explicitly weighted index-numbers — to sup- 
pose the prices (for the common articles) to be the same in 
the two compared calculations. For example, our price of 
wheat is taken from the “ Gazette ” ; theirs may be a Mean 
of that price and the price of flour. Accordingly the estimate 
of the difference to be expected (proportioned to the total of the 
last column) is apt to be less accurate, to be under the mark, in 
these cases. A further inaccuracy affects this estimate in the 
case of Jevons’ index-number, our Table 5, namely, that he adopted 
the Geometrical method of combining relative prices. In fact, 
our estimates apply only to the Arithmetic combination of Jevons* 
materials, to be supplemented by the observed fact that the 
Arithmetic and Geometric Means of prices do not much differ. 

The last table resumes the results of the first five in its first and 
second rows. The first row states the number of items common to 
the Committee with each of the compared schemes — a necessary 
datum for the estimate of the discrepancy likely to exist between 
the results. Ceteris paribus ^ this discrepancy is inversely pro- 
portioned to the square root of the number of common items. The 
second row gives the mean difference between the respective 
weights as above defined. The third and fourth rows compare 
the Committee’s index-number with each of the others as to the 
extent of the materials not common to both. The comparison 
may be thus illustrated. Let CO represent by its length the 

o- - - 5" 6 o' 

quantity of weight common to the Committee and the other 
index-number. Let CC' represent the total weight of all the 
articles in the Committee’s system, and 00' that of the other 
system. The third row gives the ratio of CO to CC', and the 
fourth column the ratio of CO to 00'. 

The last two rows give an estimate of the discrepancy likely 
or unlikely to occur between the results of the compared compu- 
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tations. This estimate involves (in addition to the data contained 
in the preceding rows) a constant or coefficient deduced from the 
course of English prices in past years : the inequality or dispersion 
of price-variations, which keeps pretty constant from year to 
year. The estimates are therefore only applicable to England. 
They are to be taken cum grano, with the reservations stated in 
various parts of the Memorandum. 



(J) 

VARIORUM NOTES ON INDEX-NUMBERS 

[In the following article, of which the original title was “ Recent 
Writings on Index-numbers” — recent in 1894, in which year the 
article appeared in the Economic Journal — the properties of 
this method of measurement are further considered. There 
appear some grounds for hoping that the labour-standard (above, 
p. 195) may prove not to diverge widely from the more commonly 
adopted consumption or commodity standard. The reconcilia- 
tion would be important in the eyes of those who hesitate to 
follow the guidance of Professor Irving Fisher and other leaders 
who show the way to monetary stability, because it is uncertain 
what is the proper conception of monetary stability, towards 
which of two distinct destinations our movement should be 
directed. 

In accordance with my general practice, I have suppressed 
some controversial paragraphs in this paper. But here, as 
throughout this Collection, the necessity of making clear my 
meaning has prevailed over my aversion to controversy.] 


One of the problems which has exercised economists for some 
years, the determination of variations in the value of the monetary 
standard, bears some not wholly accidental resemblances to one 
of the problems which has exercised philosophers in all ages, the 
determination of the standard of moral action. With respect to 
both problems there are wise men who despair of determinateness ; 
there are enthusiasts, of whom each is confident that he has 
obtained the solution. With respect to both problems the dis- 
crepancy in principle is greater than the difference in practice. 

These reflections are illustrated by Dr. Lindsay’s recent 
volume; which is mentioned here only as typical of the sort of 
intolerance which — in monetary as in ethical theory — is apt to 
characterise common sense. It is not denied that the author 
has made good use of sound methods.^ 

^ DU PreUbewegung der Edehnetalle aeitf 1850. Jena : Q. Fischer, 1893 
(ch. iii. et paasim). 
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The strife between rival methods may be somewhat abated by 
considering the second report of the United States Finance 
Committee upon the course of prices and wages ; the results of 
which are summed up by Professor Taussig in a masterly paper 
read before the International Statistical Institute at Chicago.^ 
There is hardly any difference between the index-numbers for 
the course of prices since 1860, as determined by a simple average, 
or by one weighted according to the importance of each article 
to the consumer — an importance which was measured by the 
proportions in which different articles entered into the average 
“ budget ’’ or expenditure of families of small means. Professor 
Taussig says : “If these two methods of simple arithmetical 
average on the one hand and average weighted by family budget 
importance on the other hand yielded greatly different results, 
we might be perplexed which to use as significant of the general 
course of prices.” 

It must not be supposed that this sort of perplexity is always 
equally well avoided. There has lately been agitated a question 
of principle upon the answer to which depends a material differ- 
ence in practice. Should the standard of deferred payments — 
the amount payable at future epochs to a creditor — bo the pro- 
duct of a constant quantity of effort and sacrifice, the same 
“ value ” in Ricardo’s terminology,^ or a constant quantity of 
commodity, the same amount of “ riches ” ? 

Professor Simon Newcomb * goes so far as to say — 

“ The fundamental idea on which the tabular standard 
[“ twenty years ago supposed to afford a satisfactory solution 
to the problem ”J was based, was that human labour itself 
furnished the best possible standard.” 

In a similar spirit Mr. Leonard Courtney, in his candid article 
on Bimetallism, writes : — ^ 

“We may aim not at a redelivery of article by article, but at a 
repayment of labour by labour or of sacrifice by sacrifice. ... I 
do not stop to investigate the ethical foundation of this principle, 
which might lead us far afield; but I believe the standard so 
described does represent what would commonly be accepted as 
the desideratum.” 

This standard derives some support from the argument 

* Published in the Yale Review for November 1893. 

* Political Economy, ch. xx. 

* In his article in the September number of the Journal of Political Economy, 
Chicago, Vol. I. p. 605. 

* In the Nineteenth Century for April 1893. 
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employed by Dr. L. S. Merriam in a recent article ^ that ** the 
restoration of equal value or equal amounts of final utility ’’ — a 
principle imderlying approved standards — “ means also the restora- 
tion of equal amounts of final disutility.*’ ^ 

Mr. E. A. Ross objects that as the goods restored would not 
all be employed at the margin of expenditure, the increase in 
the quantity of goods payable by the debtor should not be 
measured by the decrease in their final utility. This objection 
is valid against the exact correspondence between the labour 
standard and the utility standard which Dr. Merriam had sug- 
gested in virtue of the condition that final utility balances final 
disutility.^ But Professor Ross does not disprove a rough 
correspondence between the utility standard as corrected by 
reference to total rather than final utility, and the disutility 
standard in the only form in which it is practically proposed to 
employ it — viz. assuming the total labour per head at the periods 
compared to be constant, and taking the ratio between the total 
quantity of goods produced per head now, and the corresponding 
total at a former epoch, as the measure of the increase in the 
quantity of goods produced by a unit of labour.* The deprecia- 
tion of goods, if I may be allowed the expression, thus determined 
by the disutility standard may well coincide with — there is no 
reason why it should exceed — the depreciation determined by the 
(total) utility standard. 

This possibility becomes fortified by the consideration that, 
as Mr. Ross well puts it, “ the total well-being we derive from 
goods depends not only on the positive satisfaction experi- 
enced in use or consumption,** but also “ on the social satisfac- 
tions that flow to us in consequence, the latter largely determined 
by the relation of our consumption to that of our neighbours,** ® 
In a progressive state of society the second circumstance as well 
as the first tends to depreciate goods with respect to utility, 
and pro tanto increases the probability that the appreciation 
of money as measured by the corrected utility standard will not 

^ “ The Standard of Deferred Payments.” Amer. Ac. Pol. Sci.t January 1893. 
It is sad to learn that the promising author of this just and ingenious argument 
has been the victim of a boating accident. 

* On the idea of the final utility of wealth decreasing with the progress of 
society see the fij*st of the British Association Memoranda above referred to, 
H. p. 210. 

* Amer. Ac. Pol. Set., November 1893. 

* This argument may be illustrated by the use of diagrams such as Jevons 
has employed in his Theory to denote the total and final utility of consumption 
and disutility of production. 

® Loc. cit.f p. 104. 
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be materially greater than as measured by the proposed labour 
standard. 

One objection against the Labour standard recently made by 
Professor Foxwell does not seem to me decisive : namely that it 
is impossible to define “ a unit of labour.*' ^ A similar objection 
might be made to the most generally received index-number 
based upon consumption; which seems to involve implicitly 
what Dr. Julius Lehr with his genusseinheit has the courage to 
state explicitly — the measurement of utility. 

If the objection is directed, not so much against the difficulty 
of conceiving, as that of carrying out the labour standard; it 
may be replied that statistics of wages, which may be regarded 
as giving the average increase in the amount of money procured 
by a day's work,^ are not altogether wanting. For example, 
Professor Taussig in the paper already referred to exhibits the 
rise of wages, as well as the fall of prices, during recent years. 
He remarks : — 

** The average, or index-numbers, are in one sense more 
accurate and significant as to wages than they are as to 
prices. 

The inevitable fictitious quality of a general index-number 
thus calls for less constant allowance in using these results of the 
statistics of wages than in using the figures for prices." 

An index-number based on such statistics is accurate enough 
for the conclusion to which it is applied : quieta non movere — 
that for the purpose of assuring to creditors the produce of a 
constant quantity of labour an alteration of the standard of 
deferred payment is not called for. 

But this purpose may not be accepted as just and expedient 
by currency reformers whose end is to minimise the drag on the 
producer caused by continually shrinking prices. 

For the construction of an index-number which should 
indicate that danger retail prices are less appropriate than whole- 
sale prices. Accordingly when Mr. Cannan, criticising Bimetal- 
lism,3 doubts the fact of appreciation as not evidenced by retail 
prices he is not persuasive. But the same consideration, with 
reference to the purpose of endowment — keeping a teacher or 

^ In speaking before Section F of the British Association 1893; as reported 
in the December number of the Journal of the Statistical Society ^ p. 645. Cp, 
Report of Annual Meeting of the Bi-metallic League, 1894, p. 66, 

* The other element of e£fort-and-sacrifice, abstinence, is less easily taken 
account of. On an average, statistics relating to numerous different occupations, 
the errors due to the neglect of this element might disappear through compensation. 

• Economic Review October 1893. 
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preacher on the same level of comfort and respectability — would 
be pertinent. 

It is with the index-numbers as with conduct ; in order to 
form a just judgment, we must always look to the underlying 
idea and purpose. 

As another example of misunderstanding occasioned by 
diversities of purpose, I may refer to that variety of index- 
number which purports to determine a real quantity, a cause or 
characteristic, such as “ scarcity of gold,’’ in some more objective 
sense than a mere fall of prices on an average.^ The quoesitum 
in this case may be likened to a physical quantity which is to be 
ascertained from a set of measurements. The method accord- 
ingly presents certain peculiarities derived from the theory of 
errors- of -observation. 

I have been unfortunate in not making this view clear to 
Professor Laughlin. Some years ago ^ he had seemed to deny 
that there had occurred a general fall in prices in a sense which 
could prove the existence of “ scarcity of gold.” After account- 
ing for the fall of prices in several species of eommodity, he 
goes on : — 

“ The preceding discussion however does not account for a 
general fall in prices. If the fall of prices had been general, 
it might suggest a single cause affecting all commodities, such as 
the scarcity of the medium, by which goods are exchanged, in 
fact, it seems to be quite necessary to a theory which explains 
the fall in prices by the scarcity of gold that the fall should be 
universal.” ^ 

Referring to this passage and the similar views of other 
writers I maintained : — 

“ To assert with Mr. Laughlin and others that, in order to 
prove a general fall, you must prove a fall in every article, is 
wholly to ignore the character of the investigation. . . . 

‘‘ The phenomenon under examination is of the nature of 
what Mill called a ‘ residual phenomenon,’ like the difference in 
the mean height of the barometer between two hours of the day, 
the so-called ‘ diurnal variation.’ On an average of many days 
there is found to be a fall, but it is not necessary nor true that 
every day’s experience should present that phenomenon. The 
theory of probabilities is satisfied with a * majority of days.’ . . . 

^ See first Memorandum, Section IX ; third Memorandum, Section VI. 

* In his paper on “ Gold and Prices since 1873,” in the Quarterly Journal of 
Economics for April 1887. 

• Loc, cit. p. 340. 
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“ It seems to be taken for granted that, when we can show a 
reason why each price should have varied in the direction 
actually observed, we are thereby debarred from inferring a 
general displacement due, in the phrase of Mill, to ‘ causes that 
operate on all goods whatever/ But this assumption is quite 
erroneous. The meteorologist may be able to assign the reason 
why between morning and noon each particular day there has 
been a rise or fall of the barometer. But the mathematician 
is not thereby precluded from extricating by the theory of 
probabilities a mean variation between those hours.’’ ^ 

Referring last year to this criticism Professor Laughlin com- 
plains that I have “ wholly misunderstood ” his argument.* 

I am very sorry to have unconsciously misrepresented the 
argument which I was disputing. I can only console myself by 
reflecting that no amount of care on my part could have averted 
the mistake, since even after Professor Laughlin’ s explanation I 
am unable to discern any appreciable difference between the 
position which he takes up and that which was the object of my 
attack. He explains : — 

‘‘ I at least never contended that ‘ in order to prove a general 
fall you must prove a fall in every article.’ Accepting the fact 
of a decline in prices, my contention was solely that the cause 
of the decline could not be scarcity of gold; since, if there was 
a single cause for the fall then this cause should show itself in all,® 
or nearly all, the commodities quoted.” ^ 

Now my contention was and is that, though there be a common 
cause it need not “ show itself in all or nearly all the com- 
modities quoted.” 

To take a new example, for which the data happen to be ready 
to hand : suppose that the average height of a regiment of 1000 
Italian recruits selected indiscriminately from all the provinces 
was returned as half an inch in excess of the average height of 
the whole army ; one might infer with certainty that the differ- 
ence was due to a real cause (as distinguished from chance) ; 
and that cause might well bo ‘‘ single,” such as the circumstance 
that the men in the regiment were (contrary to the general 
practice) measured with their shoes on. But it does not follow 


^ Quarterly Journal^ Vol. Ill (1889) p. 107. 

2 Journal of Political Economy (Chicago), Vol. II., p. 279. 

* His former words (above quoted) are “it is quite necessary , , . that the 
fall should be universal ’’ ; excusing, I think, my expression “ a fall in every article.” 
But I am quite willing to substitute “ all or nearly all ’’ for “ every.” 

* Loc. cit. 
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that this cause should show itself — ^by excess above the average 
of the kingdom — ^in a large majority. The proportion of men 
above the general average might be about 57 per cent., 670 out of 
the 1000.* Is that “ all, or nearly all ’’ ? 

• Say the standard deviation for the national stature is 2*6 inches (Yule, 
Theory of Statiatica). The coefficient for the mean height of the regiment 
would be *08 ; less than a aixth part of the observed difference ! If ft is the 
average height of the army, ft + *5 that of the regiment, the proportion of the 
regiment above ft would be about 67 per cent. (2-6 being the S.D.). 



(K) 

PIERSON ON SCARCITY OF GOLD 

[This is the first of two articles in which I deal with writings 
of the great Pierson relative to index -numbers. In this article, 
published in the Economic Journal, March 1895, 1 have nothing 
but praise for Mr. Pierson’s treatment of the subject.] 


The Bimetallic League ought to translate and circulate an 
article on Scarcity of Gold which has lately been contributed 
by the eminent ex-professor, and ex-minister, Mr. N. G. Pierson, 
to the Dutch periodical De Oids. Lessons of caution and modera- 
tion might bo accepted from such a teacher. For Mr. Pierson 
owns to a certain sympathy with the Bimetallist party. Indeed, 
he has ranged himself on that side unequivocally in his well- 
reasoned communication to the Gold and Silver Commission 
(second Report), in the course of which he says : — 

‘‘It is considered a mere truism in this country [Holland] 
to say that Bimetallism, though highly objectionable if applied 
in a small country, is the best system imaginable if applied by 
an international agreement in a large number of civilised States. 
We thoroughly believe that it would be a great boon to all nations 
if this system were adopted by the principal countries of Europe 
and America.” 

Mr. Pierson in the article before us proposes two questions : 
I. Has there been a rise in the purchasing power of gold ? II. If 
so, is the cause connected with gold or goods, or both ? 

I, The first question involves a consideration of the method 
of index-numbers. Mr. Pierson prefers the arithmetic to the 
geometric mean ; not without a certain deference to the “ feeling ” 
— ^rather than the arguments — of Jevons, in favour of the geo- 
metric mean. Distinguishing the simple average of relative 
prices from that which is weighted according to the importance 
with respect to some human interest of different commodities, 
Mr. Pierson very properly ascribes a certain validity to the simpler 
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and more objective mean, for its own sake, and apart from the 
circumstance that as a matter of fact the two procedures are 
likely to differ little in result. 

As to the period which should be taken as the base of standard, 
it is a matter of complaint that the advocates of Bimetallism 
frequently select the “inflation period’’ of 1870 — 75. If the 
period 1861 — 70 be taken as base, the period 1881 — 83 compared 
therewith shows no fall of prices ; according to the index-numbers 
of Soetbeer and Dr. Krai, based respectively on 114 and 265 
commodities. It is true that Mr. Sauerbeck’s index-numbers 
do point to a fall of prices in the interval considered. But this 
discrepancy is due to Mr. Sauerbeck’s not having used a sufficient 
number of data. For observing that thirty-five of Mr. Sauer- 
beck’s articles — or rather forty-one, as six of Mr. Sauerbeck’s 
articles are duplicated — are common to Soetbeer, let us substitute 
the prices of those articles used by Sauerbeck for the prices used 
by Soetbeer in his index-number; and that index-number for 
the period 1881 — 83 compared with the period 1861 — 70 will 
not be appreciably affected. The discrepancy between the two 
results is found to be mainly due to the seventy-nine articles 
which Soetbeer has, and Mr. Sauerbeck has not. Accordingly 
it would seem that Soetbeer’s result is the better founded. Com- 
paring, according to his method, the level of prices in the period 
1885 — 91 with that pf 1861 — 70, we find a rise in the purchasing 
power of gold of only some 16 per cent. ; whereas it is usual on 
Bimetallist platforms to speak of a greater rise. 

II. Coming to his second question, Mr. Pierson claims against 
both parties the right to use the term appreciation in the sense 
of a rise in the purchasing power of gold due to causes affecting 
gold primarily. He seems to convict a leading monometallist 
organ of using the term inconsistently. His difference with the 
Bimetallist leader, Professor Foxwell, is rather about things 
than words. Mr. Pierson controverts the argument that the 
depression which has prevailed during recent years must have 
been due to monetary disturbances : for that there are no other 
adequate causes for it. There have been many other causes, 
replies Mi’. Pierson, and the cause assigned is not adequate. 

To take the latter point first : the Bimetallist in his gloomy 
picture of the evils of contraction is apt to leave out of account 
the classes who are benefited by a fall of prices. These are not 
only creditors not engaged in active industry, but also certain 
classes of producers. Consider the series of instruments and 
materials conducive to the production of goods ready for consump- 
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tion — ^the goods of the second or higher orders in the phraseology 
of the Austrian economists. Suppose that a fall of prices occurs 
first in the goods which are of the highest order, and is propagated 
downwards. Each class of producers, while his expenses of produc- 
tion are diminished, and until the price of his finished product falls, 
pending the restoration of economic equilibrium , is benefited. Who 
shall say that the fall of prices is not as likely to move in the direc- 
tion which has been described as in the opposite direction ? Thus 
Mr. Pierson is unable to accept Mr. H. H. Gibbs's dictum — that 
contraction is a greater evil than inflation. In this connection 
and with respect to other assertions of unfashionable opinions, 
]\Ir. Pierson refers with approbation to Professor Marshall’s 
masterly and impartial evidence before tlie Royal Commission 
on the relative values of the precious metals. 

The allegation that monetary disturbance is the oiily adequate 
cause of the recent depression of trade Mr. Pierson meets by assign- 
ing other causes : the very dislocation caused by improvements 
in production, the Protection which became rampant in the 'seven- 
ties, the fall of prices consequent upon recent improvements 
in transportation and upon the enormous increase of goods which 
has occurred in so many departments of production — augmenta- 
tions which Mr. Pierson, following in the steps of Mr. David Wells, 
exhibits in imposing detail. It is true tJiat some of these causes, 
especially the last, operated at earlier periods, but not, Mr. 
Pierson seems to think, in the same degree. Perhaps he has 
hardly considered the difficulty of luoving such a difference in 
degree. 

Mr. Pierson however concludes with confidence that the level 
of prices did not fall till after 1883, and that the fall is due to 
causes connected with goods, not gold. But while thus cutting 
away one of the principal planks of the Bimetallist platform, 
Mr. Pierson does not attach himself to the opposite party. He 
makes a distinction between the creed and the propaganda of 
the Bimetallists. He believes in an international arrangement 
for steadying the relative value of gold and silver. But this 
arrangement need not involve the j^rinciple of unlimited coinage 
at a fixed ratio. 

One practical difficulty in the application of that principle 
may be stated in the form of a dilemma as follows. If the ratio 
adopted is considerably different from 15 J (silver) : I (gold), say 
25 to 1, then the expense of introducing the change would be 
enormous in view of the depreciation of the existing stocks of 
silver current at the rate of 16J : 1, “ If I reckon rightly," says 

VOL. I. A A 
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Mr. Pierson, “ it would cost Holland, exclusive of her colonies, 
about 52 million florins; France about 950 million francs.” 
But if the 15 J is to be adopted, then there is likely to be caused 
an immense appreciation of money throughout the East — the 
last result that a consistent Bimetallist can approve. 

Mr. Pierson’s own plan for keeping the relative value of gold 
and silver constant is a modification of the general idea that the 
central banks in Europe — in the United States the Treasury — 
should be required to purchase the metals at a fixed price. But 
perhaps it is unnecessary to go into particulars, as Mr. Pierson 
admits that there are three fatal objections to the practical 
adoption of his plan. 

While pointing out the difficulties of remedial action, Mr. 
Pierson does not, like the monometallists, deny the existence 
of monetary disease. It is a sad conclusion that things are in 
a bad way. It is a poor consolation that they might have been 
worse. For instance, the success of the monetary experiment 
in the Dutch colonies is much more perfect than could with reason 
have been expected. 

These conclusions are corroborated by a communication which 
Mr. Pierson has made to the January number of the Dutch 
monthly De Economist. In this number (p. 64) Mr. Pierson 
discusses the statistics of prices which Mr. Heinz, the chief of 
the Hamburg Statistical Bureau, has prepared in continuation 
of the work of Soetbeer [compare the statistics referred to in 
the Economic Journal, Vol. IV. p. 201]. Soetbeer’s series of 
index-numbers was interrupted by tariff-regulations which 
disturbed the prices of several commodities in such wise as to 
render them after 1891 no longer commensurate with the prices 
of the same articles for earlier years. Accordingly Mr. Heinz 
has to confine himself to articles which have been imported by 
sea into Hamburg. Operating with 137 articles of this class, 
Mr. Pierson constructs a series of index-numbers which is con- 
tinuous from the year 1850 to the date of the most recent returns. 
Unfortunately for the comparison with Soetbeer’s figures, Mr. 
Pierson has been compelled, by the imperfection of his materials, 
to take as the base of the new index-numbers the year 1850, 
instead of the period 1847-50 which Soetbeer had taken. But 
in spite of this discrepancy, and the more serious difference in 
the mode of construction, the parallelism between the two sets 
of index-numbers is wonderfully close, as the annexed figures 
show : — 
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Heins. 

Soetbeer. 

I860 or 1847-50 ^ 

100 

100 

1861-66 

110*80 

112*22 


1866-60 119*88 120*91 


1866-70 

118*44 

123*67 

1871-75 

131*67 

133*29 

1876-80 

120*88 

123*07 

1881-85 

114*73 

117*68 

1886-90 

106*63 

104*40 

1891 

111*56 

109*19 


' 1850 for Heinz's, 1847-60 for Soetbeer’s index -number. 


It will be observed that the new series like the old one, when 
the “ inflation period ” of 1871-75 is left out of account, shows 
no signs of appreciation due to monetary disturbances of that 
period : thus confirming Mr. Pierson’s view that the appreciation 
which we now experience is due to causes connected with goods 
rather than gold. 

The congruity between the two Hamburg index-numbers is 
such that they mutually support each other. On the one hand 
additional strength is imparted to the conclusion which Mr. 
Pierson had obtained on independent grounds (above p. 352), 
that Soetbeer’s index-numbers are more trustworthy than Mr. 
Sauerbeck’s. On the other hand the index-numbers constructed 
by Messrs. Heinz and Pierson, having agreed closely with Soet- 
beer’s for forty years from 1850 to 1891, may be presumed to be 
almost as trustworthy as Soetbeer’s index-numbers would have 
been for the years after 1891. 

If we compare the iieriod 1886-93 with the period 1861-70 
taken for base — as recommended by Mr. Pierson in his study on 
the scarcity of gold (above p. 352) — we shall find from Mr. Heinz’s 
materials, the index-number 88*8; from Mr. Sauerbeck’s, 69*6. 
According to Mr. Pierson the former measure of appreciation 
is the more trustworthy ; but the latter is more convenient for 
the advocates of Bimetallism. 
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[In this article, which appeared in the Economic Journal, 
March 1896, I ventured to differ from ]Mr. Pierson's “ Further 
Considerations on Index-Numbers " (published in the same number 
of the Journal), on the ground that they ignore the character of 
Probabilities essential to the computation of index-numbers.] 


It is justly observed by Adam Smith that the anxiety about 
public opinion is much greater among the candidates for excellence 
in some arts than it is in others. “ The beauty of poetry is a 
matter of such nicety that a young beginner can scarce ever be 
certain that he has attained it. . . . Racine was so disgusted 
by the indifferent success of his Phedre, that though in the vigour 
of his life and at the height of his abilities, he resolved to write no 
more for the stage. . . . Mathematicians, on the contrary, who 
may have the most perfect assurance both of the truth and of 
the importance of their discoveries, are frequently very indifferent 
about the reception which they may meet with from the public.” ^ 
In the scale of susceptibility which is thus indicated, a high place 
must be assigned to the more refined parts of economic science. 
Even those investigations which at first sight appear to be wholly 
statistical — such as the calculation of index-numbers — may rest 
upon speculative assumptions, concerning which the consensus 
of authority is naturally desired. Accordingly, when the distin- 
guished Dutch economist concludes in the immediately preceding 
paper that ‘‘ all attempts to calculate and represent average 
movements of prices, either by index-numbers or otherwise, 
ought to be abandoned,” those who have been making such 
attempts will anxiously reconsider the basis of their computation, 
and tremble for its safety. But the discouragement which 
such a condemnation coming from such an authority is calculated 
to produce may be mitigated by observing that the index-number 
which is the object of Mr. Pierson's crushing criticisms is one 
of a very peculiar character, differing in some essential attributes 
^ Theory of Moral Sentiments, Part III. ch, ii. 
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from the operation as ordinarily conceived and practised. Bacine 
would not have been dejected by the indifferent success of his 
tragedy if the play, so badly received, had been a version of his 
masterpiece from which the characters of Phddre and Hippolyte 
had been left out. Two equally serious omissions are presupposed 
by Mr. Pierson^s animadversions. 

There is, first y the character of probability. It is generally 
implied that the problem now before us, in its data, method, 
and result, is germane to the Calculus of Probabilities. The 
nature of the problem is happily indicated by Professor Nicholson 
when he compares the set of moving prices to a fleet of yachts 
which under the influence of a common cause — it may be rising 
wind or tide — are variously accelerated according to “ the build 
of the various yachts or seamanship of the crews.” The type 
of such problems is the investigation of what Mill calls a residual 
'phenomenon illustrated by the discovery of the diurnal variation 
in the height of the barometer by comparing the averages of a 
great number of observations at different times of day. It is 
postulated in such reasoning that the error or deviation of one 
observation is independent of that which has been incurred by 
another observation ; ^ just as, when a die is thrown a number 
of times, it may be assumed that the number of pips turned up 
at each throw is unaffected by the preceding throws. It is true 
that in concrete nature such ideal independence can hardly be 
expected. Thus in barometrical observations it is possibly 
not correct to treat the observation for each day as an independent 
sample. Probably the weather sometimes follows suit for two 
or three days together; but the deviation of the observations 
is doubtless sufficiently random to justify Laplace’s application 
of the Calculus of Probabilities. So the grouping of human 
statures is perhaps not perfectly sporadic ; ^ but it is sufficiently 
so to allow a Galton to infer with great probability that the con- 
ditions of a particular class — e.g.y boys in public schools, or men 
in the Royal Society — as compared with less favoured classes 
are particularly favourable to growth.^ It is not necessary to 

* Mill, Logic, Book III. ch. xvii. Cp. Laplace, ProhabilUiee, Book 11, ch. v. 

* Oa this postulate seo the present writer’s “ Now Methods of Measuring 
Variations in General Prices,” Journal oj the Royal Statistical Society, 1888, 
p. 367, note. Cp. Laplace, loc. cit. : “ II faut avoir soin de varier les circonstances 
de chaque observation.” 

* As appears from the fact that in the group constituted by the measurements 
of a nation there will bo sub-classes with different averages. 

* Cp. ‘‘ Methods of Statistics,” Journal of the Royal Statistical Society, Jubilee 
volume. 
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discuss here whether the average would be of any scientific use 
if this condition of sporadic dispersion were not fulfilled — ^if all 
the observations were massed at two points, or collected into two 
sharply demarcated classes — e.gr., dwarfs and giants^ It is suffi- 
cient to observe that as a matter of fact the condition of spora- 
dicity is very generally fulfilled both in physics and social pheno- 
mena : wherever there is at work a set of miscellaneous agencies* 
“ a mass of fleeting causes ’’ in Mill’s phrase.^ 

It is by ignoring this character of sporadic dispersion that 
Mr. Pierson’s criticisms acquire their plausibility. He begins : 
** Let us suppose ten commodities, all equally important. Five 
of them are doubled in price, and five of them fall to exactly one- 
half.” But surely this is a very odd supposition, in view of 
the sporadic dispersion which very generally prevails in this 
world. It would have been more appropriate to suppose a number 
of figures representing variations of price (in one epoch as com- 
pared with another), not separately disposed in two heaps, 
but scattered about. Mr. Pierson’s supposition would be appro- 
priate if, for instance, Mr. Sauerbeck’s percentages for the com- 
parative prices of different commodities were massed at two points. 
But this is not so, as appears by considering his figures and 
diagrams representing annual or quarterly variations of price.® 
A common trend comes out in the average, but the particular 
movements are independent. 

The recognition of this sporadic character is fatal to Mr. 
Pierson’s principal objection, which is in effect, though perhaps 
not apparently, that if the particular observations be weighted 
differently the average will be seriously different. This objection 
recurs in different forms. In his first paragraph Mr. Pierson 
supposes ten observations : five commodities of which the price 
has been doubled, five of which it has been halved ; in the second 
as compared with the first period the data may accordingly 
be regarded as consisting of ten ratios, or percentages, five of 
them each = 200 ( : 100) ; five of them each = 60 ( : 100). 
The simple arithmetical average of these may be written 

' See the reference given in the preceding note. See also p. 279 in the Memo- 
randum on Methods of Ascertaining and Measuring Changes in the Value of the. 
Monetary Standard, by the present writer, published in the Report of the British 
Association for 1887. This Memorandum and the two supplementary ones, 
published in the Reports of the British Association for 1888 and 1889, should 
be referred to as containing justifications of statements made summarily in the 
present paper. 

* Mill, Logic, loc. cit. 

• A similar scrutiny of Laspeyres* statistics of relative prices is attempted 
in the Memorandum of 1887 [H, above, p. 245.] 
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5 X 200 + 5 X 50 
10 ~ 


= 125. 


Now weight ^ each observed percen- 


5 + 5 


tage with its own reciprocal, and you have— ^ ^ ^ ^ 

= 100 -f 1*25. And the complaint is that these two results 
are not equal. 

The complaint is virtually similar in the sixth paragraph (loc, 
cit. p. 128). There the simple observations are 75, 16*66, 25. And 

the simple arithmetical mean is - ^ _ 38*88. The 

o 

other average which is contrasted with this one is obtained by 
weighting each observation with the value in money of a pound 
avoirdupois of the corresponding commodity at the initial period, 
that is 20, 12, 4, respectively. These weights being applied, 

the average becomes — r on:- = lb‘o. 

60+12 + 36 

The same contrast is noticed in some other cases. “ In 
Case I. there will be no change/’ “ in Case II. there will bo 
a rise of 25 per cent.,” ” in Case III. there will be a fall of 25 per 
cent.” ; the observations being weighted in the peculiar mode * 
which has just been described; whereas, according to the simple 
arithmetic mean, there is no change in any of the cases. 

Such discrepancies seem very serious when we deal with 
artificially simplified examples ; but they become insignificant when 
we deal with the concrete, sporadically dispersed, price-ratios. 
For it is a well-known proposition that a difference in the system 
of weights will not make much difference, provided that the number 
of independent observations is sufficiently great; provided also 
that the experiment is made in the spirit of Probabilities, with 
an animus mensurandi — in Herschel’s phrase — not consciously 
selecting cases which will not work well. The reason and limits 
of the proposition are defined by theory,® and the theory is con- 
firmed by experience. 

As verifications of the theory in alid materid may be adduced 
the index-number constructed by Mr. Bowley to indicate the 


* If x^, ... Xn are observations, the simple arithmetic mean is 


. , . . , .. . 14 *. xar.+w;, X.r* , 

the weighted arithmetic mean is — — , where m?i, 

are the weights. 

* The peculiarity of the mode being to assign as weight a pound or bushel, or, 
as in the passage before us, some unit, which is arbitrary and accidental with 
reference to the measurement of the depreciation of money. See below, p. 367. 

• See I, above, p. 306 et seq. 
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increase of general wages. Weighting the percentages expressing 
the growth of wages in America according to the system which 
he thinks best, and according to the very different system em- 
ployed by the American statisticians, Mr. Bowley obtains almost 
exactly the same result Another conspicuous example is 
afforded by the concurrence between the different methods 
which Sir R. Giffen in his census of wages has employed in order 
to determine the average wage. Using, in effect, different 
systems of weights, he obtains for the average weekly wage the 
values 295. 5d., 29s. Id., 205. Id.^ 

Experience more adjacent to the case in hand is afforded 
by the price-ratios which Mr. Sauerbeck has tabulated year by 
year. There is found to be a close agreement between the arith- 
metic mean and the averages which are obtained by taking account 
of quantity. The following figures are given by Mr. Sauerbeck 
in the Economic Journal for June 1895 : — 


Simple and Weighted Average op Comparative Prices. 


1 

Arithmetical 

mean. 

Making 
allowance for 
quantities. 

1887 

68 

1 66-7 

1888 { 

70 

68-8 

1889 ' 

72 

71-8 

1890 

72 

72-1 

1891 

72 

72*0 

1892 

68 

67-7 

1893 

68 

67-1 

1894 

63 

620 


Other comparisons of the two kinds of average are given hy 
Mr. Sauerbeck in his well-known papers in the Journal of the 
Statistical Society. Further verifications will be found in the 
second of the Memoranda above referred to. It will be sufficient 
to make one extract. Of the percentages indicating the variations 
in price of nineteen commodities tabulated by Mr. Palgrave, 
the simple arithmetic mean and the mean weighted according 
to quantity are compared for sixteen successive years, and the 
sixteen differences between the two results for each year are as 
follows : 3 4, 2, 2, 3-5, 1, 5, 0, 1, 2, 0, 4-5, 7, 2, 2-5, 1, 1. 

* Economic Journal, Vol V. p. 373. 

“ Report on the Wages of the Manual Labour Classes. [C. 6889 — 1893.] 

* H, above. See also pp. 202 and 206. Attention may be called to the 
experiments with weights assigned arbitrarily : by forming the sum of a set of 
digits taken at random (p. 199, last paragraph), or — in the cognate case of the 
Median — tossing up a coin and assigning 1 or 2 as the weight, according as head 
or tail turned up. 



A DEFENCE OF INDEX-NUMBERS 


361 


But it is needless to labour this proposition further, as it is 
acknowledged by IVIr. Pierson in a former paper ^ when he deals 
with real examples : in particular Mr. Palgrave’s index-number, 
and Mr. Falkner’s report on “ wholesale prices,” * in which the 
simple arithmetic mean of some hundreds of relative prices 
and the mean of the same weighted according to the importance 
of each commodity in the average household budget are found 
to agree. Here are some of the figures quoted by Mr. Pierson : — 

Ordinary Average. 

1871-76 134-58 131-26 

1876-80 106-78 108 14 

1881-86 102-62 104 0 

1886-90 93-04 96-20 

It is clear,” comments Mr. Pierson, “ that the relative weight 
may be left out of consideration without marked detriment when 
we extend our investigation to a great number of articles.” 

To sum up, several of Mr. Pierson’s objections amount to 
this one : that the calculation of average relative prices is 
untrustworthy, because the result is seriously different according 
as different systems of weighting are employed. And this 
objection, though true in the abstract of artificially simplified 
index-numbers, is not true of the sets of figures with which we 
have actually to deal. 

A similar reply may be made to the objection that the result 
of the calculation will be seriously different according as the 
arithmetic or the geometric moan is employed. This is true of 
the imaginary examples set up to bo knocked down, but it is 
not true in the concrete. The arithmetic and geometric mean 
of the price-ratios for a large number of miscellaneous commodities 
are likely not to differ much from each other. This is a deduction 
from a more general proposition that, with certain reservations, any 
mean of a large group of observations is likely not to differ much 
from any other kind of mean.® Take, for example, the series 
of observations obtained by measuring the heights of different 
men. The arithmetic mean * of 1000 such observations obtained 

' The paper described in the Economic Journat,, Vol. V. p. 109. See p. 8 
of the German edition of Qoldmangel (reprinted from the Zcitschrift JiXr Volks- 
wirthachajt, Band iv. Heft 1). 

* Well summarised by Professor Taussig in the Yale Review for November 1893* 

* For the evidence and limits of this proposition see the paper on the “ Law of 
Error,” by the present writer, in the Philosophical Magazine for November 
1892. It is supposed that, as usual where miscellaneous agencies are at work, 
the law of error is approximately fulfilled by the observations; also that these 
are measured from a point outside the extreme value which an observation can 
possibly reach : for example, in the case of human statures or price-ratios, zero, 

* The observations are given in the paper just referred to. Each of them is 
the mean height of twenty-five mem 
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by Mr. Elliott is 68*20 inches. Compare with this the mean value 
which is obtained by squaring all the observations, taking the 
arithmetic mean of the squares, and extracting the square root 
of that mean. The mean value so obtained is 68*25. The mean 
value obtained by cubing all the observations, taking the arith- 
metic mean of the cubes, and extracting the cube-root of that 
mean, is much the same, viz. 68*30. The geometric mean is 
68*16.1 

To adduce more specific experience, here are two rows of 
figures, of which one consists of the geometric means of thirty- 
nine percentages obtained by Jevons for several years, the other 
consists of the arithmetic means of the same percentages.^ 


Geometric Mean 
Arithmetic Mean 


1851. 

1853. 

1865. 

1867. 

1859. 

92*4 

111*3 

117*6 

128*8 

116 

94*6 

112*4 

119 

134 

119 


Mr. Sauerbeck has calculated the geometric mean of his forty- 
five percentages for two years and allows me to cite the results * : — 

1880. 1894. 

Arithmetic Mean * 87*82 62*93 

Geometric Mean 86*97 60*90 


So much for the objection implied in the preceding paper that 


^ These calculations have been performed by Mrs. Bryant, D.Sc. 

* From the Memorandum of 1888, p. 206. Alternate years were taken, the 
more to vary the circumstances of the experiments. There is no reason to suspect 
that successive years would have presented different results. For instance, for 
1852 the geometric mean is 93*8, the arithmetic 94*6 [loc. ciL). 

* That is, the simple arithmetic mean. The weighted (arithmetic) means 
were respectively 87*3 and 62*0. 

* The geometric mean comes out a little less than the arithmetic, as might 
have been expected. This tendency may confer some advantage, but a very 
slight one (Memorandum, 1887, pp. 283-289), on the geometric mean. A more 
important prerogative of the geometric mean was noticed, as far as I know, first 
by Professor Harald Westergaard, and has not been sufficiently recognised by the 
connoisseurs of index-numbers. The geometric mean is the only one in which 
no alteration at all is produced by the change of basis. In the case of the 
arithmetic mean, if one year, x, be taken as basis, and the index-numbers for 
y and z, say ly and /„ bo determined as percentages with reference to x, then the 
ratio of ly to /* will not in general be exactly the same when the index-numbers are 
calculated with reference to another basis, a;', say I'y and The reason is that 
(as explained above with reference to a particular case where x — y and x' = z) 


the two ratios and ^ are to be regarded as differently weighted means of the 


same set of observations, viz. the set of ratios obtained by dividing the price of 
each commodity in y by its price in z. That the geometric mean follows in this 
respect the analogy of physical measurements is at least an elegance. The 
geometric mean is pro tanto — I do not say more accurate, but — ^more plausible 
than others. Unlike the arithmetic mean, it is not at all affected by the paradox 
pointed out by Mr. Sauerbeck in his article in the Economic JouRNAii (Vol. V. 
p. 163), that the extent of a fall (or rise) appears slightly different according as 
we start from a high or low basis 
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the index -number is the sport of the particular system of weights 
or species of mean which may be adopted. It is a more serious 
objection, expressed in former papers, that the result is materially 
affected when we take in additional data,^ combining with Mr. 
Sauerbeck’s forty-five prices the sixty-nine other prices treated 
by Soetbeer or his successors To reply that these commodities 
are unimportant in respect of quantity does not appear to me 
permissible so long as we treat the problem as simply statistical 
and purely objective.^ From this point of view the qucesitum 
is such as the average barometric pressure at a certain time of day, 
to be ascertained, it might be, from observations with different 
barometers. For this scientific purpose there would be no 
propriety in attaching more importance to the observations made 
with barometers in which the column of liquid had a larger 
sectional area.* 

The case may bo as if it were required to find the average rise 
of the tide along an indented shore by observing the height of 
the water in several creeks. If the average of forty-five observa- 
tions was materially altered by taking in sixty-nine additional 
ones we might conclude that we had not at first observed a suffi- 
cient number of samples. Perhaps we should have to content 
ourselves with a very rough figure, unless wo took into account 
some practical purpose for the sake of which the measurement 
was undertaken. For instance, with reference to the purpose of 
using the reflux of the tide for the generation of energy, it might 
be desired to have a measure of the comparative number of 
foot-pounds available at different seasons. With reference to 
such a purpose no great error would bo incurred by leaving out 
of account the smaller creeks. In sucli a case the Calculus of 
Probabilities by itself could tell us only the whereabouts of the 


^ This traixsition corresponds to division (3) of the analysis in the second 
Memorandum, p. 190 et aeq. As observed there (p. 194), there is a greater 
inductive hazard involved in passing to new commodities than in allowing for 
inaccuracy in the weights of a constant set of commodities. 

* See Economic Journal, Vol. V. p. 110, and Mr. Sauerbeck’s article in the 
same volume. 

* As I understand Mr. Pierson to mean in the first paragraphs of the extract 
from his Ooldmangel given in his article in the Economic Journal (Vol. V. p. 331). 

* Unless, indeed, there were some ground for believing that the smaller size 
was accompanied with some defect in the qualities of a good measurer ; that 
the observations afforded by the thinner tube, or the commodity consumed in 
smaller quantities, were more liable to dist\irbance, or loss independent, than 
other observations. Mr. Sauerbeck has suggested some reason for believing this 
in the case of commodities which are commercially unimportant (Economic 
Journal, Vol. V. p. 171). Another reason has been suggested by the present 
writer (H, above, p. 247). 



364 


MONEY 


required average ; the estimation of utility must be called in to 
render the result precise. 

The direction to a practical purpose is the second attribute 
of an index-number which Mr. Pierson leaves out of account — 
not, indeed, ignoring this property, but deliberately omitting it, 
for reasons which he has given in a former paper.^ 

One person consumes much bread and little meat ; one 
person smokes tobacco, another drinks wine, a third neither 
smokes nor drinks, but makes a collection of books and etchings. 
In order to judge of the influence on the material condition of 
men exercised by the variations of prices it would be necessary 
to divide people into numerous groups, because the relative 
importance of commodities differs according to individual wants /’ 2 

There is, no doubt, much wisdom in these reflections; and 
I fully admit that the eminent author in his earlier and more 
temperate criticism of index-numbers has made important contri- 
butions to the determination of the probabilities and utilities 
that are pertinent to the subject. I submit, however, the follow- 
ing considerations as a counterpoise to his present scepticism : — 

(1) Is it certain that the ground of weighting the variations 
in price according to their importance with reference to human 
welfare must be of the subjective land just considered : taking 
account of individual wants ? Is not a more objective criterion 
afforded by the increase in the amount of currency which would 
be required, in the case of appreciation, to raise a commodity to 
its original price, according to which criterion more weight should 
be assigned to those commodities which, being circulated in greater 
quantities, make greater demand on the currency ? ® 

(2) With respect to more subjective determinations of im- 
portance, the mere diversity of tastes would not be fatal, I think, 
provided that the expenditure of different individuals is dis- 
tributed among the different individuals in a normally sporadic 
fashion,* so that a particular system of quantities of commodities 
consumed tends to occur with maximum frequency, other systems 

^ Economic Journal, Vol. V. p. 331, quoting from Qoldniangel, pp. 8-10. 

* Cp. Professor Marshall in the Contemporary Review for 1887, p. 372. 

* The allusion is here to the method described in the third of the Memoranda 
as Professor Foxwell’s method (H, above, p. 2G1). ** In averaging the respective 
price -variations he would assign to each an importance proportioned to the 
corresponding value.” . . . ‘‘The question set to us is a pure currency question ; 
and the answer to be sought primarily is not by how much are debts to be scaled 
up or down, but by how much the metallic currency is to bo multiplied in order 
that the monetary status in quo may be restored.” 

* The variations in the quantities consumed with the price (Pierson, loc. cit.) 
might, I think, be treated as magnitudes of the second order. 
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with less and less frequency according to a well-known law> It 
must be presumed also that the income of the individuals is about 
the same* — or, rather, distributed normally about an average. 
Under these circumstances it would be proper to take the average 
quantities consumed for the weights of the price ratios. 

Where these conditions are not fulfilled the proper course 
would seem to be to construct index-numbers for the different 
strata of society each of which may have a type of expenditure 
and income in the sense above indicated. The various index- 
numbers thus constituted would almost certainly differ from each 
other less than Mr. Sauerbeck’s and Soetbeer’s (in recent times) 
have done ; they would probably agree better with Mr. Sauer- 
beck’s index-number, in which the component commodities are 
selected with some regard to their importance to the consumer, 
than with Soet beer’s, in which no such selection is made. 

If practical exigencies require that some one measure of utility 
should be framed by combining the index-numbers pertaining to 
different strata of society, then presumably more importance 
should be assigned to that one which pertains to the masses.^ 

Upon some such principles may be justified the conclusion 
which Mr. Sauerbeck reaches in his discussion of this matter in 
the Economic Journal, Vol. V. p. 171 : “ Small articles should 
not be taken acount of in an index-number constructed 
like Soetbeer’s ” (that is, a simple arithmetic average of 
relative prices).* 

Let it be freely admitted that this measurement of utility has 

^ The prevalence of the Compound Law of Error, or probability function of 
several variables, is proved for the attributes of organisms by the researches of 
Messrs. Gallon and Weldon. With respect to its prevalence and significance in 
social phenomena see SkUislical Correlation between /Social Phenomena, by the 
present writer, in the Journal of the Statistical Society for Dccoinber 1893. 

* On the conditions postulated for tho moasuromcrit of utility see Professor 
Marshall’s Principles of Economics, 3rd edit ion. Book I. ch. iv, 

* Because they are more in number and tho final utility of money to them is 
greater. 

* Analogous remarks apply to tho construction of an index-number for measur- 
ing the appreciation or depreciation of money, not by the variation in the utility, 
which is procured by the unit of money, but by the variation in the disutility of 
labour, by which a unit of money is procured. This is tho Labour Standard dis- 
cussed in the third Memorandum (1889). This method of measuring appreciation 
has been adopted by Professor Simon Newcomb and some other eminent writers 
(see J, above, p. 345). It has been unfavourably criticised by Professor Foxwell 
in the National Review for January 1895. No doubt tho measurement of 
appreciation in terms either of disutility or of utility becomes a delicate matter 
when the production and the consumption of goods per head vary. The subject 
has been recently discussed by several able writers in the American Academy 
for Political Science. 
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not quite the objective character of physical science. It may 
nevertheless be a postulate of practical economics.^ 

It sometimes happens that an original thinker who rebels 
against unscientific assumptions himself assumes first principles 
which are not more demonstrable than the received ones. Of this 
character, if my interpretation is right, is Mr. Pierson’s tacit 
assumption that the primd facie proper method of dealing with 
observed variations in price is, in his own words : “ If a pound 
of sugar, a pound of wheat, a yard of cotton yarn, and whatever 
else is purchasable could be bought in the period 1847-1860 for 
a sum of money which we call 100, and this sum of money has 
risen in the period 1851-1860 to 116, we are fully entitled to con- 
clude that the purchasing power of money in those years has 
fallen in the proportion of 116 to 100.” ^ 

And, again : ‘‘ Let us suppose three commodities, costing 
(A) 20d.i (B) I2d., and (C) 4d. a pound, and falling respectively to 
16d., 2d., and Id. a pound. This will be an average fall at the 
rate of 100 to 60, for — 

20 + 12 + 4 = Z6d. 

15 4- 2 + 1 =: ISd. 

In other terms, twice the quantities of these commodities will 
be purchasable for the same amount of money as before.” But 
** index-numbers ” (that is, the ordinary arithmetic mean of 
the price-ratios expressed as percentages) will show a fall from 
100 to 38-88. ‘‘ Which is manifestly wrong,” says Mr. Pierson. 

And, again, of the ordinary arithmetic and geometric mean 
of price-ratios, “ both methods are wrong ” : as disagreeing with 
a method which in its essential feature resembles that which has 
just been described. If we consider the ratio between the prices 
at different epochs to constitute the datum of observation, 
Mr. Pierson’s method of combining these data is to weight each 
observation with the money-value of the unit of avoirdupois or 
volume measure.^ 

Where is the peculiar propriety of this system of weighting, 
according to which a variation in the price of, say, argon or iridium 
should count for more than a variation in the price of coals or 
cottony because each pound-weight of the former articles is dearer 
than a pound- weight of the latter ? I do not now so much com- 
plain that the system has no reference to any useful purpose. 

' The practical validity of index -numbers is well shown in Mr. L. L. Price’s 
excellent Money and its Relation to Prices. 

* Economic Journal, Vol. V. p. 331. 

• Cp. H, above, p. 258. 
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The statistician is within his rights in making abstraction of human 
welfare ; but, viewing the problem as purely objective and merely 
statistical, why should we employ this principle of preference ? ^ 

Let us, after Mill ^ and Hume, represent the phenomenon under 
consideration, depreciation,^ by supposing that, ceteris paribuSy 
every piece of money and instrument of credit has been on an 
average increased in a certain ratio. With reference to the 
measurement of that ratio * it is surely an accidental circumstance 
whether the unit of mass or volume of one commodity as compared 
with another exchanges (prior to the depreciation) for more or 
fewer units of money. The following would bo a fair analogy 
in physical measurement of the proposed system of weighting. 
Let it be required to determine the expansion due to a rise in 
temperature for the diamond, from observations made on several 
portions of the substance. Lay out several units of money — 
say pounds sterling or ten-pound notes — in purchasing so many 
parcels of diamonds. Make an observation with each of these 
portions, and weight each observation with the mass or the volume 
of the diamond which is obtained in exchange for the unit of 
money. According to this arrangement an observation on a 
compact and glittering diamond shall count for less than one 
made upon a mass of less commercial value. This system of 
weighting the observations is on a par with Mr. Pierson’s system. 
The number of units of mass or volume exchanged for the unit 
of money is not more irrelevant in the physical measurement 
than is the number of units of money exchanged for the unit of 
mass or volume in the monetary measurement. 

Yet Mr. Pierson treats this system as prirnd Jade reasonable, 
and abandons it only because its two modes — mass and volume — 
lead, in imaginary examples, to inconsistent results. And ho 
deduces from this inconsistency the futility of the whole measure- 
ment : that “ all attempts to calculate and represent average 
movements of prices either by index-numbers or otherwise ought 
to be abandoned.” 

Let us see how this sort of objection would apply to the typical 
physical problem above instanced, the determination of the diurnal 

^ The principle does not seem to have found much favour among the con- 
structors of index-numbers. It is mentioned by Geyer in his Theorie und Praxw 
der Zettelhankkuraena, appendix vi. But he at once introduces a modification 
which makes his system practically identical with the ordinary arithmetic mean. 

* Mill, Political Economy, Book HI. ch. viii. § 2. 

^ Or, mutatia mutandia, appreciation. 

* Another appropriate conception of the quoeaitum might be, I tliink, the 
change in the quantity of final utility which is the equivalent of the unit of money, 
assuming the marginal utility of goods not to have altered. 
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variation of the average atmospheric pressure. Suppose that the 
observations have been made with barometers consisting of 
different liquids — mercury, water, etc. Weight each observation 
first inversely as the money-value of the unit-weight of the corre- 
sponding liquid, and secordly inversely as the money-value of the 
unit-volume of the liquid. Then, if the observations are not 
sporadically dispersed, but collected at two or three points, it 
will make all the difference whether the first or the second system 
of weighting be employed. Therefore the calculation of average 
variations in barometric pressure — ^performed by Laplace and 
approved by Mill — is to be ‘‘ abandoned altogether ’’ as ‘‘ faulty 
in principle.** 



(M) 

MR. WALSH ON THE MEASUREMENT OF 
EXCHANGE-VALUE i 

[The ground on which I ventured to criticise Mr. Pierson’s 
attack on index-numbers, namely, the not to bo ignored con- 
nection of the subject with Probabilities, is also the main ground 
of my differences with IVIr. Correa Walsh. They are expressed 
in the following })aper, which appeared in the Economic Journal, 
1901, under the title, “ Mr. Walsh on the Measurement of General 
Exchange- Value.” Mr. Walsh does not accept my view, and has 
replied with vigour in a brochure entitled “ The Problem of 
Estimation,” of which an account is given in the Journal of the 
Statistical Society for 1921, in a review bearing the well- 
known initials G. U. Y. 

A rejoinder to Mr. Walsh’s replies is published in two parts, one 
in the Economic Journal, September 1923, the other in the 
Journal of the Royal Statistical Society y July 1923, Cp. above, 

p. 198.] 


The capacity of taking boundless trouble, which is a character- 
istic of solid talent, distinguishes the work of Mr. Walsh. Whether 
he searches the writings of others or elaborates his original ideas, 
the thorough student and close thinker is manifest on every page. 

The literature of the subject has never been examined so fully. 
Every devious path in the field where index-numbers flourish has 
been traversed in order to form an unrivalled collection of methods 
for measuring changes in the value of money. Many of the 
specimens here exhibited are probably new even to specialists. 
Or if the form was known, its origin and evolution were unknown. 
Who ever heard, for instance, of Carli and of Dutot as authorities 
on the subject ? The bibliography would alone be sufficient to 
impart a lasting value to this work. 

But Mr. Walsh is much more than a collector of specimens, 

^ The Measurement of General Exchange- Value, by Correa Moylan Wal«h. New 
York : Macmillan & Co., 1901. 

VOL. I. 369 B B 
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The powers of a systematic botanist are also his. He classifies the 
material which he has collected. For example, it is doubtless 
a great improvement in logical arrangement to distinguish index- 
numbers in which, as usual, a single system of weights is used for 
the relative prices, from those typified by Lehr’s and Drobisch’s 
methods in which double weighting ” is practised. Again, 
among methods of weighting each article according to the expendi- 
ture thereon, there is a distinction between those which in effect 
compare the money value of the same set of articles at different 
times and those typified by Mr. Palgrave’s method. I give the 
essence, as I conceive it, rather than the wording of some passages 
in the author’s learned and logical Appendix C. 

Mr. Walsh has not contented himself with classifying the 
specimens which he has collected. He has also attempted to 
penetrate to the structure and function of an index-number by a 
new microscopical analysis. Having observed the properties 
of the different kinds, by skilfully crossing the “ arithmetic ” 
with the “ geometric ” type he has produced a new variety which 
may claim to excel in certain respects the existing species. 

Limits of space prevent me from tracing these general 
characteristics through the contents of Mr. Walsh’s volume. In 
truth, it might be feared that my reader’s patience would give 
out if I attempted to reproduce in anything like their original, 
almost Kantian, elaborateness discussions to which the term 
‘‘ exhaustive,” with all its suggestions, is particularly applicable. 
I will, therefore, select a few points which seem to be of special 
and permanent interest. Some solid and salient stepping stones 
may thus be afforded for traversing the flood of dialectic. 

Mr. Walsh begins by defining different senses of value. He is 
specially happy in distinguishing cost value from other species. 
He complains not without justice, although great names fall under 
his condemnation, of those who have confounded the different 
qucesita. He well remarks that, if a measure pertaining to cost 
value is to be constructed, we should not confine our calculations 
to the consideration of wages, but include profits.^ His own 
investigation is confined to “ general exchange value,” which 
seems to have a certain parallelism with “ final utility,” as appears 
from its relation to liehr’s method : — 

” In this method [Lehr’s] its author has made an effort to do 
what appears to be accomplished in the method here presented. 
He has tried to measure the variation in the average price of 

' Cp. Section on the “ Labour Standard ” in the Memorandum attached to 
the third Report of the British Association Committee (above, p. 293). 
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mass-units, in all the classes, that have the same exchange- value 
over both the periods together — to which equivalent mass-units 
he has given the not inappropriate name of pleasure-units ** 
(p. 386). 

But Mr. Walsh’s exchange-value is more objective (9). The 
properties of general exchange-value are set forth in a series of 
propositions, which may deserve the epithet “ expletive,” in so 
far as they are mostly self-evident yet render our instructive 
knowledge fuller and clearer. Among original points may be 
noticed the distinction between the exchange-value of a thing 
(e.gr., money) in relation to all other things, and in relation to all 
things including itself (13). When first the reader learns that 
exchange-value is considered as objective, he may be disposed 
to expect that it is an affair only of ratios abstracted from the 
quantities produced and consumed. Insensibly, however, as we 
ascend the gentle steps formed by the series of more or less 
“ expletive ” propositions, there is borne in on us the need of 
weighting. We dimljT’ descry a unit, sometimes called an ” economic 
individual” (102, 301), an “exchange-value quantum” (302); 
we are directed to contemplate “ mass-units ideally constructed ” 
(285), “ considered as equal, not as weights or capacities, but as 
exchange-values ” (284), in relation to which it is sought to 
determine the value of money at different times (and places). 
The data for this determination are prices and quantities of 
commodity; the problem is properly to combine these data. 
Two main questions arise : — What importance or “ weight ” is 
to be assigned to each of the given prices which enters into the 
combination ? and What should be the method of combination ? 
These questions are first considered separately as far as possible, 
and then in their necessary connection. I will not follow the 
preliminary separate inquiries through the windings of Mr. 
Walsh’s exhaustive discussion. Suffice it to notice that materials 
are not to be included in our index-number along with finished 
goods (78, 96), apparently for a reason usually given, that the 
factors of production are counted in the products. Nor is it 
the quantity of each exchangeable thing that is actually exchanged 
for money (85), but rather, as I understand, the quantity that is 
used, which concerns us. As to the method of combining the 
data we are practically restricted to the three classic Means, 
the Arithmetic, Harmonic, and Geometric. The author compares 
the properties of these means, showing certain grounds for the 
preference of the Geometric : — 

“ If the exchange- value of money in [B] rises by more than 100 
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per cent, the compensatory fall of the exchange-value of money in 
[A] should be to below zero according to the arithmetic method 
of averaging, which therefore is inapplicable in this case [where 
[A] and [B] are two equally important classes of things.] And if 
the exchange-value of money in [A] falls to less than half, the 
exchange-value of money in [B] should rise from below zero, 
according to the harmonic method of averaging, which therefore 
is inapplicable here. But in the use of the geometric compensation 
there are no such impossible cases ” (249). 

This passage illustrates certain properties of the compared 
means, to which the author attaches importance. In the simple 
case of two extremes, between which a Mean is taken, the distance 
of the Arithmetic Mean from one extreme, per cent, of the Arith- 
metic Mean, is equal to the distance of the Arithmetic Mean from 
the other extreme, per cent, of the Arithmetic Mean. The 
distance of one extreme from the Harmonic Mean, per cent, of 
that one extreme, is equal to the distance of the other extreme 
from the Harmonic Mean, per cent, of that extreme. The 
distance of one extreme from the Geometric Mean, per cent, of 
that extreme, is equal to the distance of the Geometric Mean from 
the other extreme, per cent, of the Geometric Mean. This last 
proposition cannot be extended from the case of two to that of 
many variables, from the geometric mean, in Mr. Walsh’s very 
peculiar phraseology, to the geometric average. To the same 
class of properties, true of the ‘‘ mean,” but not the average, 
belongs the following, which Mr. Walsh considers important : — 

If a, a, = then \/^ X | = 

Confining myself to the general and concrete case of plural 
data, I hasten on to the latter stages in which the question of 
weights and means, at first separated, are considered in their real 
connection. We have now to consider penultimately the two 
simplified cases in which either (1) the sums of money expended 
on each commodity remain constant at the two periods (or places) 
compared, or (2) the quantities of each commodity are thus 
constant ; and finally (3) the general concrete case in which both 
expenditure and quantities vary. In the first case I think most 
people would be disposed to answer ofi-hand that the sums 
supposed constant form the proper weights for an arithmetic 
combination. The author, however, seems to rightly judge 
that the ideal of comparing the money-values of the same number 
of exchange units or “ economic individuals ” would not be 
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realised by this procedure; for a reason which he thus assigns 
with respect to the proposal of taking the arithmetic mean of the 
sums when supposed different : — 

“If it happens that the exchange-value of money has fallen 
or prices in general have risen, greater influence upon the result 
would be given to the weighting of the second period. ... Or 
in a comparison between two countries greater influence would 
be given to the weighting of the country with the higher level of 
prices. But it is plain that the one period or the one country is 
as importayit in our comparison between them as the other ^ and the 
weighting in the averaging of their weights should really he even ** 
(105). 

To avoid the difficulty thus indicated, the following formula is 
proposed in the case of constant sums being expended on each 
commodity. Let • • •, bo the prices at the first 

and second epoch respectively, and yvy 2 \ • • • corre- 

sponding quantities of commodity ; the required index-number is 

tJ- ^ hypothesis a-jOj = a-,oj, 

this may be written, ( 310 ). The 

a^v x-^2 4" y^y^ 4“ 

transition is easy from this formula, “ Scrope’s emended method,’* 
as Mr. Walsh calls it, to Scrope’s method pure and simple, which 
is proper to the second abstract case, in which the quantities of 
each commodity are constant, say Xy y • • • Wo have only to 
substitute in the last written formula, x for sf x^x^, and so on (360). 
These prolusions lead up to the general concrete case in which 
neither the sums nor the quantities remain constant. Guarding 
against the difficulties encountered in the simpler cases, the author 
proposes this “ universal formula ” : — 

^ 2^2 4- ?/2^2 + * ■ • ^ 4- yiy/^1^2 + ' ‘ 

4“ y\^i 4- * * * x^ja^a^ 4" y 2s/ ^1^2 4- * • • 

This form is shown to have a certain theoretical advantage over 
other species of index-number, in particular those which, as 
affected with “ double weighting,” most challenge comparison 
with it, namely Drobisch’s and Lehr’s methods. The universal 
formula satisfies some of the criteria which Mr. Walsh has laid 
down. It does not, however, in general, satisfy what he has called 
Professor Westergaard’s test that (e.g,) “ prices measured from 
1860 to 1870 and from 1870 to 1880 ought to show the same 
variation from 1860 to 1880 as would be shown by comparing 
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the prices of 1880 directly with those of 1860 ” (205). One may 
imagine a world in which the universal formula, and even Scrope’s 
emended method,” would completely satisfy Professor Wester- 
gaard^s test and all other tests. “ But in the world as it is, we 
have not reached the absolutely true method ” (402). 

What now is the worth of this result and of the investigations 
which lead up to it ? The answer to this question will vary with 
the critic’s preconceived opinion on some very debatable first 
principles. I, for one, find myself at variance with Mr. Walsh 
on certain fundamental issues, for the discussion of which I have 
thought an independent article more appropriate than a review. 

I cannot accept a view of the subject according to which it is 
significant to seek an exact measure of the change in the value of 
money in the case where only two relative prices are given. 
This paucity of data would indeed be innocuous if we had as clear 
and objective a perception of the units of exchange -value as of 
the units of mass and motion, or the degrees of the thermometer. 
On that supposition we might even speak with Mr. Walsh of 
obtaining an expression for the “ general exchange- value ” of 
money, or any one thing, at each period separately ” (76, cp. 
Appendix A). A series of such expressions for successive years 
would no doubt satisfy Professor Wcstergaard’s criterion above 
mentioned and all other tests. But I can form no idea of such 
a general exchange-value, except the somewhat indefinite notion 
of the relation between an amount of money and the quantity of 
utility which it will procure. I have not the courage to speak with 
Professor Irving Fisher of a util as an hedonic unit, I do not insist 
on the term utility, but only on the fact that our perceptions of 
the value of money in relation to such a unit as is desiderated are 
vague and indefinite. Suppose that one large class of commodities, 
say those following the law of decreasing returns, were to rise in 
price each by the same or nearly the same percentage, while all 
other articles in use, also forming a large class, were to fall 
together ; that in such a case the exchange-value of money has 
varied by so much would appear to me a somewhat indefinite 
proposition — its subject deficient in logical clearness, and its 
predicate in numerical precision. On such a supposition the 
objections which have been urged by a distinguished economist 
against index-numbers,^ that the results are widely different accord- 
ing as different species of averages are employed, would seem to me 
a fatal objection. The wide differences which may exist in such a 
case between different means are indeed of a piece with the enor- 
mous discrepancies which might be expected between the estimates 
^ Eoonomio Journal, Vol. VI. p. 130. 
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of equally competent judges as to the change in the value of 
money in respect to some such unit as it postulated. For example, 
if the drop in one large class, including necessaries, was great, while 
the rise in the remaining class was small, it would probably seem 
to all that money had fallen in value; it might seem to only a 
few that it had fallen to half its original value ; but between these 
limits there might be no unanimity. With all his logical precision, 
Mr. Walsh does not seem to have removed what Mill calls “ the 
necessary indefiniteness of the idea of general exchange -value. 
Mr. Walsh admits that “ we have not yet reached the absolutely 
true method.” I am disposed to think that we never will reach 
an exactly true method on his lines, until we are able to handle 
and weigh final utility, or what he calls “ esteem-value,” as we do 
material commodities. 

What should we think of a book which purported to instruct 
the Civil Service Commissioners who superintend our public 
examinations as to the principles by which their judgment should 
be decided in cases where there might be only two marks for each 
candidate, say one in literature and one in science ? Should we 
expect that any skilful blend of arithmetic and geometric mean 
would bring out a true figure, representing the real relation 
between the merits of the candidates ? That large part of Mr. 
Walsh’s analysis which is devoted to the case of two data appears 
to me to be equally foredoomed to failure. I should not expect 
much useful suggestion from any formula which holds good only 
for the artificially simplified case of dual data, and not for the 
concrete reality of plural data. 

Doubtless a certain interest is excited by this attempt to feel 
after a conception of general exchange -value. Perhaps posterity 
will regard these tentatives as we regard the exercise of thought 
by which appropriate conceptions in mathematical physics have 
been won. Or, to compare small things with great, the better 
parallel might be found in the disquisitions by which the ancient 
philosophers made familiar, if they did not make quite definite, 
many abstract terms which are still in use. Meanwhile our 
author has a less pleasant feature of resemblance to the Greek 
sages, namely a proud confidence in dialectic, to the neglect of 
more positive science. I refer to his treatment of the Calculus of 
Probabilities. He regards it as irrelevant (38,) and takes Cournot 
to task for applying it to the problem in hand (38, 66, 69). This 
omission of Probabilities appears to me serious. Even granting ^ 
that the 'primary problem is to measure the value of money in some 

‘ Without prejudice to the claims of the “ Labour ” or “ Real Cost ” standard ; 
which we may agree to postpone as not ripe for discussion. 
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such unit as Mr. Walsh desiderates, still by rejecting the Calculus 
of Probabilities he has not only thrown away an instrument 
necessary for the performance of that measurement, but also has 
lost sight of an important secondary aspect of the problem. 

First, according to the view here submitted, the estimate of 
the relation between money and the unknown unit based upon 
one or two price variations is very vague — the discrepancy between 
equally authoritative estimates might perhaps be as likely as 
not to amount to twenty-five per cent, in accordance with the 
suppositions made just now. But by the Theory of Probabilities, 
as observations are multiplied, the enormous “ probable error ’’ 
incident to the individual observations becomes diminished in the 
average. The rope is much stronger than its component strands. 
I would not deny that there is some philosophical difficulty in 
thus obtaining a definite measurement of a quantity, the degrees 
of which are not capable of being perceived distinctly. Rather, 
I would say with Professor Marshall, ^ that an absolutely perfect 
standard is “ unthinkable.’’ But here, as in wider spheres of 
conduct, although speculative difficulties cannot be perfectly 
resolved, we may obtain sufficient guidance for action. One useful 
direction is that ‘‘ weighting ” is of less importance than at first 
sight appears. Even with reference to what I am willing to regard 
as the primary queesitum, it is safe to say with Mr. Bowley that 
“ no great importance need be attached to the special choice of 
weight.” 2 It is well to imitate the judicious compromise and 
happy ambiguity of Sir Robert Gifien in the second Report of the 
British Association Committee (1898) : — “ Practically, the Com- 
mittee would recommend the use of a weighted index-number of 
some kind, as, on the whole, commanding more confidence. But 
they feel bound to point out that the scientific evidence is in favour 
of the kind of index-number used by Professor Jevons — ^provided 
there is a large number of articles — as not insufficient for the 
purpose in hand. ... A weighted index-number, in one aspect, 
is almost an unnecessary precaution to secure accuracy, though, 
on the whole, the Committee recommend it.” 

I do not retract the opinion which has been expressed above 
that the index-number elaborated by Mr. Walsh ^ — the one 
applicable to the general case of varying quantities and prices — 
has a certain theoretical advantage over its predecessors. But I 
doubt whether the advantage of this method over the simpler 
method sanctioned by the Committee of the British Association 

^ Contemporary Review, 1887. 

^ Elements of Statistics, p. 113; cp. ch. ix. 1. * Above, p. 373. 
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is SO great as to compensate the trouble of applying the more 
complicated method. This doubt is confirmed by the following 
consideration. It seems to be admitted by high authorities — 
and Mr. Walsh would apparently agree ^ — that the most exact 
solution of the concrete problem is obtained by a series of index- 
numbers taken at short intervals of time. Now the interval of 
time between any two adjacent index -numbers being small, we 
are entitled to assume that the change in price and also in quantity 
during any such interval i.s small. Accordingly let us substitute 
in Mr. Walsh’s above-written formula for a 2 S 2 ^^i + 
and similarly for .{’ 2 , •♦’i “b !/i + where Aa, A/9, A.ri, Ayj 

arc small (relative to a^, uq, respectively), in such wise that 

the second and higher powders of the quantities ™ etc., are 

Ui a'l 

small fractions. Then, exj^anding in powers of Aa^, etc., Ar^, etc., 
we find that Mr. Walsh’s “ universal ” formula differs from the 
index-number recommended by tlie British Association Com- 
mittee only by quantities of the second order. It may be added 
that the elegant formula which, as above mentioned, Mr. Walsh 
introduces as “ Scrope’s emended method ” differs from the index- 
number of the British Association Committee only by quantities 
of the third order. 

Mr. Walsh seems to have exaggerated the need of weighting. 
He gives the Economist's index-number as an example of the 
discrepancy resulting from different weights (83). 

“ In the comparison given by Mr. Palgrave of the Economic 
series of ‘ unweighted ’ index-numbers and the index-numbers 
calculated upon the same prices, wo find the following contrasts : — 


1880 

87 

89 

1881 

81 

93 

1882 

83 

87 

1884 

79 

88 


Here the calculated movements of general prices go in exactly 
opposite directions in every sequence of years. Between the first 
and the second years, for instance, the Economist figure falls 7 per 
cent., and the ‘ corrected * figure rises per cent. — a difference 
of 12 per cent. Divergences of this sort are to be seen in every 
case where in a series of periods the same price has been treated 
in both ways for comparison.” 

But in a matter of this sort we should look to the average 

1 P. 113, referring to the Report of the British Association for 1887, our first 
Memorandum, above, H. 
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character of experience rather than at exceptional instances. The 
rudimentary index-number of the Economist appears less typical 
than Mr. Sauerbeck’s index-number or that compiled by the Aldrich 
Report, 1 each of which gives almost identically the same result 
whether unweighted or weighted. We should contemplate in the 
statistics compiled by the Bureau of Economic Research,^ the 
curves which represent the weighted or unweighted index- 
numbers hugging each other closely through the long course of 
years. We should take into account too the a priori reasons for 
expecting this sort of correspondence, reasons which derive some 
confirmation from their verification in the like matter of wage 
statistics. See the ‘‘ example of the smallness of the change 
introduced by difference in systems of weighting ” in Mr. Bowley’s 
Elements of Statistics (p. 114 et sqq., cp. ibid,, p. 219, “ On the 
unimportance of weights,” et sqq.). 

Doubtless divergences of the sort, to which our author points 
triumphantly, “ are to be seen in every case ” if you look out for 
them ; just as extraordinary sequences are to be seen in games of 
chance if you look out for them long enough. Mr. Walsh, indeed, 
has not been very happy in his selection of a specious exception. 
By a pardonable oversight it has escaped his attention that the 
index-numbers which he contrasts are not as he supposes “ calcu- 
lated upon the same prices.” The unweighted index-number is 
taken from Mr. Palgrave’s Table 26,® in which the prices of cotton- 
wool, cotton-yarn, cotton-cloth, play a part. The weighted index- 
number is taken from Mr. Palgrave’s Table 27, from which these 
three prices arc excluded. For the purpose in hand it would have 
been proper to exclude those three cotton prices, as is done in 
the Memorandum attached to the Second Report of the British 
Association Committee. I reproduce the result so far as relevant 
here. 



1880. 

1881. 

1882. 

1883. 

Mr. Palgrave’s Weiglited Mean for 19 
articles 

89 

93 

87 

88 

The simple Arithmetic Mean for the same 
articles 

93-6 

86 

89 

85-5 

Excess of Arithmetic over Weighted Mean 

4-5 

- 7 

+ 2 

-2-5 


' See Economic Journal, Vol. VI. p. 136. • Ihid., Vol. X. p. 600. 

* Third Report of the Royal Commission on Depression of Trade and Industry. 
[C.— 4797], 1886; pp. 343—353 (cp. Brit. Ass,, 1888, p. 203). 
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It is still true that “ the calculated movements of general prices 
go in exactly opposite directions in every sequence of years,** 
that is three times. ^ But as the distance to which they go is 
inconsiderable in comparison with the “ probable error ” to be 
expected, it would be requiring too much that they should always 
go in the same direction. The figures in the table from which an 
extract is given had been noticed in the Memorandum referred 
to as exceptional, not on account of their divergence but on 
account of their agreement. “ The annexed comparison,’* it 
was there remarked, “ does not present the appearance of pure 
chance. The discrepancies are rather less in magnitude than 
the theory regards.” This “ faultily faultless ” character of the 
index-number is pro tanto corrected by Mr. Walsh when ho points 
out some little discrepancies in the matter of the sequences. 

Had he bestowed more attention on the theory of averages, 
our author would have asserted with less confidence that “ in no 
other case [except the case in which all prices vary alike] do wo 
want to seek any determination ‘ irrespective of the quantities 
of commodities.* ” ^ There is a secondary form of the problem 
with respect to which weighting has even less importance than 
under the first aspect. I may introduce this variety by a problem 
which has been likened to the problem now before us, the deter- 
mination of the sun’s motion relatively to the sidereal system. 
Referring to this sort of problem Mr. Walsh has some just remarks 
on the relative motion of the single body and the system (68, cp. 
38). He may be right in suggesting that the use of Probabilities 
in the analogous monetary problem has sometimes been connected 
with a confusion between cost-value and the kind of value which 
he has set himself to measure. Yet I do not feel sure that the 
function of the Calculus is adequately recognised in the following 
passage : — 

“ When we have chosen which method wo shall adopt, and 
what shall bo our standard [whether we shall consider motion of a 
body relatively to all other things, or to all things including itself], 

^ Out of fifteen sequences or changes from year to year shown by the complete 
table eleven are in the same direction for both weighted and unweighted index- 
numbers; Jour are in opposite directions, viz, 1873-1874 and the three sequences 
selected by Mr. Walsh, 1880-1881, 1881-1882, 1882-1883. 

* Pago 222, note. Referring to the present writer’s Memorandum attached to 
the Report of the British Association Committee, 1887, p. 280; where the com- 
mentator strangely supposes that the cose contemplated is that “ in which all 
prices vary alike.” The context of the section referred to and the parallel section 
in the third Memorandum (Report of the British Association, 1889, p. 166) make 
it clear that the sought common effect of changes in the supply of money is not 
supposed to be given free from disturbances special to particular commodities 
(cp. below, p. 380 et seq.). 
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there is of course no occasion for employing in our measurements 
the law of probabilities — as was asserted also in this connection 
by Cournot. We do not say it is more probable that all the other 
things have remained stationary than that this one has stood still 
and they moved; or it is more probable that all things have 
together remained stationary, wherefore both this and the others 
have moved relatively to the whole. But having adopted our 
point of view we simply measure as best we can what we see 
happening before us. And our point of view itself in these 
matters we adopt not by any use of the law of probabilities, but 
because the myriad inter-relations whieh do not change, or which 
do not change on the average, make more impression on us than 
the particular ones which do change (09, 70). 

However this may be, it does not invalidate the proposition 
which I am concerned to maintain : that without knowing the 
centre of gravity, or “ weighted mean of a system of bodies, we 
may know by the theory of averages that one single body is 
advancing through the cluster. Leaving the problem of the stars, 
which involves some technicalities, let me take a humbler terrestrial 
illustration. The annexed pairs of figures were thus obtained : 
As I walked along Piccadilly one day I noted the number of 
omnibuses * which met me (viz. 7) and the number which passed 
me (viz. 3) out of the first Un which came up to me, whether they 
were moving in the one direction or the other; and so on for 
successive decades (the observations not being all made on the 
same day, nor at the same hour). Here are some of the 
observations : — 

7,3; 8,2; 8,2; 5,5; 7,3; 8,2; 7,3; 6,4; 

7,3; 6,4; 7,3; 7,3; 6,4; 8,2; 8,2; 7,3; 

8,2; 4,6; 7,3; 7,3; 8,2; 6,4; 9,1; 8,2. 

From these and other observations in pari materia, I find that 

on an average of the omnibuses observed, about 70 per cent, 
met and 30 per cent, passed the observer. If, as there is reason 
to suppose ^ (at the hours when the observations were made), the 

* The vehicles were drawn by horses in those days. The experiment recently 
repeated with respect to motor-buses gave a different result. 

^ This presumption is confirmed by the following statistics in which the first 
member of each pair {e.g., 6 in the first pair) denotes the number of omnibuses 
moving eastward, and the second number (e.gr., 4 in the second pair) denotes the 
number moving westward, out of every ten omnibuses, which, sitting at the window 
of a club in Piccadilly, I observed passing in either direction : — 

6,4; 6,6; 4,6; 6,6; 6,4; 6,4; 6,6; 3,7; 

6,6; 6,4; 3,7; 5,6; 6,6; 7,3; 6,6; 6,6. 

It may be noticed that on the basis of the calculation in the text the observer 
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same number of omnibuses are moving in both directions with 
the same average velocit}^ say, F ; an easy calculation shows that 
the velocity of the pedestrian, supposed uniform, = (0*7 — 0‘3)F, 
= 0*4 F. That is the absolute velocity, so to speak, referring, 
say, to some fixed point in the street. Accordingly the velocity 
of the pedestrian relative to the vehicles which are moving in an 
opposite direction to his is 1*4 F: and relative to the vehicles 
which are moving in the same direction, *6 F. If, then, the 
pedestrian could observe his own velocity reHtive to a great 
number of vehicles taken at random from the whole series — say 
all that at a given instant were in Piccadilly — the distance by 
which he would be found to gain upon the average omnibus in a 
unit of time would bo about (1*4 — . •6)F == *8 F. This datum 
might possibly have been obtained by observation, if the observer 
had attended to the relative velocities of the vehicles in his 
neighbourhood, not merely to the numbers which mot him and 
passed him, as ho walked. 

The distance which the individual on foot moves relatively to 
the average omnibus during a unit of time may bo treated as a 
substantive entity, an independent measure of the rate at which 
the individual is advancing through the crowd of vehicles. Or 
it may bo regarded as an approximation to a perhaps more 
scientific queesitum, the rate at which the individual is moving 
towards the weighted mean of the system. The simple average 
might be used for this ancillary purpose by one who had not the 
means of ascertaining the centre of gravity of the system, or even 
by one who had not formed a very clear idea of what is meant by 
a centre of gravity. The approximation may be expected to bo 
very close. For the statistics now under consideration are simply 
related to the group above cited, representing the proportions of 
vehicles meeting and passing the pedestrian; and this group 
appears to possess the characteristic on which indifference of 
weighting depends, namely, sj^oradic dispersion about a constant 
mean. 

Is it necessary to interpret the parable ? The oscillating 
crowd of public conveyances is comparable to the long list of 
commodities with ever varying values — the swaying series of the 
logarithms ^ so taken that the difference between any two of them 
represents the relative value of two articles of exchange. The 

would appear to be moving westward with a velocity equal to an eightieth of the 
average velocity of an omnibus ; a result which differs from zero by on amount 
which is well within the probable error incident to the calculation. 

^ As conceived by Cournot {Thiorie Mathdmatique dea Richesaea, ch. ii.); who 
very properly in this connection does not mention weighta. 
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change in the distance of the pedestrian from the “ weighted 
mean ” of the system represents the 'primary monetary queesitum ; 
the change in his average distance from the other bodies in the 
system represents that unweighted — that is, equally weighted, 
or more generally randomly weighted-mean of relative prices, 
which may be used either as subsidiary to the primary investiga- 
tion, or as an independent secondary measure. The position of 
high collateral dignity is all the more deserved in that the 
secondary measure enjoys an objective or external character, which 
cannot — according to my view of the subject — be accorded to 
the primary queesitum. 

The recognition of this sort of absolute standard, or at least 
of that sporadic dispersion on which it is based, demands a 
considerable widening of the views and softening of the strictures, 
which we find in the work before us. First, more attention may 
be claimed for a species of average, appropriate to the secondary 
quoesitum, the Median, which Mr. Walsh has mentioned only to 
reject. Again, his criticism of those who have sought to include 
wages with commodities in an index-number seems too harsh. 
Those certainly are to be condemned who confound the distinct 
standards, which are based on the amount of commodity which 
the same sum of money will procure, and the amount of effort 
and sacrifice which are required to procure the same sum of 
money. Mr. Walsh is quite justified in describing a mixture of 
these two species of index-number as an unmeaning “ hodge- 
podge.” But there is a secondary point of view in which these 
distinctions are less important: the view which seems to have 
been taken by some of the great men who first approached our 
problem. When Hume imagined every one awaking one morning 
with an additional coin in his pocket, when Mill improved on the 
idea by imagining the money in every one’s pocket to be increased 
in a certain ratio, presumably they thought of prices in general 
without distinction of producers’ and consumers’ goods. And 
certainly in an alert state of competition, if such a change as 
Jevons proposed for the purpose of unifying international coins 
were carried out, namely that what is now 100 dollars should 
reckon as 103|, it is very conceivable that this change would 
rapidly propagate itself through a great variety of transactions, 
including those between master and servant. And accordingly, 
though the change in wages in each department might be liable 
to the same proper disturbance as the finished article (in addition 
to the common monetary influence), and so far as they are not 
independent observations it would not be much good including 
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them, at the same time there would be no harm in including them 
in such an unweighted index-number as is now under consideration. 
I am not contending that wages ought in the existing state of 
things to be included in any kind of index-number along with 
finished products. I am only regretting that our author’s great 
learning has not saved him from the common defect of original 
writers on the subject, an inability to perceive the many-sidedness 
of the problem, an exclusive devotion to one idea. 

There are more things in the monetary cosmos than are dreamt 
of in his philosophy. Still his philosophy is of a very high order. 
So subtle dialectic, such logical precision, supplemented by a 
diligence of literary research that is quite unrivalled, if brought to 
bear on other economic problems, may be expected to merit a less 
chequered encomium. That they have not now obtained a more 
decided success seems due to the peculiarity of a problem which 
involves the more positive science of Probabilities. But, I 
repeat, this is an individual opinion on a much debated question. 
There are those who conceive the problem in a sense more 
favourable to Mr. Walsh. To mo he seems unfortunate in his 
subject ; to others perhaps, only in his critic. 



(N) 

PROFESSOR WESLEY MITCHELL ON INDEX- 
NUMBERS 

[In this paper, published in the Economic Journal, 1918, 
under the title “ The Doctrine of Index-Numbers according to 
Professor Wesley Mitchell,’’ the plurality of conceptions attached 
to the term change-in-the-value-of -money, the variety of purposes 
subserved by an index-number for prices, is urged once more and 
with more confidence than before. That an index-number may be 
more than a register of a change in the value of certain specified 
articles, that there is an average trend of prices which may be 
expressed by methods other than those of a commercial account — 
this view is more acceptable now than it was thirty-five years ago. 
It is recognised in theory by Professor Mitchell, and realised in 
practice by Mr. Flux.] 


The problem of which the object is to measure changes in the 
value of money has long exercised economists and statisticians. 
Thirty years have elapsed since the British Association appointed 
a committee for the purpose of investigating the best methods 
of ascertaining and measuring variations in the value of the 
monetary standard. The wording of this instruction may serve 
to remind us of the tremendous magnitude which the phenomenon 
to be measured has since the outbreak of war assumed. No 
one would now set out to ascertain the fact of a change in the 
value of money — a fact which in the peaceful eighties of last 
century could be disputed by sturdy mono -metallists without 
obvious absurdity. But though the fact now stares us in the face, 
the measurement of its magnitude is still important; perhaps 
more important than ever. For it can hardly be doubted that 
as the war goes on, and during the period of so-called “ recon- 
struction,” there will be required careful measurements of change 
in the purchasing power of money, with a view to the adjust- 
ment of wages and of other payments. And not only for prac- 
tical purposes, but also in the interest of monetary theory, will 

384 
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such measurement be urgently required. In the controversies 
which will probably flourish in the early part of the twentieth, 
as in that of the nineteenth, century concerning the management 
of the currency during a great war, reference will certainly often 
be made to the index-numbers which represent the change from 
time to time in the level of general prices. If, as may be ex- 
pected, the quantity theory of money is appealed to, it will be 
proper to construct another kind of index-number showing 
changes in the volume of trade. And other index-numbers there 
are which may be required in the course of reconstruction; in 
particular, those which measure wages nominal and real. 

Coincidently with the increased demand for the use of index- 
numbers it is opportune that there has appeared a singularly com- 
prehensive and lucid treatise on this species of measurement.^ It 
is true that Professor Wesley Mitchell’s monograph on index- 
numbers of wholesale prices does not cover all the ground which 
we have here in view. But the methods appropriate to the 
general problem can mostly be learnt from his discussion of a 
particular but leading case. That discussion is so complete and 
thorough that it almost dispenses the student who is not a 
specialist from the trouble of consulting the earlier literature of 
the subject. Within a limited but considerable and representa- 
tive province Professor Mitchell has explored every inch of the 
ground. He has traced the many-branching paths wiiich per- 
plexed most of his predecessors. He has added clear directions 
showing where each of the paths leads. 

The last-mentioned task is more difficult and important than 
may be supposed. It is a peculiarity of the problem that much 
thought must be expended in order to find the meaning of the 
question before you begin to answer the question. The practical 
man intent upon making or spending money does not suspect the 
ambiguity lurking under inquiries about its value. He asks what 
is the equivalent in our currency of the guinea in Charles II.’s 
time, and expects an answer as pat as if he had asked what is 
now the bank rate, or what the price of wheat. It is true that 
where the distance between the epochs compared is not so 
enormous, in the more usual comparisons of price-levels, the 
definition of the question is not so important; much the same 
answer may be given to different varieties of the question. The 
relation is like that between ethical theory and good conduct; 
if Bishop Butler and other moralists are right in thinking that 

^ Index -numbers of wholesale prices in the United States and foreign countries 
( Bulletin of the United Stoitea Bureau of Labour Statiatica, 1916 ; whole number 173). 

VOL. I. 
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much the same conduct may follow from first principles so opposite 
as rational benevolence and rational self-love. When this analogy 
was suggested to Sidgwick, on the occasion of a meeting of the 
above-mentioned British Association Committee, the author of 
the Methods of Ethics made reply to the effect that, while fre- 
quently different methods might be adopted without obvious 
difference in practice, yet occasionally at critical turning-points 
the difference between opposite first principles would make itself 
felt decisively. We surmise that in like manner monetary dis- 
tinctions which are otiose in ordinary times may have become 
significant under present conditions. All the greater is the 
debt of the economist to Professor Mitchell for having made 
the distinctions clear. Consider, for instance, Professor Irving 
Fisher’s index-number in which each article is weighted in pro- 
portion to the number of times it is sold; quite properly, as 
Professor Mitchell points out (78), ^ with reference to Professor 
Fisher’s purpose. In ordinary times there would probably be 
little difference between this number and that which is obtained 
by using the same commodities in the same quantities without 
taking account of the number of turnovers (Mitchell, loc. cit.)} 
But in war time, methods of business being considerably altered, 
it is possible that the distinction corresponds to a real difference.^ 
The same may be said about another variety which Professor 
Mitchell thus distinguishes. “ If the aim be merely to find the 
differences of price fluctuation characteristic of dissimilar groups 
of commodities, or to study the influence of gold productions, or 
the issue of irredeemable paper money upon the way in which 

' The numerals in brackets refer to pages in Prof. Mitchell’s treatise. 

• Cp. Memorandum British Association Report, 1889. Professor Foxwell’s 
method, above, p. 2C1. 

» Tho subtlety of these distinctions deceives even experts. Thus the reviewer 
in the Economist (for January 12, 1918) criticising a recent publication in which 
it was held not to be proved, upon the lines of Irving Fisher, that money rather 
than goods was responsible for tho rise of prices, observes triumphantly : “ There 
can be no question that the increase in currency has been very much more 
rapid tlian the increase in the production of goods, unless we arc to assume 
that this country, with four or five millions of its best men withdrawn into the 
Army, has been able to increase its production by more than 50 per cent.” But 
the four or five millions have not been withdrawn from tho production with which 
wo are concerned in this inquiry. They (with their dependents) make, primd 
facie, at least as great a pull as before upon the currency. Again the increase 
of women’s and old men’s paid work swells the denominator, which Irving 
Fisher calls ” T.” But then, asks the reviewer, why have prices risen? Quite 
conceivably, we reply, not so much because the quantity of money has increased 
out of proportion to the quantity of “ goods ” (in the sense here relevant), as 
because the circulation of the goods is less rapid (as suggested in the work criti- 
cised [cp. Lehfeldt, Economic Journal, Vol. XXVIII. (1918), p. 111]). That is 
not “ inflation ” in the sense of causation on the side of money. 
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prices change, it may be appropriate to give identical weights to 
all the commodities ” (78).^ Again, the consumption standard, as 
based on family budgets, or more generally on the expenditure 
of the citizens in the way of consumption for the sake of personal 
or sympathetic satisfaction, exclusive of their collective expendi- 
ture on munitions for the satisfaction of patriotic motives, may 
well differ in war time from an index-number like that of Pro- 
fessor Irving Fisher, if there is included in the work which the 
currency has to do the payments by the Government for muni- 
tions. Conceivably, however differently from present experience, 
the momentum (price x velocity) of currency in relation to the 
“ volume ” — or, rather, the momentum, or flow — of goods, in- 
cluding munitions, might remain constant; while the prices of 
all the goods consumed by the citizen, exclusive of munitions, 
rose considerably. 

Our readers are perhaps beginning to feel that they have had 
enough of this concept-splitting. Yot there remain certain 
varieties of index-numbers which we cannot pass over : two 
mentioned by Professor Mitchell and two which it did not come 
within his subject, more narrowly defined than ours, to mention. 
There is first the index-number intended to serve as a business 
“ barometer ” (66). If the aim be to construct a business baro- 
meter, the data should be prices from the most representative 
wholesale markets, the list should be confined to commodities 
whose prices are most sensitive to changes in business prospects 
and least liable to change from other causes, and the weights may 
logically be adjusted to the relative importance of the commodities 
as objects of investment. Professor Mitchell also directs atten- 
tion to what he calls a “ general-purpose ” index-number, not 
adapted to any special end and in practice applied to very various 
purposes, of which more than a dozen are enumerated (26).* Pro- 
fessor Mitchell is no doubt right in thinking that “ the day has 
not come when the uses of index-numbers are sufficiently differ- 
entiated and standardised to secure the regular publication of 
numerous special-purpose series.” Till then ” the users of index- 
numbers must put up with figures imperfectly adapted to their 
ends ” (26). 

^ Cp. British Association Memorandum^ 1887, section viii. ; “ Determination 
of an Index-number irrespective of the quantities of the commodities.” 

• Cp. Memorandum, 1887 (above, p. 265), ” mixed modes, compounding the 
ends or means or several distinct methods ” . . . the most comprehensive 
. , purporting to be a compromise between all the modes and purposes — the 
method if practical exigencies impose the condition that we must employ one 
method, not many methods.” 
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Another conception of the end, another definition of the value 
of money, is derived from Ricardo’s axiom that ‘‘ a commodity 
which at all times requires the same sacrifi.ce of toil and labour 
to produce it is invariable in value.” Professor Marshall has 
countenanced this view of our problem. In his evidence before 
the Precious Metals Royal Commission of 1888, speaking of the 
appreciation of gold,’^ he said : “ When it is used as denoting a 
rise in the real value of gold, I then regard it as measured by. 
the [increase] ^ in the power which gold has of purchasing labour 
of all kinds — that is, not only of manual labour, but the labour of 
business men and all others engaged in industry of any kind.” 
It has been said that changes under this head are sufficiently 
reckoned with when the changes in average incomes are noted. 
This, however, may be questioned in time of a war involving 
enormous changes in the quantity of labour employed in pro- 
duction, additions here and subtractions there. 

Nor can we pass over in silence Professor Nicholson's index- 
number based on capital.^ It is remarkable that the conception 
which lies at the root of this method should have been that which, 
under a different aspect, first presented itself to Professor Leh- 
feldt in his independent and original investigation of the “ absolute 
price of gold.” ^ Professor Lehfeldt’s second definition, referring 
to a “ redistribution of effort of production ” on the supposition 
of ‘‘ the total of effort being unchanged,” savours of the labour 
standard which we mentioned just now. 

When we have decided what is the end at which to aim, we 
may go on to consider how the data are to be shaped to that end, 
and what data are to be sought. The step which is last in the 
analysis, as Aristotle would say, is first in the order of practice. 
The initial operation of collecting the original quotations of price 
requires more care and labour than might be supposed. To 
judge from the literature about index-numbers, one would 
think that the difficult and important problems concern weight- 
ing and averaging. But those who are practically concerned 
with the whole process of making an index-number from start 
to finish rate this office work lightly in comparison with the 

1 Appendix to Final Report [C 6612] Question 9026. Quoted in the British 
Association Memorandum of 1889, p. 161. 

* “ Diminution ” has been substituted for “ increase ” in the original by an 
obvious misprint. 

® Described in the British Association Memorandum^ 1887, section vi., above, 
p. 230. 

* Economic Journal (March, 1918, p. 108). 
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field work of getting the original data ” (27).^ The fathers of 
the English Statistical Society were so apprehensive lest the 
field work of collecting facts expressed in figures should be 
neglected if attention were diverted to drawing inferences from 
those facts that they proposed to divide the two kinds of work, 
and as the motto which they chose purported — aliis exierendxim^ 
surmounted by a wheatsheaf — themselves to gather in the harvest 
of statistics, while leaving it to others to thrash out the inferences. 
But Professor Wesley Mitchell has shown that it is possible for 
one and the same individual — combining official diligence with 
economic subtleties and statistical refinements — both to collect 
the raw material of primary data, and also to employ the com- 
plicated machinery which is required in order to render that 
material available for human use. We have not space to describe 
the excellent directions which are given to “ the field worker 
collecting data for an index-number ” (27). Indeed the whole 
of Part II., nearly two -thirds of the volume, dealing with index- 
numbers of wholesale prices in the United States and foreign 
countries, abounds with suggestions which may be useful to the 
practical statistician. Attention should bo called to the sugges- 
tion that the facts may prove to be of more permanent interest 
than the theories which are now built thereon. “ Jt is probable 
that long after the best index-numbers whicli wo can make to-day 
have been superseded, the data from wliich they were compiled 
will be among the sources from which men will be extracting 
knowledge which we do not know enough to find ” (30). Wo 
surmise that some of this future knowledge will bo of the kind 
to which Professor Mitchell points : “ to find how prices are 
interconnected, how and why they change, and what consequences 
each change entails ” (29, 67). 

Between the collection of the data and the completion of the 
index-number there are several intermediate processes which 
Professor Mitchell describes under the headings hose periods, the 
numbers and kinds of commodities included, problems of weight-' 
ing, averages and aggregates. We adopt this division, but we are 
not careful to follow the author’s order as to the topics which are 
ranged under these four heads. 

1 One who was associated with Giffen when ho was preparing the scheme of 
an index-number adopted by the British Association Committee can remember 
how much he was influenced in the selection of the items by the possibility of 
obtaining an available figure. Ho has himself expressed this in the second 
Report of the Committee (1888) which he drew up. ‘ ‘ In dealing with the question 
practically those concerned must always have an eye upon the data, and consider 
what is practically attainable ** (foe. cit. p. 183, and context). 
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Under the first head Professor Mitchell’s most important con- 
tribution is the support which he gives to the method proposed 
by Professor Marshall, according to which the base adopted each 
year is constituted by the prices of the preceding year, Chain ” 
index-numbers it is proposed to call this species (36, 37, refer- 
ring to 23). The ordinary “ fixed base ” index-number — for 
example, one constructed for the year 1913 with the prices of 
1890-99 as base — is liable to an imperfection which is thus 
worded ; '‘As the years pass by the commodities that have a 
consistent trend gradually climb far above or subside far below 
their earlier levels, while the other commodities are scattered 
between these extremes. Thus the percentages of variation for 
any given year gradually get strung out in a long, thin, and 
irregular line without any marked degree of concentration about 
any single point ” (23). On the other hand, a careful scrutiny 
of the relative prices with which the “ chain ” method deals brings 
out the interesting circumstance that these percentages are 
grouped approximately according to the “ normal law ” of distri- 
bution. The familiar form which has been likened to (the front 
view of) a gendarme' s hat reappears. But it should be noticed 
that in the centre of the hat there is a spike like that of a Prussian 
helmet — a “ mode ” which is very abnormal. 

There is something impressive in the introduction of the 
normal law — the dominant principle of the higher statisties — into 
questions relating to money and prices. It is like the appearance 
of a distinguished savant as witness in a case relating to ordinary 
business. Let us make certain that the testimony is rightly 
interpreted. 

When it is claimed as a merit of the “ chain ” data that they 
conform to tlie normal law, the question arises what advantage 
is there in such conformity. The feeling of statisticians on this 
question may perhaps be expressed by the old answer, “ Si non 
rogas, intelligo.” To reply that the law is convenient for pur- 
poses of calculation seems hardly relevant to the present inquiry. 
A deeper reason may be found in the presumption that the law 
is the outcome of numerous independent causes.^ Since it is 
unlikely that independent phenomena should vary concurrently, 
we have here some guarantee of a certain stability in the grouping 
under consideration. It may be worth suggesting that prices 
regulated by Government in war time are determined by general 

' Independence being understood in the sense explained by the present 
writer. Journal of the Royal Statistical Society , 1916, p. 462, and references 
there given. 
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rules rather than the plurality of fleeting causes which constitute 
the condition of the normal distribution. But we are not pre- 
pared to affirm that arbitrary governmental regulations will be 
deficient in the element of haphazard. 

However, we do not dispute that it is a merit in a statistical 
group to conform to the normal law. We admit, too, that a 
continual elongation in one direction, such as Professor Mitchell 
has observed in the case of some relative prices, tends to deforma- 
tion of the law. If all the prices behaved in this way, some 
moving upwards continually, the others downwards, they would 

“ leave in the midst a horrid vale,” 

quite inconsistent with the normal contour. As nothing like this 
occurs, the continued elongations can be only moderately dis- 
figuring ; to what extent must be a matter of observation. Wo 
are not satisfied that this observation is performed with sufficient 
care by Professor Mitchell. He shows two diagrams, one repre- 
senting the distribution of prices in 1913 as compared by the 
“ chain ” method with those of 1012, the other the distribution 
of 1913 compared with 1890-99 by the “ fixed-base ” method ; and 
points out that the former set obey approximately the normal 
law. “ But,” he continues, “ the distribution of the second set 
of variations (percentages of change from the average prices of 
1890-99) . . . belongs to a different type. It has no pronounced 
central tendency ; it shows no high degree of concentration around 
the arithmetic mean or median. It is more like an oblong 
than like the bell-shaped normal curve ... its probable variation 
is five times as great as that of the corresponding variations for 
1912 prices.” This evidence is not conclusive ; for it may bo shown 
that the same appearance would be presented in like circumstances 
by the most perfectly normal distribution. 

To construct an ideal distribution imagine a game in which 
each player moves a peg one step of, say, a quarter of an inch on 
a horizontal board either forward or backward, according as a 
tossed coin shows head or tail. A number of players that move 
thus east or west start from a line running north and south. 
Suppose that each player takes several steps in five minutes 
(corresponding to several changes in the price of an article during 
a year). At the end of that period the distances from the initial 
line will be ranged in at least rough correspondence to the normal 
law. Now let the race be prolonged for more than two hours — 
twenty-five periods each of five minutes. At the end of this 
time the normal distribution will be much more perfect (since 
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more independent causes will have operated). But appearances 

would be against the new group. It might be said of it, as of the 

“ fixed-base ” series, that “ it has no pronounced central tendency ; 

it shows no high degree of concentration around the arithmetic 

mean,” and so forth. For let there be given the “ probable 

deviation ” of the grouping after the first five minutes. Say it 

is so many quarters of an inch, or, better, a percentage of a 

certain standard length ; namely, the number of inches which 

measures the distance of the initial line — the “ career ” of our 

imagined race — from a zero-point (west of that line). Let the 

said probable deviation be 4 (per cent.). Then the probable 

deviation for the group at the end of the race will be five times 

as great, ^ namely, 20. The latter grouping naturally appears 

“ oblong,” as contrasted with the bell-shaped ” contour of the 

former. The contrast is exhibited in the accompanying diagram, 

16 38 60 60 38 16 

I I _l__ I I 

I I " » ' I I I 

14 15 15 15 15 14 

where the notches on the line are placed at intervals of 4 (per 
cent, of the standard length), the probable deviation of the 
grouping formed by a five minutes’ race. The upper figures show 
roughly (part of) a group of 240 observations thus formed. The 
lower figures show the grouping that may be wdth most probability 
expected after the forces tending to dispersion have acted for 
twenty-five times five minutes. It will be noticed that the 
shape of the bell is no longer conspicuous, about the centre at 
least. Certainly, if we exhibited the whole group, it might 
come out; it would come out if we represented, not the result of 
one race, but the average result of indefinitely numerous trials. 
But at any one race of the kind which we have described the 
grouping as a whole would assuredly appear rather “ oblong.” 
And yet it may be more normal than the small group. If the 
distance of each player from the starting-point at the end of the 
long race is divided by 5, the group so formed may be expected 
to comply with the ideal shape better than the set of points 
reached in the short race. 

This contrast is not materially affected by the introduction 
of certain concrete circumstances. The coins which are used 
might bo slightly unsymmetrical. There would then result a 
grouping which has many properties in common with the normal 
shape, the sub-normal curve as it has been called.^ The sub- 

* The square root of the number of independent constituents, which we have 
supposed to be twenty-five. 

* See Journal of the Royal Statistical Society^ “ Mathematical Representation 
of Statistics,” section iii., 1917, p. 65 et passim. 



PKOFESSOE WESLEY MITCHELL ON INDEX-NUMBERS 393 


normal shape would persist, in spite of several modifications 
assimilating the case to that of price -variations. Then the causes 
tending to variation need not be perfectly independent. The 
steps need not be equal. There need not be several changes in 
each of the short periods. A variation may persist in one direction 
for several periods, provided that there is a chance of its being 
reversed. If, indeed, the last-named condition is removed on 
a large scale, the sub-normal character must disappear. Whether 
this or otlier abnormalities occur on such a scale as to vitiate 
the result is not to be decided off-hand, but by a careful scrutiny 
of the given statistics. 

We have performed this scrutiny with respect to a set of 
145 commodities selected by Professor Mitchell from the 241 
above mentioned. We have examined the percentages presented 
by comparing the prices of 1913 with those of 1912 according to 
the “ chain ” method, and the percentages for 1913 according 
to the “fixed base” method with base 1890-99; and we are 
satisfied that the latter conform to the normal law at least as well 
as the former.^ 

But while thus questioning one of Professor Mitchell’s pre- 
misses, we do not dispute his conclusion : “ The longer a fixed- 
base system is maintained the more scattered become the relative 
prices as a rule ” (37). Our discussion, however, warns us to 
accept witli caution the corollary attached to this conclusion. 
“ With a given body of quotations to build upon, chain relatives 
are more trustworthy than their rivals ” {loc. cit.). Chain rela- 
tives relating to the preceding year are no doubt more trustworthy 
than their rivals when related to a much earlier period. But 
so are fixed-base index-numbers more trustworthy than a chain 
system if the former relate to the preceding year, the latter to 
a much earlier period. 

The latter relation is dismissed too hastily in our judgment 
by Professor Mitchell. “ Chain relatives for successive years . . . 
multiplied together to form a continuous series ” (38) surely bring 
the later years into a relation with the earlier, which is as valid 
as most of the conceptions involved in an index-number ? ^ Wo 
have performed this operation with respect to the chain index 
given by Professor Mitchell extending from 1890 to 1913; and 
have compared the result for 1913 with that which is given by 

1 Tho probable error for the group formed by comparison with a distant 
period, viz. nearly 20 (years), is to the probable error for the group formed by com- 
parison between two consecutive years approximately in the ratio supposed in 
our illustration. 

• Cp. British Aasocialion Memorandum, 1887, above, p. 219 
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the fixed -base method with base 1890-99. The difference appears 
at first sight marked; the median and the arithmetic mean 
according to the chain system being (for 1913) respectively 111*6 
and 113, while, according to the fixed-base system, they are about 
126 and 130 respectively. But it must be remembered that the 
chain starts from a greater height than the base of the fixed 
system; the level of 1890 (the base of the chain) being, with 
respect to the base of the fixed system, 113 or 114. This being 
taken into account, the consilience between the two systems is 
remarkable ; and, indeed, greater than was to be expected. 

It is tenable, we submit, that for certain purposes the chain 
system gives just as good a measure of the change in the price- 
level as the fixed-base system. For this reason we agree with 
Professor Mitchell that ‘‘ it is an excellent plan to make from the 
original quotations two series of index-numbers — one a chain 
index and the other a fixed-base series.” 

Under the head of “ Numbers and Kinds of Commodities In- 
cluded ” Professor Mitchell adduces a discovery for which students 
of his Gold Prices under the Green-bach Standard [reviewed in 
the Economic Journal, Vol. XVIII. (1008), p. 581] will be pre- 
pared. He has observed that the fluctuation in price from year 
to year is much greater for some kinds of commodities than for 
others (52 et seq.). Thus manufactured goods are steadier than 
raw materials. There are characteristic differences among the 
price fluctuations of the groups consisting of mineral products, 
forest products, animal products, and farm crops. Again, con- 
sumers’ goods are steadier in price than producers’ goods, the 
demand for the former being less influenced by vicissitudes in 
business conditions. Knowledge of this kind may be used to 
explain the discrepancies between different index-numbers which 
mix these classes of commodities in different proportions. Pro- 
fessor Mitchell bases on this observation a recommendation that 
the commodities utilised in the construction of index-numbers 
should be classified, not (or not only), as now, empirically, or 
with reference to practical interests, but (also) “ upon causal lines, 
upon differences among the factors which determine prices, upon 
a principle of division which throws more light upon the workings 
of the complex system of prices.” 

In considering that system Professor Mitchell has thrown 
light upon the complex systems. For in the course of his observa- 
tion he brings into view the interdependence or correlation between 
the prices of different commodities. There is a similarity between 
the price fluctuation of finished products and raw materials. 
This, however, is less than the similarity between the price 
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fluctuations of finished products made from different materials.^ 
The latter similarities, we surmise, are due to common causes, 
such as business cycles or changes in wages. The alternations 
of prosperity and depression no doubt affect all, or at least 
very many prices ; but some much more than others. Thus the 
prices of minerals fluctuate with the alternations of business 
cycles better than the prices of other raw materials — farm and 
forest or animal products. Throughout the system there are found 
to be subtle correlations between observations which primd jade 
are apt to be regarded as independent. 

There is here exposed a feature which no doubt would bo 
presented by other groups of statistics could they be as carefully 
examined. Observations seemingly independent arc in reality 
honey-combed with correlations. Accordingly, calculations of 
probabilities based on the assumption of independence are apt 
to be inaccurate. Mathematical statisticians arc too fond of 
calculating the “ probable error ” of averages on this assumption. 
They evolve, often with much labour and skill, a formula involv- 
ing n, the number of observations, usually in the form of the 
square root of n as a factor of the denominator. They forget that 
commonly the given number n exaggerates the independence of 
the observations ; owing to the existence of correlations, such as 
in the case of prices Profcvssor Mitchell has so well expressed.^ 

Under the head “ Problems of Weighting,” Professor Mitchell 
propounds three questions : ” Should the weights bo sums of 
money or physical quantities ? Should the weights be changed 
from year to year, or should they be kept constant ? Should the 
weights be adjusted to the importance of the commodities as such, 
or should there be taken into account also the importance of the 
commodities as representing certain types of price fluctua- 
tions?” (78). 

As to the first question, physical quantities measured by some 

' The fact is thus happily expressed by our author : “As babies from different 
families are more like one another than they are like their respective parents, 
so here the relative prices of cotton textiles, woollen textiles, steel tools, broad* 
and shoes differ far less among themselves than they differ severally from the 
relative prices of raw cotton, raw wool, pig-iron, wheat, and hides.” 

* The great Laplace was not free from this assumption when he proposed 
to calculate the population of a country from the ratio between the number 
of baptisms and the population in different districts ; and estimated the probable 
error of the calculation without taking into account the difference which no doubt 
prevails in respect of vital statistics between the inhabitants of different districts 
[cp. Journal oj the Royal Statistical Society, Vol. LXXX. (1917), p. 549J. Prob- 
ably only random samples such as those on which Dr. Bowloy operates are quite 
— or at least very nearly — free from the influence in question (see Bowley, 
Presidential Address to Section F of the British Association, 1906 ; and Livelihood 
and Poverty, 1916). 
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conventional standard as a ton or a gallon are evidently improper 
weights for relative prices, ratios of which the t3rpe is p,, the 
price of an article in the rth year, divided by Po price of the 
same article in the base year (or period V But the vcdue of the 
article (at the base, or some other suitable time) may properly 
be taken as the weight.^ 

As to the change of weights in view of change in the relative 
importance of commodities, Professor Mitchell points out that 
the compiler must choose between two evils, inaccurate weights 
and ambiguous price measures (79, referring to 31). With refer- 
ence to fixed-base index-numbers, he considers that “ the least 
objectionable compromise is probably to revise the scheme of 
weights, say, once a decade, and to show the effect of this change 
by computing overlapping results for a few years with both the 
old and new weights.’’ ^ He puts “ chain index-numbers ” in 
a different category, for a reason that we have above questioned,® 
“ since such series do not profess to yield accurate comparisons 
except between successive years ” (80).'^ 

Nor are we disposed to accept without qualification his answer 
to the third question, which is based on the following axiom. 
“ An accurate measure of change in the level of all wholesale prices 
is not obtained unless all of the different types of fluctuation 
[referred to above, p. 394] . , , are represented in accordance 
with the relative importance of the commodities belonging to 
each.” Very deep questions of first principle are here involved. 
We submit that the concept of an index-number for prices lies 
somewhere between two extreme definitions. One is the money 
value of a perfectly definite set of articles ; for instance, a pro- 
vision for certain functionaries of so much bread, sugar, uniforms, 
etc., from year to year (or at the same time in different countries). 
The sum total thus presented hardly deserves to be called an 
index-number (a title which, we observe with satisfaction. Pro- 
fessor Mitchell does not bestow as lavishly as some writers have 
done). Contrasted with a compilation which is of the nature of 
a commercial account is a true index-number, as described by Dr. 
Bowley : a quantity which we cannot observe directly, but which 
influences others which we can so observe.^ The queesitum thus 
conceived is related to the given price variations much as a 
physical quantity under measurement is related to a set of obser- 

^ Cp. below, par. 3. 

• In illustration of this practice Professor Mitchell refers to Knibbs’ Cost 
of Living in Australia, Commonwealth. . , Bureau ... of Statistics Report, 
No. I., pp. xxiv, xlix. 

• Above, p. 393. * See Elements of Statistics, s.v. Index number, 

• Elements of Statistics, chap. ix. 
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vations each purporting to represent the sought quantity. But 
the theory of errors-of -observation shows that in the combination 
of the given observations less weight should be attached to 
observations belonging to a class which are subject to a wider 
deviation from the mean. Such would be prices of articles which, 
exclusive of the common price movement of all the selected articles, 
are liable to peculiarly large proper fluctuations.’* ^ 

Ordinarily the required index-number is intermediate between 
the two extreme types which we have indicated. For even where 
the form is primd facie a weighted sum — an aggregate of products 
each formed by multiplying a price by a quantity — still in our 
ignorance of the true factors the compound may assume the 
character of a true index-number.^ Accordingly, a distribution 
of weight different from that which Professor Mitchell appears 
to prescribe would be ideally advisable. But where both the end 
to which our problem is directed and the means conducing thereto 
are so obscure and uncertain, we may acquiesce in our author’s 
comment : “ Perhaps it is a coimsel of perfection to urge such 
requirements in systems of weighting.” 

It remains to consider the questions raised under the head 
“ Averages and Aggregates.” To some extent the answer to the 
questions under this and the preceding head will have been 
anticipated by the earlier discussion. For some decisions as to 
the scope and purpose of the index-number involve the choice of 
the method. Thus, if the purpose is that of Professor Irving 
Fisher, it follows at once that the proper combination of the data 
is the sum of the values (quantity x price) of the different com- 
modities, each value weighted by the “ turnover ” of the com- 
modity. The form of the index-number which purports to 
measure change in the cost of living is likewise predetermined. 
Ideally, at least, the form of a weighted sum is prescribed, though 
in practice it might be necessary to substitute some other.® The 
choice of average is wider in the case of other objects, of which 
some have been above mentioned.'* 

Professor Mitchell compares very fairly and fully the several 
available averages. Three stand out as selected candidates : the 
geometric mean, the median, and the arithmetic mean. With 

^ British Association Memorandum^ 1887, p. 30. Cp. Third Meitwrandum, 1889, 
p. 157 ; “If more weight attaches to a change of price in one article rather than 
another it is not on account of the importance of that article to the consumer 
or the shopkeeper, but on account of its importance to the calculators of prob- 
abilities as affording an observation which is peculiarly likely to bo correct.” 

• On this and other points connected with this discussion it may be allowable 
to refer to the present writer’s Lecture on Currency and Finance in Time o* War 
Clarendon Press), 1917 

* Above, par. 2. 


* Above, p. 386 et seq. 
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regard to the geometric mean, Professor Mitchell points out — in 
addition to other considerations in favour of this form — that it is 
dictated upon a certain conception of the purpose in view. “ If 
that purpose be to measure the average ratio of change in prices, 
the geometric mean is the best; indeed, in strictness, it is the 
only proper average to employ.” ^ But, continues our author, 
“ as a rule our interest does centre in the money cost of goods 
rather than in the average ratio of changes in price.” 

If the geometric mean is ruled out, it remains to weigh the 
rival claims of the median and the arithmetic mean. Professor 
Mitchell strikes the balance more impartially than the majority 
of practical statisticians. Still, we think that even he has not 
done full justice to the median. Its defects in respect of con- 
venience and accuracy appear slightly exaggerated in his 
presentation. 

An objection of the first kind is thus stated : “ Medians of 
different groups cannot be combined, averaged, or otherwise 
manipulated with ease as can arithmetic means.” For instance, 
the Bureau of Labour Statistics, after obtaining the sums of 
relative prices for farm products, clothing, etc., can obtain by 
simply summing up these sums the grand average for all com- 
modities. But “ it could not handle medians in this convenient 
fashion ; instead of combining the sums from the groups, it would 
have to combine the single commodities.” This objection is true 
and serious. But it is not in practice quite so serious as it seems 
in statement. In order to obtain the median of a composite group, 
one compounded of two groups for each of which the median has 
been found, it is not in general necessary to ” combine the single 
commodities ” in the sense of re-examining them all. It suffices 
to re-examine and rearrange those which are in the neighbourhood 
of the respective centres. 

For example, here are two groups each consisting of twenty- 
seven observations ranged in the order of magnitude, which obser- 
vations have each been obtained by adding together ten digits 
taken at random from mathematical tables. ^ 


r27 30 31 32 33 34 36 37 
{ 30 

t 30 


40 41 4? 
41 42 


46 47 48 40 50 51 52 
46 52 


50 64 




31 32 33 34 36 88 39 41 43 44 45 40 

38 45 46 

38 45 

38 


49 50 62 53 56 67 59 62 


' Jevons probably meant something like this by his somewhat obscure dicta 
as to the grounds for preferring the geometric mean. Investigatiwia, pp, 23, 121. 

* These figures are adduced with some comments relative to the present sub- 
ject in the British Association Memorandum for 1889, p. 69. In the third group 
there given one of the sums, above 60, has been omitted by a misprint. 
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The median, being the fourteenth observation in the order of 
magnitude, is, for Group A, 42, and for Group B, 44. To find the 
median for the group compounded of these two we need not 
re-examine all the observations. For it is evident that the 
median of the compound cannot be greater than the larger of the 
two medians, viz., 44 ; nor less than the smaller, viz., 42. Accord- 
ingly, we may thus summarily, for the purpose in hand, re-write 
the data. 

. rxiii 42 XII 
42 

B. XII 43 XIV 

Here the Roman numerals denote the number of observations 
which occur respectively above or below those given in Arabic 
figures. As the median of the composite group comprising fifty- 
four observations is intermediate between the twenty-seventh 
and twenty-eighth observations, it is evident at a glance that the 
required median is intermediate between 43 and 42, say 42*5. 
The process is easily extended to three or more groups. 

However, we do not deny that the arithmetic mean has a con- 
siderable advantage over the median in virtue of the proposition, 
true of the former but not of the latter, that the mean of two 
(or more) means is the mean of the group formed by tlio con- 
stituents of both (or all) the several means. 

Our difference with Professor Mitchell on another ground is 
more serious. He finds a difficulty in the use of the median in 
two opposite cases : when the given observations are cither closely 
crowded, or widely dispersed about the centre of the group. As 
to the first case, it is said that the median may not answer pre- 
cisely to its definition when several of the items to be averaged 
have identical values. For example, in Table 11. [tabulating 
deviations presented by “ chain ” index-numbers) it often hap- 
pens that the median falls on a largo group of precisely identical 
figures, so that it ceases to be true that half of the cases arc 
above and half below the median. Upon this it may be sufficient 
to say for the present ^ that the case in which there is an abnormal 
agglomeration about the centre is primd facie one particularly 
favourable for the use of the median ; since its probable error 
is less the greater, ceteris paribus, the height of the frequency 
curve at the middle. ^ 

The opposite case of observations widely dispersed in the 

^ Cp. below, p. 404. 

* More exactly, inversely proportional to the square root of the ordinate at 
the point on the abscissa where the median occurs. Cp. Encycloposdia Britannica, 
Art. “ Probability,” sect. 138, 139. 
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neighbourhood of the centre would be open to objection if the 
cause of the phenomenon were a depression in the form of the 
grouping, if the shape of the frequency curve about the centre 
resemble a valley between two eminences.^ In that case, for 
the reason just now given, the probable error incident to the 
median would be particularly large. But this is clearly not the 
case contemplated by Professor Mitchell. He attributes the 
objectionable dispersion merely to the paucity of the observations. 
We shall therefore do no injustice to his argument if we suppose 
the grouping to be of an ordinary kind, in particular the normal 
law. 

Upon this assumption it is at once to be admitted that the 
median is less accurate than the arithmetic mean, in so far as its 
probable error is a little greater, namely, in the ratio of about 
IJ to 1. That is all that we admit on the score of inaccuracy 
against the median. But we are by no means certain that we 
have apprehended Professor Mitchell’s objections. Without being 
quite sure that we have located our author’s position, we shall 
aim at three tolerably distinct points, (a) When there is a con- 
siderable interval between the position of the observation which 
forms the median and each of its nearest neighbours, then through- 
out a wide tract the position of the mean depends upon the 
accidents affecting a single observation, (b) The position assigned 
by the median is not perfectly definite, (c) The median is 
less responsive than the arithmetic mean to changes in the 
items. 

The first objection (a) is to be gathered from the following 
statements. '' Where the numbers of items to be averaged is 
small, medians are erratic in their behaviour. ... For in such 
groups there is often a considerable interval between the mid- 
most relative price and the relative price standing next above it 
and next below. No change in any of the items, large or small, 
can alter the position of the median unless it shifts an item from 
the upper half of the list to the lower half or vice versa. But 
any change of this character, large or small, wiU make the median 
jump over the whole interval between its former position and 
that of the next highest or next lowest relative price, unless 
the change happens to place a new item within these limits 
(85). Compare the dictum in the author’s Gold Prices . . . and 
Green-hack Standard. “ The median ... is rather erratic within 
limits of several points because its precise position is often 
dependent on the relative price of a single commodity which 

^ The suppositioa rejected as not appropriate to the data ; above, p. 391. 
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stands in the middle of the scale of relative prices.” ^ So again 
it is said : “ When the numbers of commodities in the index- 
number is small, medians are likely to prove highly erratic, repre- 
senting less the general trend of prices than the peculiarity of 
the data from which they are made ” (90). 

This objection is met by denying that the interval between 
two adjacent observations at the middle of the group is likely 
to be “ considerable ” ; largo relatively to the magnitude with 
which it is proper to compare that interval — that is, the minimum 
mensurdbiley as wo may say — that interval which is equal to (or 
of the same order as) the smallest degree which the compared 
method of measurement is capable of distinguishing with accuracy. 
For this minimum we may take at the least the “ probable error ” 
incident to the arithmetic mean. That the interval between 
adjacent observations is likely to be small compared with this 
minimum is sufficiently evidenced by the following proposition. 
When the number of observations (n) is largo the interval at 
the middle of the group, which is as likely as not vacant, within 
which it is an even chance that no observation falls, is most 
probably very small compared with the probable range of the 
arithmetic mean (in the ratio of about \:s/n). When the number 
of observations is not large the proposition is less accurate. But 
it remains roughly true, as the number cannot bo supposed 
very small consistent with the applicability of the theory of prob- 
abilities. Suppose, for instance, that the number of observa- 
tions, is Uventy-fivey the number of a group which, according to 
Professor Mitchell, “ illustrates the erratic character of the 
median.” Then the space at the centre, which is as likely as 
not to be vacant, is about a quarter of the probable range to which 
the arithmetic mean is liable. 

As a concrete example, let us take the groups above cited, 
formed by the addition of ten random digits. Here is reproduced 
the central region of Group A : — 

rn M 

I I I I I I f_l I I I 

I I I 11 I 1111 I 

A. 40 41 42 43 40 47 48 

41 42 40 

The figures below the line represent observations which have 
occurred. The letter M above the line is meant to show the 
position of the arithmetic mean, being 43-6. The median, desig- 
nated by the letter m, is coincident with one of the observa- 

1 Op. cit., p. 58. Quoted with comment in the review of tlio work in the 
Economic Journal for 1898, Vol. XVIII., p. 581. 

VOL. I. 
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tions, 42. There is here, no doubt, a vacant tract between 43 
and 46. But it is not considerable, regard being had to the 
roughness of the computation. For the probable error to which 
the arithmetic mean is liable is nearly 1-2; ^ that of the median 
is about 1*5.2 Had the median occurred anywhere between 43 
and 46 there would have been no reason for suspicion. 

M m 

i__ I I „i I t I. 

I I I I r I I I I 

B. 39 41 43 44 45 46 

45 46 
45 


Group B also does not countenance suspicion of the median. 
In its central tract here exhibited the largest gap is only 2 ; and 
the median, 44, as it happens, gives a better approximation than 
the arithmetic mean, 41*8, to the true value, which is 45. 

If the object had been to ascertain whether there was any 
difference in the constitution of Groups A and B — whether B, 
for instance, had been constructed by the superposition of more 
or fewer digits than ten (the given number for A) — the median 
would give nearly as good an answer to this question as the 
arithmetic mean. The only difference is the one already acknow- 
ledged that the probable error of the median is a little larger. 
That difference would disappear if the number of observations 
{in pari materia) on which the median was based had been some- 
what increased. The median of forty such observations would 
have afforded as good a test as the arithmetic mean of twenty-seven. 

To give an example more germane to the present discussion, 
we have taken out, for the year 1890,2 the relative prices that 
enter into the groups, numbering twenty -five each, which Pro- 
fessor Mitchell has instanced in connection with his remarks on 
the median. Here is exhibited the central portion of the first 
group or series. The arithmetic mean is at 115; the median 
at 115*5 


I. 


108 


I 

I 


I I I 
1 I 1 

112-5 


M 

I I 

I I 


I I 

I I 

115-5 


i_ I • J 

I I I I 

118 119 121 

119-3 


There is a vacant gap of 3 in the immediate neighbourhood of 
the median and of 4 not far from it. But what of that, seeing 


> = 0-4769 X (nearly). 

• = X 1-2 (nearly). 

* From Table II. of the Bureau of Labour Statisticst 1914 ; whole number 149. 
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that the probable error of the arithmetic mean is about 3, and 
that of the median itself greater ! 

M m 

I I I I I I I I ! I I I III 

11. 107-8' ‘ ' 111-7 ‘ ‘ ' ' 116-6 ‘ ‘ 117-6 ^ 

116-8 

The central tract of the second series likewise does not bear 
witness against the median. The arithmetic mean is at 113; 
the median is at 115*5 ; the probable error about the same as for 
the first series. 

(b) There seems to be expressed a fresh objection in the 
statement that it “ is not always true of medians ” that their 
meaning is perfectly definite ” (91). The meaning of the objec- 
tion does not seem to us perfectly definite. Possibly it belongs 
to the class of difficulties apprehended in the case of numerous 
observations. Perhaps it is the same as the objection which 
we have already mentioned under that head. Perhaps it is the 
same as an objection which has been levelled by other statisticians 
against the median, viz. that it does not in general present a value 
so finely graduated as does the arithmetic mean. Consider, for 
example, the “ race ” above imagined, run by tossing coins — say 
a dozen every five minutes — and taking a step — say a quarter of an 
inch — forward or backward, according as each coin turns up head 
or tail.^ If a number of players each proceed thus — starting from 
a starting-point labelled 100 (25 inches from zero) — at the end 
of the period the group will be distributed disco ntinnously at 
integral points. Now the arithmetic mean is not limited to 
integers, it may occur anywhere between two adjacent integers. 
But primd jade the median is so limited, or, rather, it seems to 
be limited either to an integer if the number of constituents bo 
odd, or to an integer -{- I if the number of constituents is even. 
The objection is not particularly applicable to the data with which 
our author is dealing, relative prices graduated to a tenth of 1 per 
cent. In any case, the objection is not very serious, since by a 
proper adjustment of the data a fractional value can be obtained 
for the median.^ 

(c) There remains to be considered the objection that “ arith- 
metic means are more representative averages than medians, being 
affected by any change in the items of the group (85) . . . 
“ unlike medians, they [“ aggregates ”] allow every change in the 

‘ Above, p. 391. 

» See the present writer’s articles On the Use of Anahjiical Geometry to Repre- 

sent . . . Statistics, and On the Mathematical Representation of Statistics. Journal 

of the Royal Statistical Society, Vol. LXXVII. p. 732, LXXIX. p. 471, et passim. 
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price of every article to influence the result ” (71). In making 
this objection, the author seems to have in view two groups in 
pari materia such that in passing from one to the other we find 
no change in the median, while there are changes among the 
other observations other than those determining the median, 
which changes affect the more sensitive arithmetic mean. Upon 
this it may be remarked that if there is this difference in the 
behaviour of the two averages, it is not to the credit of the 
arithmetic mean. The slight advantage which we have already 
allowed to the arithmetic mean would not be enhanced by this 
circumstance. Supposing that slight advantage corrected by 
basing the median on a greater number of observations, then the 
sensitiveness attributed to the arithmetic mean would be rather a 
defect than an advantage.’- 

But does the difference exist ? Does the median, oftener than 
the arithmetic mean, does it even often, remain unchanged from 
one group to another ? This may be doubted, if the data are 
finely graduated, or if graduation of the median by adjustment 
is practised.^ The median seems, indeed, but only seems, to be 
irresponsive in certain circumstances — of perhaps frequent occur- 
rence in the statistics of prices — ^which we shall indicate by con- 
tinuing the parable of the indoor race.® Suppose that in the first 
five minutes several of the numerous players — late or dilatory — 
do not make a start, and that their positions at the end of the 
period are registered as being at the starting-point. Accordingly, 
at the end of a short period a good number of observations would 
be heaped up at the starting-point; the median would appear 
unmoved. But, of course, the position of those players who 
have not moved — whose position is not the result of steps deter- 
mined by tossing coins — cannot be used to ascertain the asym- 
metry of the coins. For that purpose it would be proper to omit 
those dead-head observations, or to prolong the game until the 
slow players should come in. But for other purposes, of perhaps 
greater interest to the players, as relevant to the betting, it might 
be proper to take account of those nullities. 

^ The arithmetic mean in this respect might be compared with the method of 
examination by summing arithmetic marks practised at some public competitions 
as contrasted with examinations at one at least of our Universities where general 
imanalysable impressions have a due weight. The former method, no doubt, 
more frequently* ]prings out candidates as unequal, but the distinction does not 
correspond to a real difference. 

® Above, p. 403, note 2. 

® Above, p. 391. Note that the spike-shaped “ mode ” there noticed is formed 
by prices which have not moved at all in the period imder consideration ; to be 
distinguished from those which have moved less than one mill. 
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Here, probably, is to be found the reason of the difference 
between Professor Mitchell and ourselves as to the worth of the 
median. We have been all along seeking to extricate from fallible 
observations a mean apt to represent the general trend of 
prices (9). That is the sort of index-number to which we 
submit that the median may be appropriate. But Professor 
Mitchell in his criticism of this average has presumably often 
in view some of the more directly practical purposes which have 
been distinguished, such as par ercdlence the determination of 
changes in the cost of living. For these purposes we at once 
admit that the median is not so appropriate as the combination 
of the kind which Professor Mitchell calls an “ aggregate.” ^ We 
entirely agree with him that “ the best form for general purpose 
series is a weighted aggregate of actual prices.” 

^ The term “ aggregate ” is felieitous as suggesting approach to that type 
which, as above explained (p. 390), is furthest removed from an index-number, 
the term least connected with the Calculus of Probabilities; infelicitous so far as 
it masks the affinity, not to say identity, between the proposed construction and 
the weighted arithmetic means used by Giffen, Palgrave, and the older statisti- 
cians (as to whom see British Association Memorandat 1887, p. 264, and 1889, 
p. 139 et seq.). The words of Sidgwick there quoted : “ Summing up the amounts 
of money paid for tho things consumed at the old and the now prices respec- 
tively . . {Political Economy y Book I. ch. ii. section iii.), are appropriate to 
aggregates. 



(O) 

EVALUATION OF THE METALLIC CURRENCY 

[The attempts to evaluate the amount of coin circulating in 
a country which form the subject of this paper, published in the 
Economic Journal, 1891 and 1892, were conducted partly on the 
lines of Newmarch’s method (discussed by the present writer at 
the meeting of the British Association for 1888), partly on the 
fresh lines struck out by Jevons. To the second class belong 
De Foville’s calculation based on three French enquetes, noticed 
here. Mr. F. C. Harrison’s computation of the rupee circulation, 
which occupies a great part of the paper, is an improvement on 
the method of Jevons. By bringing to bear on the calculation 
the evidence afforded by the examination of samples pertaining 
to several successive years, he has obtained a result which seems 
to have almost the certainty of physical science. 

The reader may like a reference to the Journal of the Royal 
Statistical Society (Vol. LXXXIII, 1920, p. 609 et seq,), where the 
subject is further discussed in connection with Mr. Shirras’ 
excellent Paper on the effects of the war on gold and silver.] 


I. Among recent attempts to evaluate the amount of coins 
circulating in the country a prominent place is due to that 
which Messrs. Martin and Palgrave have just completed. 
Their method is similar to that which Newmarch employed 
to determine the circulation at the epoch 1843-4 {History 
of Prices, vol. vi.). They reason : As the percentage which 
the pre- Victorian sovereigns formed of the total circulation 
(previous to the recall of that coin) is to 100, so is the amount 
of pre-Victorian sovereigns to the total amount of sovereigns in 
circulation (previous to the recall); and similarly for the half- 
sovereigns. By means of circulars issued to bankers, Messrs. 
Martin and Palgrave ascertained that the percentage of pre- 
Victorian sovereigns was about 4 per cent. ; and the number 
recalled was 2,335,000 nearly. Whence the total of sovereigns 

40 ^' 
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previous to the recall is found to be about 68,37 5,000. Performing 
a similar computation for the half-sovereigns, deducting the coin 
recalled, and making an addition of £11,000,000 on account of 
the gold coin in the Bank of England which does not conform to 
the general average, Messrs. Martin and Palgrave (in their latest 
version. Economist, January 23) give £80,000,000 as the amount 
of the gold circulation. 

Of the two data on which the inference mainly rests — the 
comparative and the absolute amount of the pre -Victorian coin 
— the former is corroborated, in the case of the sovereigns, by 
the close proximity between the observations for England and 
Wales, Scotland, and Ireland; 4*12, 4*1, 4*7 being the respective 
percentages formed by the pre-Victorian coin.^ This consilience 
is not presented by the half-sovereigns, for which the respective 
percentages are *84, *50, and 1*06. But it may be observed 
that the numbers on which the Irish and Scotch averages rest 
are very small. The second datum, the absolute quantity of 
the pre-Victorian coin recalled, is too little by the number of 
coins not given up — retained, it may be, as curiosities. Against 
this deficit Mr. Martin — in his letter to The Times of July 21, 
1861, describing the method of calculation — puts the fact that 
some of the recalled pre -Victorian sovereigns “ undoubtedly 
came from abroad.” The total officially known to have come 
from abroad is £162,751. 

Both the data have been subjected to severe criticism in 
recent numbers of the Economist (January 2, 16, 23, 30). The 
majority of the objections which have been made suggest that 
the result obtained errs in defect. This contention, if it is sub- 
stantiated, will confer on the computation the important character 
of a lower limit to the amount of coinage in circulation ; thus 
rendering the Martin-Palgrave method complementary to that 
of Jevons, which — in its simplest form at least, when unmixed 
with precarious calculations based on the export and import 
of coin ^ — affords a higher limit. The two methods, if performed 
jointly, would give two limits between which the quantity of 
the coinage at the epoch to which the returns relate must lie. 

II. Next may be noticed the brilliant attempt to estimate the 
rupee circulation which has been made by Mr. F. C. Harrison in 
the Economic Journal.^ His method is that of Jevons as to its 

^ This impression is confirmed by a more detailed inspection of the returns. 
The English sovereigns which were examined full into four large classes, for 
which the percentages (of pre-Victorian coin) are respectively 4-2, 3-8, 3*5, 4 6. 

“ See Jevons, Currency and Finance, pp. 266-7. 

3 1891 and 1892. 
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essence, but with a specific difference ; the foundation is the same, 
but Mr. Harrison’s construction rests, so to speak, on a great 
number of props, and they support each other archwise. Jevons, 
seeking to determine the amount of the (sovereign) circulation in 
1867, reasoned : As the percentage (ascertained by the inspection of 
samples) which the coinage of 1863-4 forms of the total circula- 
tion is to 100, so is the amount of the coinage of 1863-4 presumed 
to be in circulation to the total circulation. Mr. Harrison, 
seeking to determine the amount of the (rupee) circulation in 
1890, utilises similarly, not only the amount of the coinage 
presumed to be in circulation, but also the corresponding data 
for preceding years, allowance being made for the greater diminution 
of the coinage of earlier years. How is the comparative degree of 
diminution ascertained? By observing the gradually diminish- 
ing proportion which the coinage of any year, say 1874, forms in 
the circulation of successive years, 1877,^ 1878, 1879-1890. 
These proportions are respectively: 2*13, 1*8, 1*6, 1*65, 1*45, 
1*4, 1-3, M5, 1*2, *95, *9, ‘95, *9, *9 per cent, of the total circulation 
in 1890. They measure the decrease of the coinage of 1874, 
upon the hypothesis that the total circulation is stationary during 
the period 1877-90; which Mr. Harrison assumes as approxi- 
mately true {op. cit. p. 722). How is this assumption justified ? 
By the consistency of the various results obtained on this 
hypothesis, a consistency which cannot be ascribed to accident. 
To show this, let us suppose that the decrease indicated by the 
row of figures above cited is due, not to the diminution of the 
amount of the 1874 coinage in the circulation, but to the increase 
of the total circulation with respect to which the percentages 
are taken. Upon this supposition the whole coinage of 1874 has 
passed into the circulation of 1890. But that coinage amounted 
to 4*352 crores^ of rupees (as shown in Mr. Harrison’s Table A); 
and it forms *9 per cent, of the 1890 circulation {ibid.). Therefore 
(by Jevons’s method) the circulation of 1890 = 4*352 ’009 or 

483 crores, a result which is violently inconsistent, not only 
with all Mr. Harrison’s estimates, but also with common sense, 
since the whole amount of the coinage issued ah initio is only 
about 300 crores (Table F). 

It may be suspected, however, that the downward slope of 

1 Assuming with Mr. Harrison that the circulation of 1874 was three years 
in passing into circulation j and, after him also, at first leaving out of account 
the loss suffered by that coinage during those three years (op. cit. p. 733, and 
below, p. 411). 

* It may be well to remind the reader that a crore = 100 lakhs = 10,000,000 
rupees, Thus 4*352 crores = 43,620,000 rupees. 
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the percentages in question (the row of figures on p. 408), is due 
only partly to a real decrease in the coinage of 1874, and partly 
to the increase of the total circulation. But it will appear, I 
think, that the absolute constancy of the circulation during the 
period under consideration, 1877-1890, is of all simple hypotheses 
the one which best squares with the observations. For if the 
circulation is not constant, let it be allowable to suppose that it 
increases regularly, say, is multiplied by a factor x which is 
greater than unity. Also let us suppose (in conformity with 
the data expressed in Mr. Harrison’s Table D) that the whole 
of the 1874 coinage has passed into circulation by 1877 ; and 
that the apparent yearly decrease of that coinage — that is, the 
decrease of the percentage which that coinage forms in the total 
circulation — is 6*136.^ Then the real yearly decrease of the 
1874 coinage is given by the factor x x (100 — 6*136) -J- 100, 
or a; X ’93864. Therefore the amount of 1874 coinage in the 
circulation of 1890 (thirteen years after the initial time, 1877) 
is X X (’93864) X 4*352 crores. But the proportion of 
1874 coinage in the 1890 circulation is ’9 per cent. (Table A). 
Accordingly, the coinage of 1890 equals 

X (*93864)13 x 4*352 X 100 4* ’9. 

Or, taking logarithms, 

log. circulation of 1890 = 13 log. x + 2*3269.... 

By considering the coinage of 1875 I find another equation of 
the same form, namely — 

log. circulation of 1890 = 13 log. x + 1*9996.... 

The coinage of 1876 supplies another equation, and so on up 
to a recent year,^ namely, 1886; the equation corresponding to 
which proves to be 

log. circulation of 1890 = 2 log. x + 2*0982. 

Here, then, are twelve^ simple equations involving two 
imknown quantities, the logarithm of the circulation of 1890 
and the logarithm of the yearly increase x. Proceeding according 

1 This figure is thus obtained from the series cited on p. 408. The difference 
between the first and second of those figures (2*13 and 1*8) is 15 493 per cent, 
of the first; the difference between the second and third is 11-112 per cent, of 
the second, and so on. And 6-136 is the average of the percentages 16-493, 
11-112, etc. — the arithmetic mean (not the geometric, which I should have 
preferred). 

* In conformity with Table D, op. cit. 

» Following Mr. Harrison, I do not utilise the returns for 1881 on account 
of the smallness of the coinage in that year, and the consequent irregifiarity of 
its incidents. No great difference, however, would be caused by including 
these data. 
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to the received rules prescribed by the Calculus of Probabilities 
for such cases, I find, as the most probable value of the circula- 
tion, 125 (crores) ; and as the most probable value of the factor 
constituting the yearly increase *995, approximately unity. 
This result is confirmed by separately considering the first six 
and the second six of the twelve equations. From the first 
batch I find the factor 1-029; from the second batch 1-018. 
This calculation appears to me to have quite the rigour of 
physical science. 

It will be noticed that the value for the circulation which 
has been obtained has the worth which attaches to the mean 
of a great number of observations. We may obtain a mean of 
equal worth more simply, once it has been ascertained that the 
currency is stationary, by calculating the circulation for 1890 
from the coinage of each year separately and averaging these 
results. For instance: — Circulation of 1890 = Coinage of 
1876 X (-9486)^3 X 100 ^ 1-6; where -9486 is the factor whereby 
the coinage of 1876 yearly shrinks (Table D), 13 is the number of 
years elapsing from the year in which the 1876 coinage passes 
fully into circulation (ibid.), and 1-6 per cent, is the proportion of 
the 1876 coinage in the 1890 circulation (Table A). The result, 
which differs but slightly, and in virtue of a minute technical 
point, ^ from the result which Mr. Harrison obtains by a parity 
of reason in his Table J, is 129 crores. ^ Similarly calculating the 
circulation from the datum for each year except 1881 from 
1874 to 1886 and 1874, 1878, 1886, and taking the mean of all 
the twelve results, I find 133 ® for the circulation. 

Or, again, we might have collected into a focus the single 
rays afforded by each annual observation, after this fashion : 
Determine the amount to which each coinage must have shrunk 
by 1890; add these amounts, and put the sum of them X 100 — 
the percentage which the 1874-1886 coinage forms in the 1890 

^ The point is that, in estimating the waste of the 1876 coinage during 
the eleven years, Mr. Harrison has worked with the decrements for each year, 
the percentages 6’250, 0, 6-6683.... (Table D) ; whereas I have employed the 
average decrement 6-140. Mr. Harrison speaks of his principal Table as the 
bed of Procrustes in which all the coinages have been stretched. In performing 
this operation ho has, so to speak, made each joint of the stretched victim to 
correspond to a particular part of the bed ; whereas I have been content with a 
coincidence upon the whole — a procedure in favour of which there is not only 
classical authority, but mathematical convenience. It may be remarked that 
the difference between us would have disappeared, if I had employed (as I would, 
if he had given) geometrical, not arithmetical means of the yearly decrements of 
the coinage. 

* See his account of this Table at the foot of his page 735. 

If the year 1881 is included, the result is 128 crores. 
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circulation (1874 and 1886 being the first and last years with 
which we operate) for the 1890 circulation. This method of 
averaging corresponds to Mr. Harrison’s Table F.^ 

In thus proceeding we assume that each coinage has, if not 
for every year, at any rate on an average of years, its own rate of 
waste. But, if we assigned to all the coinages a common average 
rate of waste, we should come on the conception suggested, but 
not, I think, very happily worked out, by Mr. Harrison, in his 
Table E. 

So far I have made abstraction of the second approximation, 
which Mr. Harrison performs by taking account of the waste 
suffered by each coinage before passing fully into circulation. 
Upon a probable hypothesis with respect to this waste, he is 
able to knock off some 10 per cent, from his results ; and exhibits 
in his Tables G and K a new series of estimates smaller than the 
former, but still consistent with each other. 

While we admire the marvellous convergence between 
different methods, we must not forget what it is they agree in 
establishing : namely, that a figure somewhere about 120 crores 
is not the amount of the rupee circulation — but a superior limit 
thereto. If each coinage, while passing into circulation, were 
to be diminished to any extent in one and the same ratio, multi- 
plied by a common fractional factor y, we should have no means 
of detecting y. The whole beauty of the computation would 
survive, though much of its use would disappear. It is as if 
the arch, while remaining erect, with all its mutually supporting 
parts compact, should sink down as a whole owing to the treacher- 
ous softness of the ground. But the architect has secured his 
structure by certain external buttresses — let us hope incident on 
firmer ground — in the shape of independent estimates of the loss 
suffered by the coinages through export, hoarding, accident, and 
melting {op. cit. p. 739). It is remarkable that this collateral 
estimate — unlike the corresponding second approximation in 
the hands of Jevons — points to the conclusion that the primary 
estimate was i^r 2 der-estimated. 

III. The only computation which can be compared with 
Mr. Harrison’s in statistical interest is that which M. de Foville has 
founded on the monetary enquetes which were conducted in 
1878, 1885, 1891.^ The French statistics are in some respects 
more imposing than the Indian, extending back over a much 

^ With, as before, a trifling difference. 

a See Bulletin de Statiatique for Oct. 1878, Aug. 1885, and Aug. 1891; also 
Journal de la SocUU de Statiatique, Feb. 1879, Jan. 188G, and Nov. 1891. 
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greater number of years. The number of coinages figuring in 
the computation is much greater ; but the number of circulations 
analysed is much less. Against the ten or twelve analyses of 
Indian circulation — the columns in Mr. Harrison’s Table A — 
there are only three French monetary censuses. The web of 
the French texture, so to speak, is longer and more beautiful; 
but owing to the deficiency of warp the stuff has not equal con- 
sistency. The contrast thus indicated — the perfection of the 
French statistics in some senses, but their comparative weakness 
in that direction in which the strain of the reasoning is felt — 
may be illustrated by the following tables, relating to 20-franc 
gold pieces issued from the French Mint. The figures in the 
first row of Table I. are obtained from the figures (given in the 
Bulletin de Statistique for August, 1891, p. 147) which express 
the proportion between the number of coins of a certain date 
found at the enquHe and the number of coins minted at that date ; 
each of these figures has been divided by a certain fraction, viz., 
the total number of samples at the enquete -r total number of 
coins issued up to the date of the enquite (so as to reduce the 
returns for different enquites to a common denominator). 

Table I. showing the extent to which the coinage of particular years 
survives in comparison with the average survival of the coinage 
as a whole; as ascertained from the enquites of 1891, 1885, 
and 1878 respectively. 


Enquites. 

1854. 

1856. 

1856. 

1857. 

1868. 

1869. 

1860. 

1861. 

1862. 

1891 

M 

11 

10 

1-2 

11 

M 

M 

M 

1*3 

1885 

11 

11 

11 

1-2 

1-2 

M 

M 

10 

M 

1878 

10 

11 

0-9 

M 

103 

M 

M 

1-1 

1-2 


Table II. showing for decades what Table I, showed for single 
years; as ascertained from the enquites of 1891 and 1878. 


Enquites, 

1803—12.1 

1813—22. 

1823—32.1 

1833—42. 

1843—52. 

1853—62. 

1863— 74.»' 

Remaining 

period.* 

1891 

0-4 

0-4 

0-5 

0-6 

1.6 

M 

M 

0-9 

1878 

0-4 

0-4 

0-6 

0*7 

I'S 

10 

1*2 

10 


» There are no returns for 1872 and 1873. 

* The remaining periods comprehend 1875, 1876, 1877, and 1878, in the case 
of the 1878 enquite ; and, in the case of the 1891 enquite, the remaining years up 
to 1891, including 1891, and excluding 1880-85, during which there was no 
coinage. 
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These statistics of the survival of coins are certainly most 
perfect in their coincidence, probably far more regular than any 
vital statistics concerned with the ages of man — especially woman. 

Yet for the particular purpose now before us it may appear 
that the French statistics are not so perfect as the Indian. M. de 
Foville’s computation seems to occupy an intermediate position 
between the simple devonian and the highly compound devonian, 
or Harrisonian method. The beautifully regular figures which 
we have looked at are not those from which an approximate 
value of the circulation is directly found ; the data on which the 
devonian method is best rested are figures formed like those 
in Tables I. and II., but greater than unity. The annexed 
table shows such figures as ascertained from the only two 

Table III. showing the extent to which the coinage of certain biennial 
periods survives in comparison with the average survival of 
the coinage as a whole; as ascertained from the enquetes of 
1878 and 1891. 


Enquttes, 

1875—70. 

1877—78. 

1879—80. 

1887—88. 

1889—00. 

1800—91. 

1891 

0-7 

1 

0-7 

0-6 

2-3 

3 

1878 

12 

1-3 






enquetes which are available for this purpose. (For the enquite 
of 1885, made after a cessation of coinage for five years, does not, 
I think, present this phenomenon of terminal rise.) A little 
attention will show that the figures in this table, especially the 
last or penultimate figure in each row, are what we want for 
the useful application of the devonian rule of three. In fact, 
the result of that method may be defined as the total coinage 
up to the date of the enquete with which we are concerned divided 
by that figure in the corresponding row of Table III. which we 
select as best to operate with.^ I cannot think that the proper 
figure is clearly indicated. 

Each figure (e. g. 2-3) in Table III. = 

number of samples bearing a certain date (1889-90) 
total number of samples observed at a certain enquite (1891) 

^ coinage of that date (1889-90) 

’ coinage of all dates up to that enquite (1803-91)' 

^ Thus the number of French 20-franc pieces issued, from the initial date 
(1803) up to the present (1891), amounts to 362,809,000; and accordingly the 
devonian estimate for the present circulation (of French 20-franc pieces in 
France), as based on the data for 1889-90, is that amount -r 2*3, or nearly 
168,000,000. 
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The last denominator, the coinage of all dates, divided hy the 
figure specified (2*3) is the Jevonian formula for the circulation 
as deduced from the coinage of the biennial period selected 
(18.89-90). 

M. de Foville in his computation based on the 1891 enquete 
(U Economiste Frangais, Sept. 19, 1891) uses in effect, as I 
understand, the datum corresponding to 1889-90. But was it 
not at least equally proper to include the datum for 1891; in 
which case his result would have been increased by some thirty 
per cent. ? Again, as the terminal figures for the enquite of 
1878 are so much smaller than those for 1891, while the total 
coinage up to the date of the enquete is not materially different — 
that of 1891 being larger than that of 1878 by only about 2 per 
cent. — we must suppose the circulation (of French 20-frano 
pieces within France) in 1878 to have been larger than in 1891. 
That is not paradoxical, considering that there has been little 
influx to compensate the evaporation, not to say drainage, of 
thirteen years. There is here nothing improbable, yet nothing 
probative. One misses the consilience of results to which the 
Indian statistics have accustomed us. 

I am aware, of course, that M. de Foville has otherwise 
obtained the probative force of consilience. In particular, the 
correspondence between his computations of the gold and silver 
circulation is very reassuring. He first estimates the stock of 
silver at about 2,500,000,000 francs,^ of which 1,200,000,000 are 
5-franc pieces in active circulation. From the latter figure he 
passes to the existence of gold to the amount of 2,700,000,000 
francs in virtue of the remarkably constant proportion, 31 : 69, 
between the gold and silver circulation attested by the enguites. 
And this estimate — taking account of the coins “ immobilised ” 
in the Bank and other circumstances — exactly squares with the 
application of the Jevonian method to the data of 1889-90, in 
such wise as to confirm the estimate of the gold circulation at 
4,000,000,000 francs. Where several such coincidences concur, 
it seems as improbable that the computation should fail, as that 
a party of men roped together should all fall into a crevasse. 
I only say that there does appear to be a chink in the data to 
which Jevons’s method is applied. 

IV. Doubts would be removed and conjecture would be 
merged in certainty, if we had but one more datum, the net 
efflux (or influx) of coin in recent times, if only the statistics of 
the export of money could be relied upon. M. Ottomar Haupt 
' Nominal value. 
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indeed does not hesitate to work with those materials; and (in 
the London Economist for October 3, 1891, and January 16, 
1892) obtains an estimate for the French silver currency and 
English gold currency by a method setting the monetary exports 
against the imports, like that which Newmarch employed to 
determine the currency in years subsequent to 1844 {History of 
Prices, vol. vi. p. 703). But there are many who think that 
these statistical materials are too unsound to give support to 
any inference. As pointed out by Dr. Soetbeer (Materials, 
Taussig’s translation, p. 352), there is a total failure of consilience 
between the recorded imports of precious metal into England 
from France and exports from France to England and vice versa. 
Not even when an average over many years is taken does an 
appearance of regularity arise. And it may be added that, if 
the difference between the efflux from and influx into England 
be deduced from the English and French statistics respectively, 
the results are still found to be totally disparate. Messrs. Martin 
and Palgravc, in an important letter to the Economist, January 23, 
1892, add instances which have come under their personal 
experience showing the worthlessness of the declared values of 
monetary export. “ Proved unsoundness ” is the qualification 
applied to these statistics by the Committee of the Britisli 
Association on the data available for determining the use of 
precious metals in a country.^ 

In the absence of this desideratum, it is to be feared that the 
devonian method is calculated to afford at best a higher Imiit to 
the circulation. Hence the peculiar worth of the Martin -Palgrave 
method, if affording a lower limit. 

^ Seo Report of the British Association for 1888. 
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DEFENCE OF MR. HARRISON’S CALCULATION OF THE 
RUPEE CIRCULATION 

[This article, published in the Economic Journal, 1900, 
forms a supplement to O ; defending Mr. Harrison’s method 
against certain criticisms contained in the Report from the 
Head Commissioner of Paper Currency, Calcutta, to the Secretary 
to the Government of India, Finance and Commerce Department. 
(No. 146.) 1899.] 


This document deserves notice here on account of the 
criticism which the Head Commissioner has bestowed on 
Mr. F. C. Harrison’s method of evaluating the rupee circulation 
in India. ^ Mr. Harrison may comfort himself with the reflection 
which one of the older moralists offers to a person suffering under 
detraction : consider that you, as you really are, are not blamed, 
it is an imaginary character with attributes not yours that is 
held up to condemnation. The misrepresentation of Mr. Harri- 
son’s system has been effected by presenting only a part of it. 
The Head Commissioner describes it as an adaptation of Jevons’s 
method ; which he illustrates happily enough. This description 
does not comply with the schoolmen’s rule of defining by genus 
and differentia ; what is most characteristic and distinctive is 
omitted. True, Mr. Harrison’s method belongs, as we may say, 
to the genus Jevons : but it is a very peculiar species, a highly 
composite variety of that genus. Jevons computed the amount 
of the circulation from the percentage of the total circulation 
formed by the coins of a particular recent date, together with 
the absolute number of those coins in circulation as given by 
the statistics of the mint. Mr. Harrison has based analogous 
estimates not only on recent coinages, of which the amount in 
circulation may be supposed to be approximately given, but 

^ For Mr. Harrison’s explanation of his method, see Economic Journal, 
Vol. I. p. 721, and Vol. II. p. 256 ; also Vol. VI. p. 122 ; and for some appreciation 
of the work, Vol. H. p. 162, and Vol. VII. p. 644. 
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also on older coinages, of which the amount in circulation is 
calculated from the yearly rate of waste. The peculiar cogency 
which the consilience of diversified computations imparts to 
the results has not been noticed by the critic. He tests the 
strength of the rope by detaching a single strand and subjecting 
it separately to a severe strain. 

The sort of certainty which the physicist obtains by averaging 
numerous independent observations, attaches more particularly 
to that part of Mr. Harrison’s reasoning by which it is concluded 
that the rupee circulation remained approximately constant for 
several years after 1876. His conclusion as to the absolute 
amount of the circulation does not appear to rest on quite the 
same foundation. For, as pointed out in a former number of 
the Economic Journal,^ if each coinage soon after leaving the 
mint were docked of a certain proportion, e.g.^ by emigration or 
hoarding (in excess of that which Mr. Harrison estimates to be 
lost during the two or three years which a coinage may take in 
getting into circulation), the beautiful consilience of the results 
would not be affected, provided that the proportion abstracted 
were the same for each coinage ; the constancy of the circulation 
in the years after 1876 would still be manifested, though for the 
absolute amount we should have only a superior limit. To make 
certain of the absolute amount we require another datum, which 
Mr. Harrison obtains by tracing the history of the coinage after 
it has left the mint, estimating how much is hoarded or melted 
or sent abroad in specie. If we likened the prime argument 
with its mutually supporting parts to a magnificent arch, this 
supplementary datum performs the part of an external buttress 
which secures the arch against a certain subsidence to which it 
may be liable. But all the strength and beauty of this archi- 
tecture is lost on the undisceming eye of the official inspector; 
he sees nothing but the foundation stone which was laid by 
Jevons. 

Having failed to appreciate the cogency of the premises, it is 
no wonder that our critic should be sceptical about the con- 
clusions. But it may excite surprise that he should suppose 
his case to be strengthened by the following remark : — 

“ Mr, Harrison’s general conclusion drawn in 1894 from the 
above rather divergent results was that the circulation had from 
1876 to 1886 been approximately constant at 116 crores, that it 
then gradually expanded to 120 crores in 1889-90, and had 
risen to about 126 crores in 1892-93. It may be reasonably 
1 Vol. II. p. 166. Above, p. 411. 
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doubted whether, with a population increasing at the rate of one 
per cent, a year, and with the issue between the years 1876 and 
1886 of upwards of 70 crores of new rupees, the circulation can 
have remained during eleven years even approximately constant/* 

But according to Mr. Harrison’s estimate of the waste of 
the coinage, about 6*77 per cent, per annum, the loss on a circu- 
lation kept constantly at 115 crores ought to be about 11 x 6*77 
crores, that is, upwards of 70 crores. What wonder then that 
the addition of upwards of 70 crores of new rupees per annum 
should be just sufficient to keep the volume of the circulation 
constant ! The observation which was meant as an objection 
proves to be a verification. 

It sometimes happens that an advocate opening a strong case 
does not urge every tittle of evidence, whether through mere 
inadvertence or exercising a discreet reserve. If under these 
circumstances the counsel on the other side insists on cross - 
questioning he is apt to elicit some point damaging to his own 
case. The Head Commissioner has put himself in the unpleasant 
position of that cross -questioning counsel in the passage above 
^quoted, and also in the following : — 

“ Mr. Harrison’s examination was made in nine cases in the 
year immediately following the year of coinage, in six cases in 
the second year, and in one case in the third year. It seems 
very unlikely that equal diffusion can have taken place within 
one or even two years.” 

It will be remembered by our readers that Mr. Harrison 
selects for the date at which the coinage of any particular year 
(e.gr., 1874) may be assumed to have made its full contribution 
to the circulation, that year in which the proportion of the 
particular {e.g., the 1874) coinage constitutes a maximum per- 
centage of the circulation (in the case instanced the year 1877). 
This procedure is countenanced by the probability that the 
circulation was constant during the years under consideration. 
Still, as above admitted, the main argument in its bearing on 
the absolute quantity — as distinguished from the constancy — 
of the circulation is open to the suspicion that a uniform propor- 
tion of each coinage might, without any warning given, have been 
withdrawn from the amount assumed to have entered into 
circulation. The probability of this uniform subtraction becomes 
less the greater the variety of the circumstances under which 
the different coinages entered the circulation. Accordingly 
some additional probability is imparted to the whole argument 
when it is pointed out that there is a certain diversity in the data 
on which the different estimates are based. 



OALOTJLATION OF THl BOTBB OIBOULATOOir it# 

Random as are the shots of the hostile oritio, it is not to be 
expected that they should always be so very wide of the mark 
as actually to hit his own side. They mostly hit nothing at all. 
Thus in the continuation of the passage last quoted it is 
remarked : — 

“The results arrived at were certainly irregular, for they 
represented the circulation in successive years to be 98, 110, 113, 
142, 110, 107, 104, 108, 118, 143, 137, 157, and 133 crores.** 

The impression of irregularity is here conveyed by quoting 
one particular set of results out of the numerous sets which Mr. 
Harrison has obtained by consequent computations. When 
Mr. Bowley, by a masterly application of the theory of probabili- 
ties, concluded that the average money wage in England had 
remained constant over a period of years, it would have been 
no refutation of a conclusion based upon that theory to point 
out that the wages in a particular trade for that series of years 
were not constant, but irregular. 

The Head Commissioner has peculiar notions about the nature 
of an average when, referring to Mr. Harrison’s estimate of the 
average yearly loss of coinage, he remarks : 

“ This very precise figure can hardly be admitted to be correct 
for all years.” 

As if an average could be expected to be equal to each of 
the items averaged ! 

A knowledge of the theory of averages removes the sting 
from the following remark : — 

“ Mr. Harrison is, apparently, himself dissatisfied with the 
outcome of his labours, for, when examined last year as a witness 
before the Currency Committee, he stated that he would not be 
surprised to find that the circulation, instead of being 128 crores 
(his latest estimate), was found to be 140 crores on the one side, 
or 90 crores on the other.” 

It is not quite clear what degree of surprise Mr. Harrison 
intends to indicate by this obiter dictum. A person who plays 
backgammon often would not be very much surprised at throwing 
three aces in succession. If Mr. Harrison is to be understood as 
assigning a corresponding degree of improbability to the limits 
90 and 140 being overstepped, it follows from well-known 
principles that, supposing the usual law of error to prevail, at 
least roughly, a “ probable error ” of about 6 is attached by 
Mr. Harrison to his estimate of 115. Surely a result may be of 
some practical value even though liable to this degree of error. 
For instance, an index-number of prices may well be liable to 
as great a probable deviation. 
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Our confidence in this result is not much shaken by the 
existence of certain inaccuracies in the data : — 

“ The returns cannot be accepted with implicit confidence, 
for every now and then evidence appears of neglect of duty. 
Thus, in May 1894, two Bengal Treasuries reported the existence 
of coin dated 1894, though there is no such coinage, and it was 
afterwards acknowledged that the entries were mistakes. The 
same has happened in 1898, and again in the present year [1900] 
when the Amritsar Treasury returned 87 rupees of 1894, 100 of 
1895, and 116 of 1896, while Sealkote reported 129 of 1894, 165 of 
1895, and 116 of 1896, though there is no genuine coin of those 
dates. All the neighbouring treasuries found no rupees of those 
years, and it must be concluded not that there are perfectly 
made counterfeits in the Punjab bearing those dates, but that 
the persons entrusted with the duty of examining the coins 
have, to use a slang expression, judged these returns.” 

The correction of these errors does not seem to affect sensibly 
the average result. The incident is paralleled by the French 
monetary statistics from which M. De Foville, according to the 
method of Jevons, has calculated the number of five-franc pieces 
in circulation. A certain number of offices, he tells us, made 
returns of coins as having dates at which there was no French 
coinage. But the errors were not on a scale to appreciably 
vitiate the calculation; the only consequence was to teach the 
offenders, by a severe reprimand, the danger of being too witty. 

The Head Commissioner concludes by reflecting on the 
ingenious ‘‘ inverse Jevonian ” method which Mr. Harrison has 
based, not on the addition of new coinage to the circulation, 
but on the with(b:awal of the coinage of date earlier than 1836. 
Taken by itself, Mr. Harrison admits, this elegant construction 
would not be strong enough to support the conclusion; if only 
for the reason that, as the amount of coin withdrawn forms a 
small percentage of the total circulation, a comparatively small 
error in the former is apt to considerably vitiate the latter. 
But, considered as an additional strand in the coil of circum- 
stantial evidence, which is all that Mr. Harrison claims, this 
supplementary method has a certain cogency which the Head 
Commissioner’s disparaging reflections do not invalidate. 

On the whole, it appears to us that Mr. Harrison’s method 
emerges from the test of the hostile criticism to which it has 
been subjected, not only unscathed, but even with added lustre. 

Merses 'profundo^ pukhrior evenit 



(Q) 

QUESTIONS CONNECTED WITH BIMETALLISM 

[The “ Thoughts on Monetary Reform which form the subject 
of this article (Economic Journal, 1895) were suggested by 
contemporary agitation in favour of Bimetalhsm. In spite of 
the presumption in favour of an argument on which Giffen and 
Professor Foxwell agreed, I dispute that there is “ a permanent 
tendency” to appreciation of money, that “ a fall in prices may 
be regarded as the normal condition of things.” Some illustra- 
tions of the quantity theory, with special reference to what 
Giffen called the dynamical character of the problem, are next 
offered. The fall of prices, it is argued, is not an unmitigated 
evil, not an intolerable burden on debtors; on the supposition 
that the appreciation was due to abundance of commodities 
(relatively to money) — a supposition not relevant to present 
(1923) problems. Lastly, the variant form of bimetallism pro- 
posed by Marshall, here named “ Symmetallism,” is discussed at 
length. As compared with ordinary bimetallism it is found to 
have the advantage in almost every respect except that of 
familiarity.] 


The following is an attempt to estimate the force of some few 
out of the many considerations which bear upon proposed 
monetary reforms. 

I. The argument first to be considered is one which is sug- 
gested by Mr. Giffen ^ in a passage quoted by Professor Foxwell 
in his evidence ® before the Agricultural Commission. 

In Mr. Giffen’ s words, “ There is an intrinsic difficulty in the 
way of an increase of a standard metal used as money proportionate 
to the increase of the commodities which it moves. As the latter 
are renewed incessantly, an increase in the means of production 
increases the whole mass on the market at any given time. As 
the precious metals in use, however, exist in masses enormously 

Essays in Finance, Vol. II. p. 30. * Questions 23,646 and 23,647 
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greater than the whole annual production, an increase of the 
means of production equal to what takes place in other commodities 
only means, in the case of gold, an increase of a fraction of the 
whole mass in use. There is accordingly a permanent tendency 
to change in the relation of commodities to gold.” As Professor 
Foxwell understands, the argument is that “ a fall in prices may 
be regarded as the normal condition of things.” ^ 

An argument advanced by Mr. Giffen and entertained by 
Professor Foxwell is not likely to be open to dispute. It is with 
great diffidence that the following counter-reasoning is submitted. 

An increase in the annual production of gold corresponding to 
the increase in the annual production of commodities implies the 
increase — ^not merely of a fraction, but — of the entire mass of 
gold. For consider that mass as made up of parts distinguished 
as (1) new, (2) one year old, (3) two years old, etc. And let us 
at first make abstraction of the circumstance that the mass is 
continually being diminished by loss and wear. Then in the lapse 
of a year part (1) by hypothesis is increased in the same proportion 
as the mass of commodities — a proportion which may be supposed 
uniform from year to year. Also, in the lapse of a year, while 
part (1) is freshly created, what was part (1) the year before 
becomes part (2) of the present year. By parity of reasoning, 
part (3) of the present or ultimate year is the same as part (2) 
of the penultimate year — that is, the same as part (1) of the 
antepenultimate year. Therefore, upon the hypothesis made, 
part (1) of the ultimate year is to part (1) of the penultimate year 
in the ratio which expresses the increase of commodities from year 
to year ; part (2) of the ultimate year is to part (2) of the penulti- 
mate year as part (1) of the penultimate year is to part (1) of the 
antepenultimate — that is, in the aforesaid ratio of the commodities 
of one year to the commodities of the preceding year. By parity 
of reasoning, the same ratio is found to prevail between all the 
corresponding parts of the mass of precious metal in the ultimate 
and penultimate years ; and therefore between the whole masses. 

This reasoning is not materially affected when we restore the 
concrete circumstance, that the mass of precious metal is liable 
to waste. The argument may be made clearer by the subjoined 
mathematical analysis. 

Let Q be the amoimt of gold existing at some remote period, 
such that the subsequent additions to the precious metal far 
exceed O. Let g be the amount of gold added to the stock in 
the course of a year at the initial period. Let W be the amount 

^ Lqc, oU, 
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of wealth or wares existing at the beginning of the first year, 
produced during the preceding year. And let it be assumed that 
W and g increase from year to year in the same uniform ratio — viz* 
1 : (1 + p). Let it further be assumed that all parts of the stock 
of gold are diminished by waste annually in the ratio 1 : (1 — <r), 
where o- is a proper fraction. 

Upon these suppositions the masses of goods at the end of the 
years 0, 1, 2, and n are W, 1 F (1 + p), lf(l + p)^ . . . If (1 + p)**, 
respectively. The corresponding masses of gold are 

G, 0 (l^^)+g,G(l^cr)^ + g(l^a)+g(l+p), . . . 

G (1 - or)n + g(l + g(l - ^)«- 2 (l + ^) + . . . + ^(1 + 

The first term of the general expression may be neglected in 
comparison with the remainder; by hypothesis, even upon the 
supposition that <t were zero ; a fortiori, if a- is eonsiderable as may 
be. The expression thus reduced may be put in the form 
(1 + p)” — (1 — cr)^ 

The mass of gold at the end of the mth year is found by substi- 
tuting m for n in the above expression. Therefore the mass of 
the mth year, divided by the mass of the nth year, is 

(1 + pr - (1 - er r _ (1 +p)^ 

(1 4. p)n _ (1 _ ^jn (l+ p)«» 

in the limit, when m and n are large. But (1 + p)”* : (1 + p)” 
is the ratio of the masses of commodities in the mth and nth years. 
Whence it appears that a constant level of prices, rather than a fall 
of prices, is to he regarded as “ the normal condition of things'' 

Nor is it necessary that the rate of waste should be the same 
for the new and the old gold (or silver). For consider the fraction 
of which the numerator is the mass of gold in the mth year, the 
denominator the mass in the nth year (from an initial epoch); 
m being greater than n. Let a, <72, and represent the per- 
centage of waste suffered by a portion of the metal during the 
first, second . . . nth year of its existence. The diversity of 
these coefficients does not invalidate the proposition that to each 
term of the denominator — e.g., 

?(! + —0's) 

there corresponds a term of the numerator greater in the ratio 
of (1 + /o)”-" : 1, e.g. 

( 7(1 + P)"-’ (1 - <^i)(l - <^s)- 

Accordingly the whole numerator exceeds the whole denominator 
in that ratio. That is, assuming as before that in n years the 
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waste is very great. But if this is not assumed, if the rate of 
waste — like that of cooling — ^slackens with time, then there may 
enure to the benefit of the numerator a substantial remainder, a 
very long etcetera. Accordingly there is some probability that a 
rise in prices may be regarded as the normal condition of things. 

The argument continues to hold when the law of waste is 
supposed to be different for gold and silver applied to different 
uses, e,g,, money and the arts. Also there may be different classes 
of goods not all worn out in one year. The coefficient of waste 
for goods, say s, may be unity for corn, of which the yearly 
supply is consumed in the year but three-fourths for boots, agree- 
ably to the supposition that by five years boots on an average 
will have been reduced to less than xinnr of their original 
value : (1 - = tAt- 

The argument breaks down only when p is not constant, the 
production of commodities increasing from year to year at an 
increasing rate. But, as submitted in the next section, this case 
is not known to be a real one. 

Of course it is possible, that while the stock of precious metal 
increases uniformly with commodities, other things are not 
uniform : in particular the proportion of precious metal used in 
the arts and as money, and the factors, described in the next 
paragraph, which intervene between the quantity of metallic 
money and the level of prices. And it is possible that the varia- 
tions of these quantities should counteract each other. The 
reasoning is very abstract, but so is the reasoning against which 
it is directed.^ 

This argument, whatever its force, is in the direction of 
monetary reform. The reformer can no longer be represented as 
one who pretends to avert a decline which is inevitable — like the 
charlatan who pretends to have discovered the elixir of life, or, 
as recently announced, the “ microbe of death.” 

II. If the recent fall of prices cannot be explained as “ the 
normal condition of things,” to what cause is it to be attributed ? 
This inquiry forms my second head. 

On this point I have little to add to what Mr. Giffen has said 
about the dynamical character of the problem. ^ We must con- 

^ Thus no account is here taken of the argument that the yield of mines, unlike 
the production of commodities in general, cannot be indefinitely multiplied. The 
abstraction of this consideration will appear allowable to those at least who hold 
that predictions about the production of gold in the distant future are, as Newmarch 
is reported to have said with reference to the statistics of gold-production, not 
worth the paper they are written on. 

“ The Growth of Capital 
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ceive the masses of both goods and metallic money as continually 
growing ; and in order to account for a change in their relation 
it is not enough to show that one of the (Quantities has increased, 
for both of them are to be conceived as continually increasing. 

We might figure the discrepancy between goods and gold 
which is indicated by a fall in prices as a change in the distance 
between two moving bodies.^ It is generally easier to ascertain 
the fact that such a change has occurred than to assign the cause 
to one or other of the moving bodies. In an Oxford boat>race 
Corpus bumps Balliol. That is a plain fact. But it may be a 
fine issue whether the cause is the acceleration of Corpus, or the 
retardation of Balliol. It may happen, no doubt, that both 
cause and fact are equally manifest ; as when Ajax Oileus, racing 
against Ulysses at the funeral games of Patroclus, slipped in the 
mire, and so was distanced by his rival. But the incidents are 
not so simple in the race which we have to contemplate. The 
Homeric chariot-race might afford nearer parallels. When, 
Diomed having dropped his whip, his rival began to gain upon him, 
the spectator would naturally connect the two events. So the 
change of monetary legislation in 1873 being apt to produce a 
fall of prices, and being followed by a fall of prices, is naturally 
assigned by some theorists as the cause of the fall. The circum- 
stance which is assigned by other theorists as the cause of the 
fall — ^namely improvements in arts of production, attended with 
an acceleration in the growth of commodities — does not excite 
belief so readily. The Homeric parallel of this cause is : Pallas 
inspiring force into the horses of her favourite. The intelligent 
spectator might require proof that this agency only came into 
operation just before the distance between the rival chariots 
began to diminish. Before ascribing an access of spirit and vigour 
to the team which seemed to be gaining ground, he would require 
pretty accurate observations of its velocity before and after the 
alleged inspiration. 

But of course it is a very elementary conception to regard prices 
as the quotient of the volume of goods divided by the mass of 
metallic money. When we take account of the complicated 
factors affecting the fall of prices, we shall be still more cautious 
about locating the cause. It is quite conceivable that neither 
the monetary legislation of 1873, nor the subsequent rapid aug- 
mentation of production, would by itself have sufficed to produce 
the observed effect. The concurrence of the two was required. 

^ The device of employing a distance to express a ratio is \ised by Cournot in a 
cognate inquiry. Recherches Mathimatiquedt ch. ii. 
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We may conceive prices as representing the relation between 
the volume of goods in a sense which is implicit in most definitions 
of an index-number, and the mass of currency in the sense of 
metallic money augmented by credit ; account being taken both 
of the number of times each piece of goods is sold, and the number 
of times each piece of money or instrument of credit effects a 
purchase. The volume of transactions^ and the momentum of 
circulation, thus conceived, are not to be regarded as growing 
like two independently moving masses, but rather like two bodies 
connected by a link which it requires some violence to shorten or 
elongate — such is the force of habit resisting a general change in 
prices. This relation may be preserved constant, in spite of a 
disparity between the quantity of goods and metallic money, 
by the accommodating elasticity of other factors, in particular 
the amount of credit. It is attempted in the annexed diagram 
to give a rough idea of the relations between the several growing 
quantities figured as bodies moving along a line. 

G C W Q V 

- I 1 H— • 

Fig. 1. 

Here W is the volume of goods, C is the mass of currency, V is 
the volume of transactions, Q the momentum of circulation, as 
above defined ; in the region under consideration, say the system 
of countries having a gold standard. The distance QV represents 
a ratio measured by an ideal index -number — such a one as the 
present writer in his third memorandum on variations in the value 
of money (British Association Eeport for 1889) has connected 
with the name of Professor Foxwell. 

Say Q and V were coincident at an initial epoch 1867-77, and 
that now the proportion of the quantity V to the quantity Q is, 
in round numbers, IJ : 1, corresponding to an index -number 
66‘6. Then QV — about a quarter of an inch — stands for log 1*5. 
The distance VW represents the number of times that each piece 
of goods is sold on an average per unit of time, that is or 

2-25, if VW is about half an inch. The distance QC represents 
the number of times that each piece of money effects a purchase 
on an average per unit of time, according to the figure, also 2*25. 

The quantities W and C are respectively connected, the 
former with the volume of transactions V, the latter with the 
momentum of circulation Q, each by a link which, under pressure 
or tension, is readily shortened or elongated telescope-wise. A 
similar, or even more yielding, bond connects C, the quantity of 
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currency, with G, the quantity of gold used as money. But V 
is yoked to Q more firmly, as it were, by a pole made of some 
viscous substance which does not easily alter its length. The 
thick line QV and the dotted line GC are intended to indicate 
difierent degrees in the rigidity of connection. The connections 
between V and W and between Q and C are perhaps of intermediate 
rigidity. 

But really the mechanism of this complicated yoke is very 
imperfectly known. No one is competent to predict what will 
be the effect of any assigned stress or strain. (Upon the extent 
of our ignorance, compare Professor Marshall’s evidence before 
the Precious Metal Commission, Q. 9,629.) It is possible that a 
slight spurring of W or curbing of C will produce, not a slight 
effect, but no effect on the length QV. One is free to indulge the 
following compromise hypothesis. The acceleration of W, due 
to an increased rapidity in the growth of goods since 1873, would 
not of itself have sufficed to elongate QV — to depress general 
prices. That tendency would have been counteracted by the 
elongation of GC or CQ, or the abbreviation of WV. Nor would 
the acceleration of W, due to an increase in the amoimt of goods 
to be moved by gold upon the demonetisation of silver, of itself 
have sufficed to alter CW. Both impulses — and perhaps at the 
same time a certain retardation of G — were necessary to produce 
the observed effect. Thus both parties in the controversy about 
the cause of the appreciation of gold may be right — both those 
who attribute it to the increase of goods, and those who attribute 
it to a monetary derangement. 

It may be observed that this hypothesis, too, forms an argu- 
ment in favour of monetary reform. For if the recent disturbance 
of prices would not have occurred without injudicious monetary 
legislation in the past, it is possible that judicious monetary 
legislation in the present may prevent future disturbances. 

III. But is the fall of prices an unmitigated evil ? I submit 
that a considerable mitigation is afforded by a circumstance 
which — however its importance as a cause may be disputed — 
is not denied to be a fact : namely the increased production of 
goods per head in the civilised world during the last twenty-five 
years. ^ 

This circumstance tends to remove the grievance which con- 

^ It will be noticed that the argument in this section requires only an increase 
in the quantity of goods per head, not, like the argument in the former section, an 
acceleration in the growth of goods. What is required for the present argument 
appears to be fully proved by several writers who have supported the former 
argument : in particular Nasse, Wells, Atkinson, Pierson. 
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stitutes the strongest motive in favour of monetary reform — 
namely the pressure of fixed debts upon shrinking incomes. As 
Professor Foxwell explains in his masterly evidence before the 
Agricultural Commission (Q. 23,816), ‘‘ Business is injured when 
the prices of commodities fall. . . . What depresses trade is the 
falling in commodities.” The entrepreneur is embarrassed when 
he has to pay his creditors an increased quantity of commodities. 
But if the production of commodities per head has increased 
since the debts were contracted, then the average entrepreneur, 
though he may have to pay his creditors more commodities, will 
have more commodities out of which to make that payment. 

In the words of Professor Taussig,^ endorsed by the authority 
of Professor Lexis : ^ The rise in money incomes and the improve- 
ments in production disprove any intolerable burden on debtors, 
and make it highly improbable that the change has had any 
general depressing effect on industry.” 

Where is the great hardship? What does the bimetallist 
complain of ? {loc. cit. Q. 23,815). 

“ If you fix your money by incomes, and allow the prices of 
commodities to fall, it comes to this, that the creditor gets the 
whole advantage of the fall in the prices of commodities, to which 
as creditor he has contributed nothing.” 

The creditor does not get the whole advantage ; the recipients 
of wages and of profits have their shares increased in proportion 
to the increase of industrial efficiency. Take the figures for the 
changes in the national income of the United Kingdom recently 
given by Mr. Bowley,® and compare the average of the years 
1874 and (the next year in his tables) 1877 with that of 1886 and 
1891 (his last years). Money income has remained almost 
constant during this period. The average national income 
for 1874 and 1877, compared with 1860, taken as 100, was 
J(143 + 142) = 142*5; and in 1886 + 1891 exactly the same — 
viz., J(138 + 147) = 142*5. Meanwhile the real average income 
had risen from J(139 + 148), or 143*5, to §(198 + 202) = 200, 
that is about forty per cent. Also real average wages have 
increased from §(134 + 139) to §(180 + 192), that is about 
thirty-six per cent. Therefore real average income not received 
as wages must have increased by more than forty per cent. 
Consider this portion of income as made up partly of fixed pay- 
ments — ^say interests and rent — ^and partly of profits. If all the 
fixed payments dated from 1874-77 — an extreme supposition — 

^ Silver Question^ Part II. p. 106. * Jahrb. f. Not. Oekm,, March, 1894. 

• Journal of the Statistical Society ^ June, 1896. 
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the real average income of the tecipients would have increased 
by forty per cent. But, as just concluded, profits -|- fixed pay- 
ments have increased by more than forty per cent. Profits then 
must have increased by more than forty per cent. Profits have 
had their full share of the increased national wealth, even on the 
extreme supposition which has been made. The creditor then 
does not ** get the whole advantage.” Nor is it true that “ he 
has contributed nothing ” to the growth of the national income. 
But for his saving it would have been smaller.^ 

A diagram may make the argument clearer. Let the gross 
income of an average or typical entrepreneur, measured in money, 
at different epochs, be represented by the parallel lines PS and ps, 
which are divided into proportional parts by four lines meeting 
in the point 0. 


Let PS represent the incomings before the appreciation of gold ; 



PQ, expenses which may be called current, such as outlay on 
material, which vary with the variation of prices; SR, fixed 
expenses, such as interest of debts or rents on long leases; the 
remainder, RQ, the profits of the entrepreneur. And let ps 
represent the incomings after the appreciation of gold. Then 
pq, the current expenses, will be diminished in the same proportion 
as the gross income. Thus PQ : pq : PS ; ps. But the fixed 
expenses will not be thus diminished. The new fixed expenses 
are the same as the old, viz. sr' (determined by drawing Rr' 
parallel to Ss). Accordingly the profits of the entrepreneur are 
reduced by the burden of fixed debt from qr to qr', which may 
become very small. Hence all these tears. 

This reasoning takes for granted that the gross income of the 
entrepreneur measured in commodities, is the same at the two 

1 See Professor Marshall’s weighty remarks on this subject in the discussion 
on Mr. Bowley’s paper in the Journal of the StaUstical Society t June, 1895. 
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epochs. But there is reason to believe that the total production 
per head, and therefore the production of the average entrepreneur, 
ha»s increased in recent years in about the same proportion as gold 
has been appreciated.^ 

This case may be represented by the same figure differently 
interpreted. Let ps now represent the gross income of the typical 
entrepreneur, measured in commodities, at the initial epoch; 
and PS his gross income at a subsequent epoch, when labour, so 
to speak, and gold have both been appreciated with respect to 
commodities in the same ratio, viz. Op ; OP. The shares into 
which the gross income is distributed are at the initial pq current 
expenses, sr fixed expenses, and qr profits (all measured in com- 
modities) ; and at the subsequent epoch (the same measure being 
employed) PQ current expenses, SR fixed expenses (since the gold 
which was the equivalent of sr commodities has become the 
equivalent of SR), and accordingly QR profits. 

According to the arrangement that the creditor should receive 
a constant quantity of commodities Sr' (determined by drawing 
rR' parallel to Ss), a special advantage, to the extent of RR', is 
given to the entrepreneur who has debts of long standing, in 
comparison with one whose expenses are mainly of the current 
kind. According to the existing arrangement, if the assumptions 
which have been made as to the increased efficiency of labour are 
accurate, the borrower is, on an average, as well off as he who has 
not borrowed; if the assumptions are only slightly exaggerated, 
the borrower is not much worse off. Is this such a flagrant 
injustice ? Is it one which it is worth making a very great effort 
to rectify? 

Of course all this polemical reasoning is highly abstract ; but 
so is the reasoning against which it is directed. The state of 
things which forms the second interpretation of our figure is a 
sort of representative mean from which concrete particulars 
diverge enormously — ^for instance the condition of the English 
agriculturist. But so is the state of things conceived by the 
bimetallist forming the first interpretation of the figure a mere 
abstract representation which is not applicable to whole classes 
of business — ^for instance the case put by Mr. Pierson (Economic 
J oTJENAii, Vol. V. p. 110), in which the prices of materials (our 
“ current ” expenses) fall sooner than the prices of the finished 
article (our gross incomings ”). The burden, which is character- 
istic of the general t 3 q)e, is not felt in this particular case. So the 

^ Consult, in addition to the authorities above cited, those referred to in the 
Economic Journal, Vo!. IV. pp. 168 — 166. 
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general remedy would fail in the extensive case of German 
agriculture, if Professor Lexis is right in predicting that in this 
case bimetallism would inflate the expenses of production more 
than the prices of the product.^ 

IV. Let it be admitted, however, that a currency steadily 
expanding with commodities, or at any rate steady in some definite 
sense, is desirable. Let it further be admitted that steadiness 
is more likely to be secured by the use of two metals than of one 
only. Put bimetallism is not the only method of combining the 
two metals. The form which bimetallism has most recently 
assumed presents an additional reason for believing that a more 
excellent way is that which Professor Marshall has proposed,* 
according to which the standard is not a unit of gold or so many 
units of silver, but a unit of gold and so many units of silver — a 
linked bar on which a paper currency may be based. The 
arrangement that there should be a joint demand * for gold and 
silver money might, perhaps, be called symm etallism^ to distinguish 
it from the arrangement that there should be a composite supply 
which is called bimetallism. 

The one advantage which bimetallism has hitherto enjoyed 
over its younger rival is historical precedent, familiarity, and the 
better fulfilment of Mill’s condition for a sound currency, that “ it 
should be intelligible to the most untaught capacity.” But this 
one advantage appears to be impaired in the most recent form of 
bimetallism. For, whereas the definition of bimetallism used to 
be “ an open mint ready to coin any quantity of gold and silver,” • 
we read now of purchasing gold and silver bullion with legal 
tender. In Professor Foxwell’s clear and authoritative words : — 

‘‘ According to the views which are very current now in 
bimetallic circles, the bimetallic mintage would mainly be a 
mintage consisting of a return of paper or certificates for bars ” 
(Q. 24,334). 

“ The person tendering the bullion receives legal tender ” 
(Q. 23,761). 

“ The debtor would pay exactly as he pays to-day, by cheques 

* See p. 281 of the Economic Journal, Vol. V. 1895. The reference ia to an 
article by Profeasor Lexis in the Economic Journal, 1906. 

* Evidence before the Gold and Silver Commission (1888), Q. 9,837. Compare 
the proposal made in Dr, Hertzka’s Dae Internationale Wahrungeproblem (1892). 

* See Marshall’s Prindplee of Economical Book V. ch. vi. 

* The^definition given by the Gold and Silver Commission (Final Report, Part I. 
par. 116) after Mr. Hucks Gibbs. So Professor Sidgwick in his Political Economy, 
Book III. ch. iv. § 6, speaks of the “ plan known as bimetallism, i.e., coining gold 
and silver freely and making them legal tender.’* (Cp. ibid, II. v. 6.) 
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and notes, or instruments of that kind which are based upon 
reserves in the banks ; but the debtor would never consider what 
his note or cheque was based upon, whether upon silver or upon 
gold, any more than he does in France at the present day ” 
(Q. 23,756). 

Now all that is said so truly and persuasively here, and in the 
context, of bimetallism, is equally applicable to symmetallism. 
And the doubts and difficulties felt by the monometallist inter- 
rogators could not have been greater if the witness had been 
advocating symmetallism. Referring to this system, an eminent 
bimetallist has said ^ “ The brains of Lombard Street would reel 
at the vision.” Will they not also be affected with a certain 
vertigo at the prospect of bimetallism in its new form : purchasing 
bullion, at a fixed rate, with legal tender ? 

Let it be admitted, however, that the principle of bimetallism 
is still the more presentable one in virtue of its historical character. 
Yet against this speciousness of the essential principle is to be set 
the strangeness of certain incidents, in particular that nations 
should fix a value in concert; whereas symmetallism can be 
started by any nation independently, and different nations may 
fix different rates. 

Suppose England alone were to start symmetallism. She 
would gain in the steadiness of her standard, in that the fluctua- 
tion of its value from time to time would be less. She would 
lose indeed in the steadiness of exchange with gold-using countries. 
But against this loss is to be set some gain in the steadiness of 
exchange with silver-using countries ; since the discrepancy 
between silver and the compound would be less than the dis- 
crepancy between silver and gold. Suppose England were joined 
by India. They would gain in steadiness of exchange with each 
other as well as in diminution of the fluctuations in time. Suppose 
England with India adopts one symmetallic ratio — say 1 of gold + 
26 of silver; and Holland with her Asiatic dependencies adopts 
another symmetallic ratio — say 1 of gold + 30 of silver ; all the 
four parties will gain in both kinds of steadiness. It is true that 
there wiU be no par of exchange, as there would be in the case 
of bimetallism. But the advantage of avoiding the dislocation 
of value between gold-using and silver-using countries would be 
secured in almost as perfect a measure as by bimetallism. For a 
change of the value of silver (with respect to commodities in 
general, including gold) would be attended with a much smaller 
change in the relative value of the (Dutch and English) com- 
^ NineUetUh Century Beview, April, 1883, p. 627. 
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pounds ; ^ a change which might well be inconsiderable in com- 
parison with that fluctuation of the exchanges which is continually 
being produced by causes unconnected with currency. It is 
obvious that for the propagation of a reform, this capacity of 
being independently started by particular communities is a great 
advantage. In this respect symmetallism is like free-trade, which 
may be started by any single nation with advantage to itself; 
while bimetallism is like mutual disarmament, which cannot be 
safely started without an agreement between the principal nations. 

There is also against the introduction of bimetallism the 
obstinate prejudice of the half -taught, who persist in regarding 
it as equally absurd for a Government to fix the relative value of 
two species of money as to fix the relative value of two articles 
of consumption; whereas the fixing of the symmetallic rate is 
much more obviously within the powers of Government. 

Symmetallism then being not conspicuously inferior to the 
other species of double standard in plausibility and the possibility 
of being introduced, it is worth while to compare the working of 
the two on the supposition that they could be introduced. 

We shall best examine this complicated subject by first as 
it were looking at it with the naked eye of reason, then using 
successively the magnifying glass of mechanical analogy, and the 
microscope of mathematical analysis. 

In order that bimetallism may be successful the amount of bi- 
metallic money must be of a certain magnitude relatively to the 
new supplies of precious metal. Otherwise a considerable influx 
of one metal — or a considerable deficiency in the supply of the 
other — ^will cause bimetallism to break down.® There are those 
who think that an influx of silver is particularly likely to be fatal 
to bimetallism, since the demand for silver in the arts is too weak 
to carry o£E a redundant supply of this metal. Now symmetallism 
is free from this danger. Suppose that an abnormal supply of 
silver occurs. The worst that can ensue is that the redundant 
silver wiU be unable to mate itself with gold. A certain quantity 
of gold might be forthcoming from the arts in which the metal has 
not been fixed by manufacture,® or from hoards and unsym- 

^ E.g,f if the change in the value of silver is a drop of 25 per cent., the ratio of 
the Dutch to the English standard will be changed from 1*1 to 1*086 ; if the change 
in the value of silver is smaUf the change in the relative value of the two compounds 
will be twenty-two times as small ; 1 of gold being initially equivalent to 25 o 
silver. 

■ Compare Sidgwick, Political Economy^ 2nd edition, Book III. chap. iv. 

• I hear of dentists who amass substantial ingots of gold from the washings of 
teeth restuffed or extracted. 
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metallic curreaoies. But at worst the new silver would pine 
unmated ; the production of silver would be discouraged. 

Bimetallism then, as compared with symmetallism, is more 
likely to fall; but, as long as she continues on her feet, is her 
course straighter? The conception proper to this inquiry is 
that the value of either double standard with respect to things 
in general is subject to constant ch''^^ As Professor Sidgwick 
says : ^ The number of slight fluctuations ought to be regarded 
as in any case infinite, since the conditions of both supply and 
demand are continually varying.” A series of index-numbers 
constructed for either species of double-standard will present a 
wave-line. The question is. Which line will be more wavy? 
When it is considered that the value of the symmetallio compound 
is a mean of the values of its components,^ there appears to be no 
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general reason why the law of compensation, the principle of a 
“ double reservoir,” should not be as effective in the case of 
sjrmmetallism as in that of the more familiar double standard. 

To complete this comparison, let us reproduce the illustration 
employed ® by Professor Irving Fisher in his masterly paper on The 
Mechanics of Bimetallism with a modification adapted to the 
case of symmetallism, which the reader will be asked to imagine. 
In both interpretations of these figures the three reservoirs, viz. 
Cra> (Grm + Sm), and S^, designate respectively gold used in the 
arts or for other purposes than double-standard money, gold and 

^ Loc. cii. 

• E.g.y if the symmetallio standard is 1 of gold + 26 of silver, then if 113 grains 
of gold (the amount of pure gold in an English sovereign) becomes worth 22 
shillings in symmetallio sterling, 26 X 113 grains of silver will be worth 18 shillings 
of that sterling. 

» Readers to whom mechanical analogy — and a fortiori mathematical analysis 
— is distasteful are advised to pass on to page 441. 

* Economic Journal, September, 1894, Vol. IV. p. 627. 
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silver used as double^standard money, and silver used in arte 
or other purposes. In both interpretations the distance itrf the 
level of a liquid from the zero line oo represents the final utility 
of the corresponding article; the contents of the reservoir, the 
amount demanded at that price (price measured in the absolute 
standard of utility). The pipes which give into the reservoirs 
6a and Sa are the sources of supply, the cost (in the sense of dis- 
utility) being proportioned to the distance of each pipe from the 
zero line. Accordingly, those pipes only which are above the 
level of the liquid act, since for others the cost of production is 
greater than the price. The pipes below the liquid are supposed 
to be closed by valves. 

In the case of bimetallism, the rcscuvoirs and Sa are each 
connected by a pipe with the reservoir (G„, + S^) ; and accordingly 
the system is not in equilibrium unless the level of the liquids 
in the three vessels is the same. When equilibrium is disturbed 
by an abnormal ^ influx of one metal, say silver, some silver flows 
into the reservoir (6,^ S^^), and some gold is extruded from that 

reservoir into For further explanations of the figures as 
illustrations of bimetallism, the reader is referred to Professor 
Fisher’s paper. 

In the case of symmetallism, the gold and silver in the reservoir 
(6m + Sm) are divided, not by a movable film If, as in Professor 
Fisher's construction, which is here reproduced, but by a fixed dia- 
phragm, which the reader is asked to imagine, dividing the money 
reservoir into two equal lobes, the one on the right containing (water 
representing) silver, the one on the left liquid gold, both at the 
same level.* The condition of equilibrium is — not as before, that 
the liquid in the three reservoirs should be at the same level, but 
— that the height of the level of for G^] above the level of 
(6m + Sm ) should be the same as the height of the level 
(Gm + Sm) above that of G^ [or S^]. By a proper construction 
of bars connected with balls floating in the reservoirs, it is arranged 
that whenever the height ^ of Sa [or Ga] above (Gm + Sm) is greater 
than the height of (Gm + Sm) above Ga [or S^l, a dose of silver 
liquid should be transferred from Sa to Sm, the silver lobe of the 
money reservoir, and at the same time an equal dose of gold 

1 That is, more than is required to keep up the existing level by counteracting 
leakage. 

♦ This modification of his original design was contributed by Professor Fisher 
himself. 

Measured in the ordinary plan upwards from some horizontal base; if 
measured downwardo^itova the zero line oo (loc. cit,), less must be substituted for 
“ greater ” in our text. 

VOL. I. I’F 2 
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liquid from G» to Gm- In converse case, two equal doses ^ 
are transferred from Gm and Sm to G^ and Sa respectively. 

Xiet us now compare the two systems thus figured, in respect 
of (1) permanence, without which all other good qualities must be 
useless ; and (2) that quality which constitutes the characteristic 
advantage of a double standard, steadiness. 

(1) As explained by Dr. Fisher, b- ^allism breaks down into 
monometallism as soon as one of the metals, e.g., gold, is com- 
pletely extruded from the monetary reservoir (G^ + S^). This 
danger is minimised by the bimetallist, who virtually maintains 
that (Gm + Sm) is so large in relation to Ga that it is nearly 
impossible for an influx of silver to extrude all the gold from 

> 1 - s^). But admitting this relation of the magnitudes to be 
plausible, upon the supposition of bimetallism being generally 
adopted, I submit that there is some chance of many business 
men continuing to make contracts payable in gold ^ — answering 
the defiant question of the bimetallist, “ Where will the gold go 
to ? ” by employing the gold very much as it is employed at 
present, namely as a reserve to sustain payment of contracts made 
in gold, only without the agency of a Government bank. There 
is also a chance that an international convention may be 
repudiated. 

Thus when the flood of silver comes and beats upon the 
bimetallic structure, there is some danger of its falling. The film 
may be pushed to the extreme left, and the monetary reservoir 
depleted of gold, even if bimetallism is generally adopted, and 
a fortiori if it is not in fact generally adopted. But when the flood 
comes and beats upon the symmetallic structure there is no danger 
of its falling. The film is not displaced, the lobe of gold is not 
depleted; the double standard does not break down into gold 
monometallism, until silver has become so abundant as to be 
utterly valueless. 

(2) Next let us compare the two plans in respect of steadiness. 

Suppose that the sectional area of (G^ + 8^) is large com- 
paratively to that of Ga and that of Sa; and let an abnormal 
influx of silver occur. In the case of symmetallism the level of 
the liquid in the silver lobe S^ tends to rise considerably. But this 
tendency is checked by the difficulty of raising the liquid in the 
gold lobe to the same level. So the silver which is not wanted 
in Sm will regurgitate into Sa ; the gold which is wanted for G^ 

^ The cubic inch of liquid, as in Professor Fisher’s construction, representing 
a imit of gold and as many units of silver as are equated t(»a unit of gold. 

• An objection urged by many eminent monometallists. 
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will be somehow pumped out of Q*; and since botii S;^ i^d 6^ 
are narrow — shaped like the vessel which the crane in the lable 
offered to the fox — ^the level of the former will be considerably 
raised, while the level of the latter will be considerably depressed. 
Therefore the mean of the two levels will in general be considerably 
disturbed, except upon the improbable supposition that Ga and 
Sa are identical in size and shape. Contrariwise, when Sa and 
Ga are large, + Gn^ small, symmetallism is particularly steady ; 
but it is not clear that bimetallism is particularly unsteady, 
except in the sense that it is particularly liable to break down. I 
do not think it is possible to get much further in the investigation 
of comparative steadiness without the use of mathematics.* 

Let us suppose a quantity Q of one metal, say silver, to be 
introduced ; and let us examine to what extent the value of each 
species of double standard will be disturbed. 

Let A, B, C be the respective areas of the section which the 
surface of the liquid makes with each of the three vessels, G., 
(G^ + Sm), Sa. And first let Q be small. Put Q = Cv, where 
V is the height above the undisturbed level to which the liquid 
in Sa would be raised by the influx of Q, upon the supposition 
that Sa, was disconnected from (Gn^ + Sq,) — that is, the change 
in the value of silver upon the supposition that the (double- 
standard) mints are closed to silver. 

In the case of bimetallism, the increase in the height of 
+ Sm), the diminution in the value of the double standard, 
say y, is given by the equation — 



Cv 

y — 

(i)y = 

A + B + C’ 

^ c ^ c 


In the case of symmetallism, the level in the three reservoirs is 
not in general the same before the introduction of the new silver, 
nor are the changes in the levels equal. Let v, as before, represent 
the height to which the new influx of silver would have raised the 
silver level if there had been no connection between the reservoirs. 
Let z be the actual increment of Sa, y that of (S^ + Gm), and x 
the increment ( — x the decrement) of Ga (v, x, y, z all supposed 
small). Then we have the following three equations : — 

(i) C(v — z) = ~ Ax (since equal quantities are taken from 
each reservoir). 

♦ The general reader may be advised to pass on to p. 441. 
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(ii) C(v — z) — Ax — By (since the liquid which is taken from 
Ga and is added to (G^ + S„,). 

(iii) y I (x + z) (since the value of a unit of gold, say 113 
grains — the weight of pure gold in a sovereign — added sym- 
metallically to a unit of silver— say 25 x 113 grains— ought to 
make up two units of legal tender sovereigns, two pounds sterling). 
Eliminating x and z we have — 


(2) y = Jv 


1 + J? + 


Comparing (1) and (2), we see that in the case of bimetallism 
y cannot exceed v, while it may have any value between o and 
V ; in the case of symmetallism y cannot exceed |v, while it may 
have any value between o and jv. Thus the fluctuation of the 
value of the standard in the case of symmetallism is confined to a 
range half as small as what it is in the case of bimetallism. 

The proof which has been given of this property relates primarily 
to small disturbances ; but it may be extended with great proba- 
bility to disturbances of a finite magnitude. 

The advantage on the side of symmetallism which has just 
been indicated is somewhat reduced when we introduce a condition 
which is usually taken for granted by bimetallists : namely that 
there is a certain parity in the fluctuations of the supply of gold 
and silver, such that the double standard will be steadier than 
either gold mono -metallism or silver mono -metallism. 

The case is that of two reservoirs ” fed from independent 
sources; now underfed, now overfed, at random. If the fluctua- 
tions before the connection are much more violent in one reservoir 
than in the other, the union will not be an advantage to the gentler 
partner. In order that both reservoirs should gain in respect of 
stability, it will be found that the following condition must be 
approximately fulfilled. The measure, or modulus, of fluctuation 
(see the writer’s “ Methods of Statistics,” Journal of the Statistical 
Society, 1885) per unit of area must be approximately the same 
in both reservoirs before the connection. In other words, the 
“ probable error ” of the (small) increment or decrement of 
volume to which each reservoir is subject must be proportioned 
to its sectional area. 

The reservoirs of which we have just spoken with Jevons in 
mind are of course to be regarded as compounded according to the 
conception of Professor Fisher ; say (Ga + G^) and (Sa + S^), where 
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Gm is the part of the vessel (G^ + S^), which is on the left of the 
partition ff (a movable film in the case of bimetallism, a fixed 
diaphragm in the case of symmetallism), and S,n the part on the 
right. 

Let Ba be the sectional area of G^, of S^. Then B^ + Bg = 
B for both double standards ; and Ba = B^ = |B in the case of 
symmetallism. 

In order that the double standard should be steadier both 
than the previously existing gold monometallism and the pre- 
viously existing silver monometallism, we must have the modulus 
for the fluctuation of value in the two composite reservoirs 
(Ga 4 - Gn,) and (S^ + S^) identical, say w ; the disturbance being 
regarded as a small quantity assuming independently in each 
system and at random a variety of values, according to a law of 
error of which the central point is zero and the probable error 
4: *47 , .w. Accordingly, the increment in the volume of gold 
is (A + BJ w ; and the increment in the volume of silver 
(Be -f- C) w. 

The fluctuation of the compound standard is found by cumu- 
lating the fluctuations of the component reservoirs according 
to the rules of Probabilities. In the case of bimetallism, the joint 
area A + (B^ + -f C is affected by the gold increment with a 


fluctuation 

fluctuation 


A 4- B 

silver increment with a 
Therefore the (modulus of the) 


compound fluctuation is 


x/A^ + ^ (A -f B + C). 


In the case of symmetallism, each of the component fluctua- 
tions affecting the joint area may be calculated from equations 
(i), (ii), (iii), miitaiis mutandis : for instance, the v of those equations 

0 4- B 

(pertaining to silver) becomes now — — ^w. The compound 
fluctuation resulting is 

Jwx/(A + BJ2C2 4- (C -f BJ'^A^ 4 [AC + i(A + C)(B 4- Be)]. 
In this expression B^ must be equal to Be after the establishment 
of the (symmetallic) connection ; and therefore just before it, if 
the establishment of the connection is supposed to cause no 
disturbance. Thus for B^ and also for B^ we may substitute 
|B, and B for B^ + Be. It will now be apparent that the fluctua- 
tion in the value of the symmetallic, as well as of the bimetallic, 
double standard is, as it ought to be, less than the fluctuation 
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in the value of either the single gold standard or the single silver 
standard. 

To compare the extent of the two fluctuations, put them on 
opposite sides of an inequation — say the bimetallic modulus on the 
left side, and the symmetallic modulus on the right side — and clear 
of fractions. Let the resulting expression be of the form 
KjW > or < KgW. 

It will be found that when A = C, Kj = Kg ; accordingly one 
double standard has no advantage over the other. To effect 
the comparison when A and C are not equal, put A = P(1 + q), 
B = P(1 — - q), where q is a proper fraction ; and expand. It will 
be found that -- Kg = 



The expression within the square brackets equated to zero 
has always real roots ; one of which is always positive, and one is 
positive or negative according as is less or greater than 4P2. 
When B^ is greater than 4P2, the above written expression for the 
coefficient of the bimetallic minus the symmetallic fluctuation is 
always negative. For one root of the quadratic lies below zero, 

B 

and the other root above 1 + Accordingly for all values of 

q between 0 and 1 — the only values with which we are concerned — 
the expression is negative. When B^ is less than 4P2 the expres- 

B2 

sion is positive for values of q^ between 0 and 1 — ^pg. Therefore 


/ B^ 

symmetallism is steadier for values of q less than -y/ 1 — ^pg ; 

for greater degrees of inequality bimetallism has the advantage. 

For example, if the demand for gold for the double standard 
is small in comparison with its demand for other purposes (sur- 
viving gold monometallism, war chests, and the arts) ; and if the 
demand for silver is not entirely for the double standard, but 

partly for other purposes ; then, ^ being small and q not very 


great, symmetallism has the advantage. The case supposed 
seems most likely to be the real one, so far as we can predict from 
data very imperfectly ascertained even in the present, a future 
rendered unlike the present by the introduction of a double 
standard. 

This presumption in favour of symmetallism arises on the 
supposition that the condition above stated holds. But if that 
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condition does not hold — if, as many competent authorities 
believe, silver is liable to greater drops in value than gold — ^then 
the presumption arising from the comparison of equations (1) 
and (2) recurs. 

In the latter case an additional advantage — vdleat quantutn — 
may be pointed out on the side of symmetallism. Suppose it 
could be proved that one metal, say silver, was considerably less 
steady than the other, bimetallism would cease to be desirable 
for both parties, both the originally gold-using and the originally 
silver-using countries. Whereas the principle of symmetallism 
might be still usefully employed to produce a compound more 
steady than either of the components. Just, as according to the 
theory of errors, two observations, though very unequal in weight, 
yet be so weighted that the combination of the two is better 
than either singly, so silver in the case supposed may be combined 
with gold in a proportion so small — say that of the ancient 
electron (see Ridgeway, Currency and Weight Standard, ch. xi.) — 
that the compound will be slightly steadier than the components. 

Thus, from three points of view, there seems to he some advantage 
in respect of steadiness on the side of symmetallism. 

In short, symmetallism, is not only not much more difficult 
to introduce, but if introduced, would be more permanent and 
steady. Both species of double standard may be compared to 
the rope by which mountain climbers are mutually secured, upon 
the principle that two parties are not likely to slip at the same time. 
Both the monetary cords are difficult to attach ; but the bimetallic 
species has the further disadvantage, that, when one of the parties 
falls over a precipice, the rope is cut. Again, both double 
standards may be compared to those packet boats in the service 
between Calais and Dover to which the law of compensation was 
applied to correct the evils of fluctuation. Both species of 
monetary craft are difficult to launch. But the bimetallic ship 
is not only launched with difficulty, but is also liable to be wrecked 
in harbour, and never is quite safe from storms. Whereas the 
symmetallic vessel, once launched, rides secure upon the waves, 
and fulfils more perfectly the purpose for which it was constructed. 

To sum up : it appears from the last section that there may 
exist a form of double standard better than bimetallism in almost 
every respect, except that it is less familiar. That disadvantage 
may be diminished by time. For it appears from the third 
section that the necessity for immediate action is not so very 
urgent. Accordingly it seems advisable to wait, keeping on the 
look out for the best form of double standard. That is supposing 
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that a double standard is to be aimed at. But the general question 
whether, upon a balance of relevant considerations, a double 
standard is desirable is not considered here. It has been attempted 
only in the first section to remove one slight objection to this kind 
of monetary reform, and in the second section to slightly 
strengthen one argument in its favour. 


End of Vol I. 
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